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Abstract

In this paper, we proved that a complete, self-centered fuzzy graph can be embedded in a connected self-centered
fuzzy graph. The criteria for a fuzzy cycle to be self-centered as well as its fuzzy radius is obtained. We also
discussed some self-centered fuzzy cycles whose complements are also self-centered and proved that the fuzzy
radius of the fuzzy cycle and its complement are same.
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I.  Introduction And Preliminaries
Many authors have explored the characteristics of fuzzy graphs and their applications in various fields
[11,[2]. The concept of distance in fuzzy graphs has also been widely investigated [3],[7]. Here, we established
that a complete, self-centered fuzzy graph can be embedded in a self-centered fuzzy graph. The criteria for a self-
centered fuzzy cycle are discussed, and the fuzzy radius of the fuzzy cycle is also obtained. There are fuzzy cycles
whose complements are also fuzzy cycles and also, we established that both are self-centered and proved that the
fuzzy radius of such fuzzy cycles and their complements are same.

Definition 1.1. [4] A fuzzy graph is an ordered triplet G: (V, o, ) where V is a finite, non-empty vertex set,
0:V - [0,1] is a vertex membership function and p : V XV — [0,1] is an edge membership function satisfying
uu,v) <o) Ao(v), Yu,v € V. The relation u is reflexive and symmetric.

Definition 1.2. [5] A fuzzy graph H: (V,7,v) is called a partial fuzzy subgraph of a fuzzy graph G: (V, o, ), if
t(u) < o(u), for all u € t* and v(u,v) < u(u,v), for all u,v € v*. H:(V,7,v) a fuzzy subgraph of
G:(V,o,u) if t(uw) =o(u), forallu,v € v*and v(u, v) = u(u,v), forall u, v € v*.

Definition 1.3. [6] A weakestarcin G: (V, o, 1) is an arc having minimum membership value among all arcs. A
Path P of length n consists of a sequence of distinct vertices ug, Uy, Uy ... U, such that u(u;_q,u;) > 0 for every
,i =1,2,3,.....n. The strength of this path is determined by the membership value of its weakest arc. If u, = u,
and n > 3, then the path P forms a cycle. Such a cycle is termed as a fuzzy cycle, if it includes more than one
weakest arc. A fuzzy graph G: (V, o, 1) is complete when, for all vertices w,v €V, u(u,v) = a(u) Aa(v).
Definition 1.4. [6] The complement of G: (V, g, ) is denoted by G°: (V,a¢, u€) where 6¢ = g and u€ =A
{o(x),0(¥)} — ulx,y).

II.  Main Results
Definition 2.1. [7] Let G: (V, g, 1) be a fuzzy graph. The fuzzy distance between two vertices u and v in G is
defined as
de(u,v) =A Z{/\ (J(u), a(v)) * u(u, v)}

where A represents the minimum and  represents the ordinary product. dg(u,v) satisfies the properties
of a metric.
Definition 2.2. [7] Let G: (V, o, u) be a fuzzy graph. The fuzzy eccentricity es(w) of the vertex u in G is defined
as er(u) = max {df (w,v):ve V}. Fuzzy radius 77 (G) of G is the minimum of the fuzzy eccentricities of all the
vertices in G. Fuzzy diameter d;(G) of G is the maximum of the fuzzy eccentricities of all the vertices in G. If
er(u) = 17(G), then the vertex u is a fuzzy central vertex of G. If every vertex in G is a fuzzy central vertex,
then G is self-centered. If e;(u) = d;(G), then wu is a fuzzy peripheral vertex of G.

(0.2)u 0.1 v(0.3)

o
0.1 < 0.2

(0.4)x 0.2 w(0.4)
Figure 1. A Fuzzy Graph G.
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Example 2.3 Consider the fuzzy graph G in figure 1. The fuzzy distance between two vertices is explained below.
0.2 % 0.1
de(u,v) =A{ (0.2+0.1) + (0.3 %0.2) = df(u,v) = 0.02
(0.2+0.1) + (0.4 x0.2) + (0.3%0.2)
0.2%0.1
de(u,w) =A {(0.2 *0.1) + (0.3%0.2) = dp(u,w) = 0.02
(0.2 %0.1) + (0.4  0.2)
0.2+0.1
dr(u, x) =/\{ (0.2+0.1) + (0.4 %x0.2) = ds(u,x) = 0.02
(0.2+0.1) + (0.3%0.2) + (0.4 x0.2)
0.3%0.2
de(v,w) =/\{ (0.2 x0.1) + (0.2 x 0.1) = d;(v,w) = 0.04
(0.2 %x0.1) + (0.2 x0.1) + (0.4 x 0.2)
(0.2+0.1) + (0.2+0.1)
(0.3%0.2) + (0.4 %0.2)
(0.3%0.2) +(0.2%0.1) + (0.2 x0.1)
(0.2%0.1) + (0.2%0.1) + (0.4 x0.2)
(0.4 % 0.2)
dr(w,x) =A (0.2%0.1) + (0.2+0.1) = dr(w,x) = 0.04
(0.3%0.2) +(0.2+0.1) + (0.2 %0.1)
Here, ef(u) = 0.02, ef(v) = 0.04, e;(w) = 0.04, ef(x) = 0.04, 1,(G) = 0.02, ds(G) = 0.04
Theorem 2.4 Every complete self-centred fuzzy graph H can be embedded in a connected self-centered fuzzy
graph G.

dr(v,x) =A = ds(v,x) = 0.04

Proof: Consider the complete self centered fuzzy graph H with n vertices v;, v, ......, vy, such that o(v;) =
p, iisodd _ S . .
{ g, i is even, p <q and u(vi, vj) = p, forall i,j . Since H is complete, all the vertices are connected to each

other, df(vi,v]-) is same for all i, j and therefore, ef(v;) = p.p = p?> =1:(H), forall i.

Construct the new fuzzy graph G by adding four new vertices u,, u, uz, u, to the fuzzy graph H such
that the fuzzy graph G is in the sequential order u; — u, — H — u3 — u,. Join the vertex u, with u, and the vertex
uz with u,. Also join the vertices u,, u, Uz, u, to each of the vertices vy, v, .....v, in H. Put 6(u;) = p for all

ia /J(ubuz) = .u(uS' u4) = ga

p? =1:(G), forall i. Thus G is self centered.

ulu;, x) = g forall x € H and for all i. Then clearly, we have ef(u;) = ef(v;) =

(0.4)uy
va(0.5)

v3(0.4) ol

Figure 2. The Complete fuzzy graph K; and the fuzzy graph G

Example 2.5 In figure 2, we have the complete self centered fuzzy graph K3 with vertices v, v, v3 such that
o(v) = {%45” li_=12’3 and p(v;, vj) = 0.4, forall i,j .
Here, e;(v;) = 0.16 = 14(K3 ), for all i.

Construct the fuzzy graph G by adding four new vertices u;, u, us, u, and put o(u;) = 0.4 for all i and
p(ug, up) = plus, ug) = 0.2, uuy, x) = u(uy, x) = p(uz, x) = u(uy, x) = 0.2 forall x € K3. Then ef(u;) =
er(v;) = 0.16 = 15(G ), for all i and thus G is self centered.

Theorem 2.6 Consider the fuzzy graph G: (V, g, 1) with G* = C,,, a cycle on n vertices vy, V;, ... ;. Then, for
0<p<qg<1 0<a<b<l, G isselfcentered in the following cases.
Case 1. When n=4kor4k+2, k=123, .....

. p, iisodd
M o(v) = {q, i is even,
a, iisodd
b, iis even,

. _(p, iisodd
(i) o(v) = {q, i is even,

k(v = { k(v vr) = b
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( { b, iisodd ( )=
ALY a, iiseven, MWV =@
q, iisodd
(iii) o(v;) {p iiseven,
a, iisodd
#(vi' 1]I:+1 { iis even, .u(vnvvl) = b
iisodd
(iv) o(vy) = {p i is even,
iisodd
ko) = {0 B0 ) = a
Case2. When n=4k -1,k =123, .....
, 1isodd
o(v;) = { P LE
q, iiseven,
b, iisodd
pve) = {0 LB 008 vy = b

Case3. When n=4k+ 1,k =123, .....
. _(p, iisodd
M o(vy) = {q, i is even,
a, iisodd
b, iis even,

u(y, viq) = {
q, iisodd
p, Lis even,

(i) o(v;) = {
a, iisodd

U, vigq) = {b i is even
) )

:u(vnl vl) =a

p(n,v1) = a

kp(a+b), n=4k orn=4k+1,k=1273,....

The fuzzy radius 7:(G) ={ ptk(a+b) —a}, n=4k -1,k =123, ..........
plk(a+b)+a}, n=4k+2, k=123, ..........

Example 2.7

Casel.Letp =04, ¢q =05, a=0.2, b=0.3

(i) when n =4k or 4k + 2, k= 1,2.

Consider the fuzzy cycle C, with vertices v;,i = 1,2,3, ........1n.

_(p=04, iisodd
Let o(vy) = {q = 0.5, i is even,

a=0.2, iisodd
l’t(vl‘! vi+1) = {b — 03 llS even :u(vnl 171) = b = 03

Whenn = 4k, k =1, e;(v;) = 0.2 = 1:(C,) for all i and hence C, is self centered.
Also, whenn = 4k, k = 2, ef(v;) = 0.4 = 1;(Cg) for all i and hence Cg is self centered.
When n =4k +2, k=1, ef(v;) = 0.28 = 1:(C) for all i and hence Cj is self centered.

Also, whenn = 4k + 2, k =2, e;(v;) = 0.48 = 17(Cyp) for all i and hence Cj,, is self centered.

(0.4), ,(0.5) (0-4)v, v2(0.5)

0.3 03 (0.5)vs u3(0.4)

(0.5)1y v4(0.4) (0.5)v5 v4(0.5)

(0.4)0 v(0.5) (0-4)vy v2(0.5)

(05 0a’ed  %iNgvs(0.4)
(0.5)vs v5(0.4)
(0.4)wy

(0.4)v7 v4(0.5) (0.5)vg

(0.5)vg SO (0.4)vr v6(0.5)
C 10

Figure 3 The fuzzy cycles C,, Cg, Cg and Cy

p =04, iisodd

q =0.5,iis even,
b =03, iisodd
a=0.2,iis even,

(ii) Let o(v;) = {

u@wm0={ (v v1) = a = 0.2.

DOI: 10.9790/5728-2202019499 www.iosrjournals.org

96 | Page



On Self-Centered Fuzzy Cycles In Fuzzy Graphs

Then 7:(C,) = 0.2, 1:(Cg) = 0.4,7(Cs) = 0.28, 17(Cy) = 0.48
Here, C,, Cg, Cg and Cy are self centered.

. _ q= 05, iisodd
(i) Let o(v;) = {p =0.4,iis even,

_(a=0.2, iisodd o
I‘l(vi' vi+1) - {b — 03"' is even, .u'(v‘nl 171) - b =0.3.
Then 77(C,) = 0.2, 7:(Cg) = 0.4, 7:(Ce) = 0.28, 17(Cyo) = 0.48
Here, C,, Cg, Cg and C, are self centered.

. _(q=0.5, iisodd
(iv) Let o(v;) = {p = 0.4,iis even,

(v, v, )_{b=0.3, iisodd
M Viv1) =0 = 0.2,i is even,
Then 7:(C,) = 0.2, 17(Cg) = 0.4, 15(Cs) = 0.28, 1:(C;p) = 0.48
Here, C,, Cg, Cg and Cy, are self centered.

Case2. When n=4k—-1 k=1,2

_(p=04, iisodd
Let o(vy) = {q =0.5,iis even,
b=0.3, iisodd
”(vi' vi+1) = {a =0.2.iis even ﬂ(vn: vl) =b=023.
When k =1, er(v;) = 0.12 = 1:(C3), for all i and hence Cj is self centered.
Also, when k = 2, ef(v;) = 0.32 = 13(C;), for all i and hence C; is self centered.

ul,,v;) =a=0.2.

(0.4) 0, (0.4)1,

(0.4)v7

(0.5)5

(0.4)vs 0.2 v2(0.5) (0.4)v5 24(0.5)

Figure 4. The fuzzy cycles C; and C,

Case3. When n=4k+1, k=1,2
. p =04, iisodd
() Let o(v) = {q = 0.5,i is even,
U vis) = {a= 0.2, iisodd

bVt b = 0.3,i is even,
When k =1, es(v;) = 0.2 = 1:(Cs), for all i and hence Cs is self centered.
Also, when k = 2, ef(v;) = 0.4 = 13(Cy), for all i and hence C, is self centered.

U, vy) =a=0.2.

(0.4)1y

(0.4)v5 v2(0.5)

(0.5)2y v3(0.4)
Figure 5. The fuzzy cycles C5 and Cqy

q=20.5, iisodd
p=04,iiseven,
U viy) = {a =0.2, iisodd
b Vit b = 0.3,i is even,

Then, 73 (Cs) = 0.2, 15(Cy) = 0.4. Here, C5 and Cj are self centered.
Theorem 2.8 Consider the fuzzy graph G: (V, g, u) with G* = C,, a cycle on n vertices v1,v,  ....v,. Then G
is self centered with o(v;) =p, 0 <p < 1, u(v;, vj) =q,0<a<1forallij.

2kpan=4k or n=4k+ 1,k =123, ....
The fuzzy radius 74(G) =4 (2k — Dpa,n =4k -1, k=123, ............

Ck+Dpan=4k+2, k=123, .........
Example 2.9 Let 6(v;) = p = 0.4 and u(v;, vj) =q=0.2foralli,j

(i) Let o(v;) ={

u(v,,vy) =a=0.2.
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Case 1. When n=4kor 4k + 2, k =1,2.

Whenn = 4k, k = 1, e;(v;) = 0.16 = 17(C,), for all i and hence C, is self centered.

Also, whenn = 4k, k = 2, ef(v;) = 0.32 = 17(Cg) for all i and hence Cj is self centered.
whenn = 4k + 2, k =1, ef(v;) = 0.24 = 14(C,) for all i and hence Cj is self centered.

Also, whenn = 4k + 2, k =2, e;(v;) = 0.40 = 1:(C;o) for all i and hence Cj is self centered.

(0.4)1, v2(0.4) (0.4)ey va(0.4)

0.2 0.2 (0.4)vg v3(0.4)

0.2

(0.4)vy vg(0.4) (0.4)vs 14(0.4)
Cy Cs
(0.4)w v2(0.4) (0.4)w v2(0.4)
(0.4)ug

(0.4)v7

(0.4)vg v5(0.4) (04)r v6(0.4)
C's Cho
Figure 6. The fuzzy cycles C,, C4, Cg and Cy

Case 2. whenn =4k —1, k =1,2.

When k = 1, es(v;) = 0.08 = 17(C3), for all i and hence Cj is self centered.

Also, when k = 2, ef(v;) = 0.24 = 1:(C;) for all i and hence C; is self centered.

Case3.whenn=4k+1, k=1,2.

When k = 1, es(v;) = 0.16 = 17(Cs), for all i and hence Cj is self centered.

Also, when k = 2, ef(v;) = 0.32 = 17(Cy) for all i and hence Cj is self centered.

Theorem 2.10 Consider the fuzzy graph G: (V,o,u) with G* = C,, a cycle on n vertices, n = 3,4,5 whose
complements are also fuzzy cycles by suitably choosing the membership value p of the vertices and a, b of the

a, i isodd

) = <

b, i is even, Uy, v1) =b, 0<a<b<1 ThenG and
k(a+b), n=4korn=4k+1,k=1

k(a+b)—a, n=4k—1, k=1

edges. Let o(v;) = p forall i and pu(v;, v;41) = {

G€ are self- centered. The fuzzy radius 77 (G) = 1:(G) = {

Example 2.11

(1)vy 0.5 va(1)
Cy

Cy !
Figure 7. The fuzzy cycles C; and C5°

Case 1. For the fuzzy cycle C; in figure 7 with vertices v;, i = 1,2,3.
Let o(v;) =p =1, forall i,

u(w;,viz) =a=>b=0.5,i =1,2and u(vs,v,) = 0.5.

Then, ef(v;) = 0.5 = 15(C3) for all i and hence Cj is self centered.
Here, C5° is also a fuzzy cycle.

In C5¢ o°(v) =p=1,foralli,

u¢W;,vip1) = 0.5,i = 1,2 and u(vg,v,) = 0.5.

Then, e;(v;) = 0.5 = 17(C5) for all i and hence C5° is self centered.
Thus, 17 (C3) = 1:(C3°) = 0.5.
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(1), 0.5 v2(1) (Lvr 0.5 ve(1)

Cy Cy©
Figure 8. The fuzzy cycles C, and C,°

Case 2. Consider the fuzzy cycle C, in figure 8 with vertices v;,i = 1,2,3,4.
Leto(v;) = p = 1 forall i,
a=051i=13
p(Wy, vi4q) = { hb=1 i=2 and p(vy,v)) =b =1
Then ef(v;) = 1.5 = 13(C,) for all i and hence C, is self centered.
Here, C,°© is also a fuzzy cycle.
InC,°, o°(v;) =p = 1foralli,
Ui, vi41) = 0.5,i = 1,3 and pu(v;, vigp) = 1,i = 1,2
Then, e;(v;) = 1.5 = 1;(C,“) for all i and hence C,° is self centered.
Thus, rf(C4) = rf(C4_C) = 1.5.

(L)vy 1 vz(1)
Cs Cs ¢
Figure 9. The fuzzy cycles Cs and Cs°

Case 3. Consider the fuzzy cycle Cg in figure 9 with vertices v;,i = 1,2,3,4,5.
Leto(v;) =p =1foralli,

uw;,viz) =a=>b=1 foralli and u(vs,v;) =1

Then, ef(v;) = 2 = 1:(Cs) for all i and hence Cs is self centered.

Here, C5© is also a fuzzy cycle.

InCs¢, 0°(v;) =p = 1 forall i.

#C(vi'vi+2) = 1'l = 1'2'3' MC(Ui,Ui+3) = 1'1 = 112

Then e;(v;) = 2 = 1;(Cs“ ) for all i and hence C5° is self centered.

Thus, 17 (Cs) = 1:(Cs° ) = 2.
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