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Abstract: The zone nearby the dam’s heel is the most important part in strength evaluation of dam concrete. 

However, there occurs stress concentration phenomena in the zone nearby the dam’s heel, where the strength of 

dam concrete cannot be evaluated by using the material mechanics method or finite element method. The paper 

proposes a method for evaluating the strength of dam concrete according to various strength criteria by using 

equivalent stress method and demonstrates its feasibility through the numerical experiments on the practical 

concrete gravity dam and concrete arch dam. 
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I. Introduction 
The zone nearby the dam heel is the most important part in the design, analysis, construction and 

operation of the dam. The problem of evaluating the accurate stress state here is the focus of ensuring the safety 

of the dam. 

The stress in the zone nearby the dam’s heel and toe, which are the stress concentration points of the 

dam, can not be determined by using the material mechanics method or the finite element method (FEM). The 

reason is that the material mechanics method can not reflect the influence of the foundation, and the finite 

element method cannot overcome the obstacles that the stress values in the zones nearby the heel and toe 

increase infinitely as the mesh size decreases [1-2]. To overcome these obstacles, numerous equivalent stress 

methods (ESM) have been proposed to convert the finite element stress to equivalent stress satisfying the 

mechanical conditions on the boundary between the dam and foundation.  

Ref. [3-6] proposed a linear global ESM by which FEM stresses on global boundary are synthesized 

with the section interior force and converted into corresponding linear equivalent stresses. Ref. [7-8] suggested a 

nonlinear global ESM, considering actual stress curve is nonlinear.  Ref. [9] introduced the linear local ESM of 

vertical normal stress by which linear equivalent treatment is applied using the moment equivalent condition in 

the local area of the vicinity of dam’s heel and toe.  

Ref. [10], the last paper in the field of ESM, proposed a nonlinear local ESM to estimate the stress state 

by setting the approximate function as a three order polynomial so that the equivalent stress in the local area 

satisfies four mechanical conditions of moment equivalent condition, the continuity condition and the gradient 

continuity condition of stress curve, and the force equivalent condition. 

If these ESMs are applied to the finite element analysis, more accurate solutions of dam structure 

analysis can be achieved.  

The analysis of concrete dam by FEM includes statistical analysis [11], slide stability analysis [12-13], 

concrete strength analysis [14-15], optimal design of dam structure [16], seismic response analysis [17-19], 

construction process analysis [16], temperature field analysis [16], damage analysis [20] and crack analysis [21], 

representatively. Most of them are concerned with the strength stability of the dam concrete at the heel. But they 

are usually focused on the predicting intendancy of the FEM solution according to a referenced element size 

because the stress values in the zone nearby the heel and toe increase infinitely as the mesh size decreases due to 

stress concentration. 

Therefore, it is clear that the FEM can not accurately evaluate the strength of the dam concrete, and it is 

necessary to convert the finite element stress to the equivalent stress and apply the concrete strength criterion to 

the obtained equivalent stress state. 
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Based on the above research results, the paper proposes a method for evaluating the strength of dam 

concrete according to various strength criteria by using equivalent stress method and demonstrates its feasibility 

through the numerical experiments on the practical concrete dams. 

 

II. Comparison of the concrete strength of virtual dam according to various concrete strength 

criteria by using ESM 
The virtual model has the height of 100m, the upper width of 6.5m, the bottom width of 65m and the 

upstream water depth of 100m, and its uplift pressure is not considered. (The bottom width of model is assumed 

smaller than the practical dams in order to simulate the failure state of dam heel.) 

The elasticity modulus and Poisson's ratio of dam concrete and foundation rock are 20GPa and 0.2. The 

concrete strength in the zone nearby the dam heel is compared according to various strength criteria.There are 

several concrete strength criteria used in uniaxial stress state, biaxial stress state and triaxial stress state. The 

strength criteria of Rankine, Drucker-Prager and William-Warnkke are commonly used in the design and 

analysis of dam concrete. 

 

1.1 Strength evaluation of dam concrete according to the strength criterion of Rankine 

 Concrete has tension strength much smaller than compression strength. The Rankine’s criterion (1976) 

means that if the maximum principal stress 1  at any point of material is over the tension strength tf , the 

failure occurs in the material. That is 

1s tF f                                                                                           (1) 

, where sF  is the function of strength. 

 
Fig. 1 Hazard district according to the Rankine criterion 

 

Fig. 1 shows the hazard district (the area where the sF  is over 0) in the zone nearby the dam heel, 

when the tensile strength of concrete is 1.5MPa and the element size is 2m. 

As shown in the figure, the hazard length HL  (the length of exceeding over the tension strength from 

the heel) is about 2m by using FEM. 

By using the ESM proposed in Ref. [10], the finite element stress in the boundary between dam and 

foundation is converted to the equivalent stress, and the concrete strength state of these equivalent stress is 

evaluated according to the strength criterion of Rankine and compared with the result of FEM. 

Fig. 2 shows sF  curves according to the Rankine’s criterion using FEM and ESM.  
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As shown in the figure, according to the Rankine’s criterion, the hazard lengths from the heel on the boundary 

are 2FEMHL OB m   in the case of FEM (element size - 2m) and 0.5ESMHL OA m   in the case of 

ESM. 

 

Fig. 2 sF  curves according to Rankine’s criterion (- -: FEM, -:  ESM) 

 

1.2 Strength evaluation of dam concrete according to the strength criterion of Drucker-Prager 

Drucker-Prager's criterion is used to model the elasto-plastic behavior of nonmetallic materials such as concrete, 

rock and soil [22-23]. 

In 1952, Drucker and Prager modified the strength criterion of Von Mises to obtain a smooth strength surface 

closely similar to the Mohr-Coulomb surface. 

1 2 1 2( , ) 0f I J I J k                                                             (2) 

, where   and k  are material constants. When   is 0, the Drucker-Prager’s criterion equals to the Von 

Mises’s criterion. There are several ways to obtain the Mohr-Coulomb's hexagonal lattice approximate to the 

Drucker-Prager cone, and the cone size is controlled by   and k . 

The stress of Drucker-Prager is 
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The flow parameters of the material, y  is denoted by cohesion force as below. 
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Therefore, the strength function is 
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As can be seen in Eq. (5), the Drucker-Prager's criterion can determine the flow state of the material 

using two parameters – the angle of internal friction and cohesion. 

Fig. 3 shows the hazard district in the zone nearby the dam heel, when the angle of internal friction is 

40
, cohesion is 1.2MPa and the element size is 2m. 

 

 
Fig. 3 Hazard district according to the Drucker-Prager criterion 

 

As shown in the figure, the hazard length HL  is about 1.84m by using FEM. 

 

Fig. 4 sF  curves according to Drucker-Prager’s criterion (- -: FEM, -:  ESM) 

 

Fig. 4 shows sF  curves according to the Drucker-Prager’s criterion using FEM and ESM.  

As shown in the figure, according to the Drucker-Prager’s criterion, the hazard lengths are 

1.84FEMHL OB m   in the case of FEM (element size - 2m) and 0.33ESMHL OA m   in the case of 

ESM. 
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1.3 Strength evaluation of dam concrete according to the strength criterion of William-Warnke 

The progress of research on the strength criteria of concrete shows that the failure of concrete in the 

triaxial stress state depends more than two parameters. 

It is impossible to explain the concrete failure surface in the triaxial stress state only with one or two 

parameters of the strength criteria corresponding to the uniaxial stress state or the biaxial stress state. 

Therefore, lots of researchers proposed multi-parameter strength criteria considering several parameters in the 

triaxial stress state to explain the failure characteristics of concrete [24-27]. 

There are three kinds of strength criterion of 3 parameters, 4 parameters and 5 parameters in the multi-parameter 

strength criteria. 

The criteria of 5 parameters include William-Warnke's criteria (1975), Kotsovos’s criteria (1979) and so on. 

The previous strength criteria, such as Rankine, Von Mises, and Drucker-Prager, can be represented as a special 

case of William-Warnke's criterion. 

The failure surface of the SOLID65 element of ANSYS is based on the improved William-Warnke’s strength 

criterion of 5 parameters, which is defined as below [28]. 

tf - uniaxial tensile strength, cf - uniaxial compression strength, bcf - biaxial compression strength, 
a

h - 

hydrostatic pressure, 2f - biaxial compression strength under the 
a

h  and 1f - uniaxial compression strength 

under the 
a

h . 

William-Warnke criterion uses the inequality below for evaluating the material strength. 

0
c

F
S

f
                                                                                              (6) 

, where F is the stress function and S is the failure surface. 

In order to describe the failure behavior of concrete under different stress conditions, the William-Warnke 

criterion uses four kinds of failure surface of the concrete as below: 

1 2 30        compression-compression-compression 

1 2 30       tension-compression-compression 

1 2 30       tension-tension-compression 

1 2 3 0       tension- tension- tension 

, when the every definition of failure surface and sF  is different from each other [28] (Eq. (7)). 

,( 1,4)s i cF F f S i                                                                        (7) 

 
Fig. 5 Hazard district according to the William Warnke criterion 
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The William-Warnke's criterion can evaluate the sF  and determine the failure state of the material using five 

parameters as Eq. (8). 
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Fig. 5 shows the hazard district in the zone nearby the dam heel, when the 5 parameters equal to Eq. (7) and the 

element size is 2m. 

As shown in the figure, the hazard length HL  is about 1.9m by using FEM. 

 

 

Fig. 6 sF  curves according to William-Warnke’s criterion (- -: FEM, -:  ESM) 

 

Fig. 6 shows sF  curves according to the William-Warnke’s criterion using FEM and ESM. Each stress 

curve has a inflection point in the middle of the curve at which the stress gradient changes. 

As shown in the figure, according to the William-Warnke’s criterion, the hazard lengths on the 

boundary are 1.9FEMHL OB m   in the case of FEM (element size - 2m) and 0.4ESMHL OA m   in 

the case of ESM. 

As described above, the hazard length of dam concrete nearby the heel on the boundary depends on the various 

strength criteria (Table 1). 

 

Table 1. HL according to the calculation method and strength criteria(m) 

Calculation Method 
Strength Criteria 

Rankine Drucker-Prager William-Warnke 

FEM(Element Size: 2m) 2.00 1.84 1.90 

ESM 0.50 0.33 0.40 

 

As shown in Figs. 2 and 6, the hazard length and the leading edges before the inflection point on the 

sF  curves are similar when evaluated according to Rankine criterion and William-Warnke's 5-parameter 

criterion, because the three principal stresses in this section are all positive, and the strength function Fs of 

William-Warnke's 5-parameter criterion is the same as one of Rankine's criterion in the tension-tension-tension 

section. 
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However, the following edges after the inflection point on the sF  curves are different from those of 

William-Warnke's 5-parameter criterion and Rankine's criterion, because the stress state is changed from 

tension-tension-tension state to tension-tension-compression state and the formulas of strength function ( sF ) 

are also changed. 

Generally, there often occurs compression principal stress in the zone nearby the heel of dam. In this 

case, the hazard lengths estimated by Rankine's criterion and William-Warnke's criterion are different from each 

other. Therefore, in order to consider the influence of the second and third principal stresses in evaluating 

concrete strength states, the William-Warnke's 5-parameter strength criterion should be used. 

 

2. Evaluation of the concrete strength of practical dam according to William-Warnke's 5-parameter 

strength criterion by using ESM 

2.1 Evaluation of the concrete strength of Ryongrim RCC gravity dam 

In Fig. 7, a finite element model of a Ryongrim roller compressing concrete (RCC) gravity dam has the 

height of 120 m, the upper width of 7 m, the bottom width of 80 m and the upstream water depth of 120 m, and 

its uplift pressure is not considered. The width and depth of the foundation rock masses are all 1.5 times the 

height of the dam, and the bottom part of the foundation is assumed to be completely fixed and the horizontal 

displacement of the vertical boundary lines of foundation is assumed to be fixed. It is a plane deformation 

problem, where plane 8 nodes isoparametric element PLANE183 is used with ANSYS APDL [28], and the 

elasticity modulus and Poisson's ratio of dam concrete are 20GPa and 0.167 and those of foundation rock are 

20GPa and 0.2. By using the ESM proposed in Ref. [10], the finite element stress in the boundary between dam 

and foundation is converted to the equivalent stress, and the concrete strength state of equivalent stress is 

evaluated according to the strength criterion of William-Warnke and compared with the result of FEM. 

 

 
Fig. 7 FEM model of Ryongrim RCC gravity dam 

 

As can be seen in Table 2, the maximum tension stress is 1.43 MPa and acts in the direction of about 

147° to the horizontal plane, that is, the maximum tension principal stress at the dam heel does not exceed the 

tension strength of the concrete. This explains that the concrete of the dam is safe against the tension. according 

to the Rankine’s criterion. 

Table 2. Stress state at the dam heel(MPa) 
Calculation 

Method 
Element Size(m) 

x  y  xy  
1   (°)  (°) 

FEM 

16 0.953 -0.000 0.634 1.269 153.48 116.52 

8 1.470 0.285 0.907 1.961 151.58 118.42 

4 2.118 0.673 1.251 2.840 150.00 120.00 

2 3.013 1.254 1.735 4.079 148.44 121.56 

1 4.231 2.104 2.406 5.798 146.92 123.08 

0.5 7.149 4.295 4.035 10.002 144.74 125.26 

ESM 0.880 0.118 0.850 1.430 147.07 122.93 
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Fig. 8 sF  curves of Ryongrim RCC gravity dam (- -: FEM, -:  ESM) 

 

Fig. 8 shows sF  curves in the zone nearby the dam heel according to the William-Warnke’s criterion 

by using FEM and ESM.  

As shown in the figure, according to the William-Warnke’s criterion, the hazard lengths on the 

boundary are 2.95FEMHL OB m   in the case of FEM (element size - 4m) and 1.77ESMHL OA m   

in the case of ESM.  

Table 2 and Fig. 8 explain that the concrete of the dam heel seems to be safe according to the Rankine 

criterion, but the strength function exceeds about 0.2MPa over the allowable value at the dam heel and the 

hazard length is about 1.77m, when considering the influence of the second and third principal stresses 

according to William-Warnke's 5-parameter strength standard. 

So the water drain turnnel to be constructed on the boundary between the dam body and the foundation 

should be designed after the hazard length 1.77m. 

 

2.2 Evaluation of the concrete strength of Kumya concrete arch dam 

In Fig. 9, a finite element model of a Kumya concrete arch dam has the height of 130 m, the minimum 

central upper width of 7 m, the maximum bottom width of 48 m and the upstream water depth of 130 m, and its 

uplift pressure is not considered. The depth of the foundation rock masses is the same as the height of the dam, 

width of the foundation rock masses is the half of the height of the dam and the bottom part of the foundation is 

assumed to be completely fixed and the horizontal displacement of the vertical boundary lines of foundation is 

assumed to be fixed. The concrete element SOLID65 is used with ANSYS APDL [28], and the elasticity 

modulus and Poisson's ratio of dam concrete are 20GPa and 0.167 and those of foundation rock are 20GPa and 

0.2. By using the ESM proposed in Ref. [10], the finite element stress in the boundary between dam and 

foundation is converted to the equivalent stress, and the concrete strength state of equivalent stress is evaluated 

according to the strength criterion of William-Warnke and compared with the result of FEM. 

 

 
Fig. 9 FEM model of Kumya arch dam 
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The maximum tension stress appears at the dam heel of the seventh block in the right direction from 

the central block and at the heel of the eighth block in the left direction from the central block. Since the stress 

states of two maximum tension stress points are similar, only the stress state in the zone nearby the dam heel of 

the seventh block in the right direction from the central block will be considered 

Table 3 shows the stress results of FEM and ESM at the dam heel where the maximum tension stress appeared. 

Table 3. Stress at the dam heel of right 7
th

 block(MPa) 
Calculation 

Method 
Element Size(m) 

x  y  
z  xy  yz  

xz  1  

FEM 

20 -0.024 0.263 0.314 -0.028 -0.005 -0.561 0.731 

10 0.244 0.693 0.857 -0.047 0.015 -0.575 1.205 

5 0.488 1.310 1.410 -0.048 0.025 -0.850 1.919 

ESM 0.235 0.794 0.804 -0.035 -0.001 -0.658 1.457 

 

As can be seen in Table 3, the maximum tension stress is 1.46MPa and acts in the direction of about 

88.89° to the horizontal direction, 134.78° to the stream direction, 44.80° to the vertical direction, that is, the 

maximum tension principal stress at the dam heel does not exceed the tension strength of the concrete. This 

explains that the concrete of the dam is safe against the tension according to the Rankine’s criterion. 

Fig. 10 shows sF  curves in the zone nearby the dam heel where the maximum tension stress appeared 

according to the William-Warnke’s criterion by using FEM and ESM.  

 

 

Fig. 10 sF  curves of Kumya arch dam (- -: FEM, -:  ESM) 

 

As shown in the figure, according to the William-Warnke’s criterion, the hazard lengths on the 

boundary are 3.2FEMHL OB m   in the case of FEM (element size - 5m) and 3ESMHL OA m   in the 

case of ESM.  

Table 3 and Fig. 10 explain that the concrete of the dam heel seems to be safe according to the 

Rankine’s criterion, but the strength function exceeds about 0.7MPa over the allowable value at the dam heel 

and the hazard length is about 3m, when considering the influence of the second and third principal stresses 

according to William-Warnke's 5-parameter strength standard. 

So the water drain tunnel to be constructed on the boundary between the dam body and the foundation 

should be designed after the hazard length 3m. 

 

III. Algorithm for the equivalent stress method 
In the analysis of concrete dam, the process of equivalent stress treatment and strength evaluation is 

accompanied by complicated numerical calculation, so it is necessary to combine finite element analysis and 

equivalent stress calculation to implement the whole process. The paper has integrated these processes with 

ANSYS, MATLAB, VC++. Figure 11 is the algorithm for equivalent stress treatment and strength evaluation. 

The initial input parameters are the geometric dimensions of the dam and the material properties of the 

dam concrete and foundation rock. 
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First, ANSYS outputs the necessary result file through the input of initial data, modeling, , meshing, 

solving and plotting step. 

Next, MATLAB [29] calculates the equivalent stress from the ANSYS result file and evaluates the 

concrete strength. 

Visual C++ performs the function of connecting ANSYS and MATLAB and the function of input and 

output with MFC GUI. If necessary, the special effects of osmotic pressure, temperature field, and dynamic 

earthquake action and so on can be added in the process of ANSYS APDL. 

 

IV. Conclusions 
A method for evaluating the strength of dam concrete, by using equivalent stress method and multi-

parameter strength criteria of concrete, has been proposed and proved its feasibility through numerical 

experiments. 

First, the equivalent stress method has been applied to the analysis of concrete strength of gravity dam 

and arch dam, and more accurate solution of evaluation of concrete strength has been achieved with equivalent 

stress solution which does not depend on the mesh size of finite element analysis. 

Secondly, the validity of the evaluation method of dam concrete strength according to the William-

Warnke 5-parameter strength criterion has been proved through the comparison with Rankine’s criterion or 

Drucker-Prager’s criterion. 

Third, the validity of the evaluation method of dam concrete strength in the zone nearby the dam heel 

according to the William-Warnke’s criterion by using equivalent stress method is verified by numerical 

experiments on the currently operating concrete gravity dam and arch dam. 

Fourth, the programs for whole process for converting the finite element solution to the nonlinear local 

equivalent stress and evaluating the strength of the dam concrete have been developed by using ANSYS, 

MATLAB and VC++. 

 
Fig. 11. Algorithm for Equivalent Stress Treatment and Strength Evaluation 
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