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Abstract. A systematic investigation of the classical integral transforms—Fourier, Laplace, and Hankel—is 

presented with applications to boundary value problems in mathematical physics. The Fourier transform 

𝑓(𝜔) = ∫ 𝑓
∞

−∞
(𝑡)𝑒−𝑖𝜔𝑡𝑑𝑡 is analyzed in the framework of tempered distributions 𝒮′(ℝ), with the Plancherel 

theorem ∥ 𝑓 ∥2=∥ 𝑓 ∥2  and convolution theorem 𝑓 ∗ 𝑔̂ = 𝑓 ⋅ 𝑔̂  established as the principal operational 

identities. The Laplace transform 𝐹(𝑠) = ∫ 𝑓
∞

0
(𝑡)𝑒−𝑠𝑡𝑑𝑡  is studied in the half-plane 𝑅𝑒(𝑠) > 𝜎0  with the 

Bromwich inversion formula 𝑓(𝑡) = (2𝜋𝑖)−1 ∫ 𝐹
𝑐+𝑖∞

𝑐−𝑖∞
(𝑠)𝑒𝑠𝑡𝑑𝑠  evaluated via residue calculus. The Hankel 

transform 𝑓(𝜌) = ∫ 𝑓
∞

0
(𝑟)𝐽𝜈(𝜌𝑟)𝑟 𝑑𝑟  of order 𝜈  is applied to axisymmetric problems in cylindrical 

coordinates. The heat equation 𝑢𝑡 = 𝜅𝑢𝑥𝑥 with initial condition 𝑢(𝑥, 0) = 𝛿(𝑥) is solved via Fourier transform, 

yielding the fundamental solution 𝑢(𝑥, 𝑡) = (4𝜋𝜅𝑡)−1/2𝑒𝑥𝑝(−𝑥2/(4𝜅𝑡)). The damped oscillator 𝑦̈ + 2𝛾𝑦̇ +

𝜔0
2𝑦 = 𝑓(𝑡)  is solved via Laplace transform with transfer function 𝐻(𝑠) = 1/(𝑠2 + 2𝛾𝑠 + 𝜔0

2) . The 

axisymmetric Laplace equation in cylindrical coordinates is solved using the Hankel transform. The 

interrelations among the three transforms and their unified operator-theoretic foundation via spectral theory 

are discussed. 

Keywords: Fourier transform, Laplace transform, Hankel transform, Bessel functions, convolution theorem, 

Green’s function, heat equation, boundary value problems 

I. Introduction 

Integral transforms constitute one of the most powerful tools in applied mathematics, providing systematic 

methods for solving ordinary and partial differential equations, analyzing linear systems, and constructing 

Green’s functions [1, 2, 3]. The fundamental principle underlying all integral transforms is the conversion of 

differential equations into algebraic equations via a change of representation, exploiting the mapping of 

differentiation to multiplication [1, 4, 5]. 

The Fourier transform of 𝑓 ∈ 𝐿1(ℝ) is defined as [1, 2, 6]: 

𝑓(𝜔) = ℱ[𝑓](𝜔) = ∫ 𝑓
∞

−∞

(𝑡)𝑒−𝑖𝜔𝑡  𝑑𝑡    (1) 

with the inversion formula [1, 2]: 

𝑓(𝑡) = ℱ−1[𝑓](𝑡) =
1

2𝜋
∫ 𝑓

∞

−∞

(𝜔)𝑒𝑖𝜔𝑡  𝑑𝜔    (2) 

The Fourier transform extends from 𝐿1(ℝ) to 𝐿2(ℝ) via the Plancherel theorem ∥ 𝑓 ∥2= √2𝜋 ∥ 𝑓 ∥2 and to the 

space of tempered distributions 𝒮′(ℝ) by duality [1, 2, 6, 7]. 

The Laplace transform of 𝑓: [0,∞) → ℝ is [3, 4, 8]: 
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𝐹(𝑠) = ℒ[𝑓](𝑠) = ∫ 𝑓
∞

0

(𝑡)𝑒−𝑠𝑡  𝑑𝑡, Re(𝑠) > 𝜎0    (3) 

where 𝜎0 is the abscissa of convergence. The Laplace transform maps convolution to multiplication: ℒ[𝑓 ∗

𝑔] = 𝐹(𝑠)𝐺(𝑠) and derivatives to algebraic operations: ℒ[𝑓′] = 𝑠𝐹(𝑠) − 𝑓(0+) [3, 4, 8]. 

The inversion is given by the Bromwich integral [3, 4, 8]: 

𝑓(𝑡) =
1

2𝜋𝑖
∫ 𝐹

𝑐+𝑖∞

𝑐−𝑖∞

(𝑠)𝑒𝑠𝑡  𝑑𝑠, 𝑐 > 𝜎0    (4) 

evaluated in practice via residue calculus: 𝑓(𝑡) = ∑ Res𝑘 [𝐹(𝑠)𝑒𝑠𝑡 , 𝑠𝑘] where {𝑠𝑘} are the poles of 𝐹(𝑠) [3, 4, 

8, 9]. 

The Hankel transform of order 𝜈 ≥ −1/2 is [2, 5, 10]: 

𝑓(𝜌) = ℋ𝜈[𝑓](𝜌) = ∫ 𝑓
∞

0

(𝑟)𝐽𝜈(𝜌𝑟) 𝑟 𝑑𝑟    (5) 

where 𝐽𝜈  is the Bessel function of the first kind. The Hankel transform is self-reciprocal: ℋ𝜈
−1 = ℋ𝜈 , and 

arises naturally when applying the Fourier transform to functions with circular symmetry in ℝ𝑛 [2, 5, 10, 11]. 

The convolution theorem for the Fourier transform states [1, 2, 6]: 

ℱ[𝑓 ∗ 𝑔] = 𝑓 ⋅ 𝑔̂, (𝑓 ∗ 𝑔)(𝑡) = ∫ 𝑓
∞

−∞

(𝜏)𝑔(𝑡 − 𝜏) 𝑑𝜏    (6) 

This converts convolution in the time domain to pointwise multiplication in the frequency domain, providing the 

mathematical foundation for linear systems theory and signal processing [1, 4, 12]. 

The objectives are: (i) to present the Fourier, Laplace, and Hankel transforms within a unified framework; (ii) to 

solve the heat equation via Fourier transform; (iii) to analyze the damped oscillator via Laplace transform; (iv) 

to solve axisymmetric problems via Hankel transform; and (v) to discuss interrelations and applications [13, 14, 

15]. 

II. Mathematical Framework 

2.1 Operational Properties 

The differentiation property of the Fourier transform, ℱ[𝑓(𝑛)] = (𝑖𝜔)𝑛𝑓(𝜔), converts an 𝑛-th order linear 

constant-coefficient ODE into an algebraic equation [1, 2]. For the Laplace transform [3, 4, 8]: 

ℒ[𝑓(𝑛)](𝑠) = 𝑠𝑛𝐹(𝑠) −∑𝑠𝑛−1−𝑘
𝑛−1

𝑘=0

𝑓(𝑘)(0+)    (7) 

incorporating the initial conditions directly into the algebraic equation—the key advantage of the Laplace 

transform for initial value problems [3, 4, 8]. 

For the Hankel transform, the radial Laplacian transforms as [5, 10, 11]: 
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ℋ𝜈 [
𝑑2𝑓

𝑑𝑟2
+
1

𝑟

𝑑𝑓

𝑑𝑟
−
𝜈2

𝑟2
𝑓] = −𝜌2𝑓(𝜌)    (8) 

reducing the Bessel-type differential operator to multiplication by −𝜌2 [5, 10, 11]. 

2.2 Parseval–Plancherel Relations 

The Parseval identity for the Fourier transform [1, 2, 6]: 

∫ |𝑓(𝑡)|2
∞

−∞

 𝑑𝑡 =
1

2𝜋
∫ |𝑓(𝜔)|

2
∞

−∞

 𝑑𝜔    (9) 

establishes the Fourier transform as a unitary operator on 𝐿2(ℝ)  (up to normalization). The corresponding 

Parseval theorem for the Hankel transform is [5, 10]: 

∫ |𝑓(𝑟)|2
∞

0

𝑟 𝑑𝑟 = ∫ |𝑓(𝜌)|
2

∞

0

𝜌 𝑑𝜌    (10) 

2.3 Computational Methods 

All computations were performed in Python 3.11 with NumPy, SciPy, and SymPy. Numerical Fourier 

transforms used the FFT algorithm (𝑂(𝑛log𝑛) ). Bromwich integrals were evaluated via residue calculus 

implemented symbolically. Hankel transforms were computed using Gaussian quadrature with 500 nodes [16, 

17]. 

III. Results and Discussion 
3.1 Fourier Transform Pairs 

Figure 1 presents classical Fourier transform pairs. 

 
Figure 1: Fourier transform pairs: (a)–(b) the Gaussian 𝑒−𝑡

2
↔ √𝜋 𝑒−𝜔

2/4  (self-reciprocal under Fourier 

transform); (c)–(d) the rectangular pulse rect(𝑡/2) ↔ 2 sinc(𝜔/𝜋) , illustrating the uncertainty principle—

narrow time support implies wide frequency bandwidth and vice versa. 
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Table 1. Classical Fourier transform pairs and operational properties. 

𝑓(𝑡) 𝑓(𝜔) Decay Rate Application 

𝑒−𝑎|𝑡|, 𝑎 > 0 2𝑎/(𝑎2 +𝜔2) 𝑂(𝜔−2) Lorentzian filter 

𝑒−𝑡
2
 √𝜋 𝑒−𝜔

2/4 Gaussian Uncertainty minimum 

rect(𝑡/𝑇) 𝑇 sinc(𝜔𝑇/2𝜋) 𝑂(𝜔−1) Ideal filter 

𝛿(𝑡) 1 No decay Impulse response 

𝑒𝑖𝜔0𝑡 2𝜋𝛿(𝜔 − 𝜔0) Distributional Frequency shift 

sgn(𝑡) 2/(𝑖𝜔) 𝑂(𝜔−1) Hilbert transform 

 

The uncertainty principle 𝛥𝑡 ⋅ 𝛥𝜔 ≥ 1/2 (with equality for Gaussians) is a fundamental consequence of the 

Fourier transform’s structure: the Gaussian is the unique 𝐿2 function that minimizes the time-bandwidth product 

[1, 2, 6]. This has profound implications in quantum mechanics (Heisenberg uncertainty), signal processing 

(Gabor limit), and information theory (Shannon sampling) [1, 6, 12]. 

3.2 Laplace Transform and Pole-Residue Analysis 

Figure 2 presents the Laplace transform analysis of a damped sinusoid. 

 

Figure 2: (a) The damped sinusoid 𝑓(𝑡) = 𝑒−𝑡sin(2𝑡) with exponential envelope ±𝑒−𝑡. (b) Pole-zero map in 

the 𝑠-plane: poles at 𝑠 = −1 ± 2𝑖 (complex conjugate pair in the left half-plane) and the Bromwich contour 

Re(𝑠) = 𝑐 > −1 for inversion. 
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Table 2. Laplace transform pairs for standard functions. 

𝑓(𝑡), 𝑡 ≥ 0 𝐹(𝑠) ROC Poles Physical System 

1 1/𝑠 Re(𝑠) > 0 𝑠 = 0 Step response 

𝑒−𝑎𝑡 1/(𝑠 + 𝑎) Re(𝑠) > −𝑎 𝑠 = −𝑎 RC circuit 

𝑡𝑛 𝑛!/𝑠𝑛+1 Re(𝑠) > 0 𝑠 = 0 (order 𝑛 + 1) Polynomial input 

sin(𝜔𝑡) 𝜔/(𝑠2 + 𝜔2) Re(𝑠) > 0 𝑠 = ±𝑖𝜔 Oscillator 

𝑒−𝑎𝑡sin(𝜔𝑡) 𝜔/((𝑠 + 𝑎)2 +𝜔2) Re(𝑠) > −𝑎 𝑠 = −𝑎 ± 𝑖𝜔 Damped oscillator 

𝑡𝛼−1/𝛤(𝛼) 𝑠−𝛼 Re(𝑠) > 0 Branch cut Fractional relaxation 

 

The transfer function 𝐻(𝑠) = 𝑌(𝑠)/𝑋(𝑠) of a linear time-invariant (LTI) system completely characterizes its 

input-output behavior. For the damped harmonic oscillator 𝑦̈ + 2𝛾𝑦̇ + 𝜔0
2𝑦 = 𝑓(𝑡), the transfer function is 

𝐻(𝑠) = 1/(𝑠2 + 2𝛾𝑠 + 𝜔0
2) with poles at 𝑠 = −𝛾 ± √𝛾2 − 𝜔0

2 [3, 4, 8]. The system is underdamped when 𝛾 <

𝜔0  (complex poles), critically damped when 𝛾 = 𝜔0  (repeated real pole), and overdamped when 𝛾 > 𝜔0 

(distinct real poles) [3, 4, 9]. 

3.3 Bessel Functions and Hankel Transform 

Figure 3 presents the Bessel functions of the first kind. 

 

Figure 3: Bessel functions of the first kind 𝐽𝑛(𝑟) for 𝑛 = 0,1,2,3,4. The zeros of 𝐽𝑛 determine the 

eigenfrequencies of the circular drumhead and the radial modes in cylindrical waveguides. 
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The Bessel functions satisfy 𝐽𝜈(𝑟) = ∑ (−1)𝑘∞
𝑘=0 (𝑟/2)2𝑘+𝜈/[𝑘! 𝛤(𝑘 + 𝜈 + 1)]  and the differential equation 

𝑟2𝐽𝜈″ + 𝑟𝐽𝜈′ + (𝑟2 − 𝜈2)𝐽𝜈 = 0  [5, 10, 11]. The orthogonality relation ∫ 𝐽𝜈
𝑎

0
(𝛼𝑚𝑟/𝑎)𝐽𝜈(𝛼𝑛𝑟/𝑎)𝑟 𝑑𝑟 =

(𝑎2/2)[𝐽𝜈+1(𝛼𝑛)]
2𝛿𝑚𝑛 , where 𝛼𝑛  are the zeros of 𝐽𝜈 , provides the basis for Fourier–Bessel series and the 

Hankel transform [5, 10, 11, 18]. 

3.4 Heat Equation via Fourier Transform 

Figure 4 presents the fundamental solution of the heat equation. 

 

Figure 4: Fundamental solution (Green’s function) of the heat equation 𝑢𝑡 = 𝜅𝑢𝑥𝑥: 𝐺(𝑥, 𝑡) =

(4𝜋𝜅𝑡)−1/2exp(−𝑥2/(4𝜅𝑡)) for 𝜅 = 1 at 𝑡 = 0.05,0.2,0.5,1.0,2.0. The solution spreads diffusively with ⟨𝑥2⟩ =

2𝜅𝑡. 

Table 3. PDEs solved by integral transforms. 

Equation Transform Domain Solution Green’s Function 

𝑢𝑡 = 𝜅𝑢𝑥𝑥 Fourier (𝑥) ℝ 𝑢 = 𝐺 ∗ 𝑢0 (4𝜋𝜅𝑡)−1/2𝑒−𝑥
2/(4𝜅𝑡) 

𝑢𝑡𝑡 = 𝑐2𝑢𝑥𝑥 Fourier (𝑥) ℝ d’Alembert 1

2𝑐
[𝐻(𝑐𝑡 − |𝑥|)] 

𝑢𝑡 + 𝑐𝑢𝑥 = 0 Fourier (𝑥) ℝ 𝑢 = 𝑓(𝑥 − 𝑐𝑡) 𝛿(𝑥 − 𝑐𝑡) 

𝑢𝑡𝑡 + 𝛾𝑢𝑡 + 𝜔2𝑢 = 𝑓 Laplace (𝑡) [0,∞) Residue sum 𝐻(𝑠) = (𝑠2 + 𝛾𝑠 + 𝜔2)−1 

∇2𝑢 = 0 (axisym.) Hankel (𝑟) [0,∞) 𝑢̃𝑒−𝜌𝑧 Integral representation 

𝑢𝑡 = 𝜅(∇2𝑢) (cyl.) Hankel (𝑟) + Laplace (𝑡) Cylinder Bessel series Product kernel 
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The Fourier transform reduces the heat equation to 𝑢̂𝑡 = −𝜅𝜔2𝑢̂, yielding 𝑢̂(𝜔, 𝑡) = 𝑢̂0(𝜔)𝑒
−𝜅𝜔2𝑡. Inverting 

gives 𝑢(𝑥, 𝑡) = (𝐺𝑡 ∗ 𝑢0)(𝑥) where 𝐺𝑡(𝑥) = (4𝜋𝜅𝑡)−1/2exp(−𝑥2/(4𝜅𝑡)) is the heat kernel [1, 2, 13, 14]. The 

Gaussian profile spreads with root-mean-square displacement √⟨𝑥2⟩ = √2𝜅𝑡 , the hallmark of diffusive 

transport [13, 14, 19]. 

3.5 Convolution Theorem 

Figure 5 illustrates the convolution theorem in both domains. 

 

Figure 5: Convolution theorem: (top row) time-domain functions 𝑓(𝑡) = 𝑒−𝑡𝑢(𝑡), 𝑔(𝑡) = 𝑒−2𝑡𝑢(𝑡), and their 

convolution (𝑓 ∗ 𝑔)(𝑡) = (𝑒−𝑡 − 𝑒−2𝑡)𝑢(𝑡). (Bottom row) corresponding Fourier magnitudes, with |𝐹 ⋅ 𝐺| =

|𝐹| ⋅ |𝐺|—multiplication in frequency domain equals convolution in time domain. 

The convolution theorem is the mathematical foundation of linear systems theory: the output of an LTI system 

with impulse response ℎ(𝑡)  to input 𝑥(𝑡)  is 𝑦(𝑡) = (ℎ ∗ 𝑥)(𝑡) , and the frequency response is 𝑌(𝜔) =

𝐻(𝜔)𝑋(𝜔) [1, 4, 12]. This factorization enables filter design in the frequency domain, spectral analysis, and the 

construction of Green’s functions for linear PDEs [1, 4, 13]. 

3.6 Axisymmetric Wave Equation 

Figure 6 presents the Hankel transform solution of the axisymmetric wave equation. 
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Figure 6: Hankel transform solution of the axisymmetric wave equation in cylindrical coordinates: 𝑢(𝑟, 𝑡) =

𝐽0(𝑟)cos(𝑡) + 0.3𝐽0(2𝑟)cos(2𝑡)  at 𝑡 = 0,0.5,1.0,2.0,3.0 , showing the superposition of radial Bessel modes 

oscillating at their characteristic frequencies. 

Table 4. Comparison of integral transform properties. 

Property Fourier Laplace Hankel 

Domain (−∞,∞) → (−∞,∞) [0,∞) → ℂ [0,∞) → [0,∞) 

Kernel 𝑒−𝑖𝜔𝑡  𝑒−𝑠𝑡 𝐽𝜈(𝜌𝑟) 𝑟 

Inversion ℱ−1 (explicit) Bromwich contour Self-reciprocal 

Unitarity Yes (𝐿2) No Yes (weighted 𝐿2) 

Differentiation 𝑓′ ↦ 𝑖𝜔𝑓 𝑓′ ↦ 𝑠𝐹 − 𝑓(0) 𝛥𝑟,𝜈𝑓 ↦ −𝜌2𝑓 

Convolution 𝑓 ∗ 𝑔 ↦ 𝑓𝑔̂ 𝑓 ∗ 𝑔 ↦ 𝐹𝐺 Hankel convolution 

Best suited for Whole-line BVPs Initial value problems Axisymmetric/radial 

Computational cost 𝑂(𝑛log𝑛) (FFT) Symbolic / numerical 𝑂(𝑛2) or fast Hankel 

 

The three transforms are deeply interrelated: the Laplace transform is the Fourier transform of 𝑓(𝑡)𝑒−𝑐𝑡𝑢(𝑡) 

evaluated at imaginary argument, i.e., 𝐹(𝑐 + 𝑖𝜔) = ℱ[𝑓(𝑡)𝑒−𝑐𝑡𝑢(𝑡)](𝜔)  [3, 4]. The zeroth-order Hankel 

transform equals the two-dimensional Fourier transform of a radially symmetric function: 𝑓0(𝜌) =

1

2𝜋
∫ ∫ 𝑓(|𝐫|)𝑒−𝑖𝛒⋅𝐫𝑑2𝐫 [2, 5, 10]. All three are instances of the general spectral theory of self-adjoint operators: 
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the Fourier transform diagonalizes −𝑖𝑑/𝑑𝑡 , the Laplace transform diagonalizes 𝑑/𝑑𝑡  on 𝐿2[0,∞) , and the 

Hankel transform diagonalizes the Bessel operator 𝑟−1(𝑑/𝑑𝑟)[𝑟(𝑑/𝑑𝑟)] − 𝜈2/𝑟2 [1, 5, 7]. 

In quantum mechanics, the Fourier transform connects position and momentum representations via 𝜓̃(𝑝) =

(2𝜋ℏ)−1/2∫ 𝜓(𝑥)𝑒−𝑖𝑝𝑥/ℏ𝑑𝑥 , with Parseval’s theorem ensuring conservation of probability [6, 12, 20]. In 

control theory, the Laplace transform provides the framework for stability analysis via pole placement: a 

system is BIBO stable if and only if all poles of the transfer function lie in the open left half-plane Re(𝑠) < 0 [4, 

8, 9]. In elasticity and acoustics, the Hankel transform solves axisymmetric contact problems, radiation from 

circular pistons, and diffraction by circular apertures [5, 11, 18, 21]. 

IV. Conclusions 

A systematic investigation of the Fourier, Laplace, and Hankel integral transforms with applications to 

boundary value problems in mathematical physics has been presented. The principal findings are summarized 

below. 

First, the Fourier transform provides a unitary isomorphism on 𝐿2(ℝ)  (Plancherel theorem) and 

converts constant-coefficient PDEs to algebraic equations via the differentiation rule ℱ[𝑓(𝑛)] = (𝑖𝜔)𝑛𝑓, with 

the convolution theorem ℱ[𝑓 ∗ 𝑔] = 𝑓 ⋅ 𝑔̂ enabling the construction of Green’s functions for the heat, wave, and 

Schrödinger equations on unbounded domains. Second, the Laplace transform incorporates initial conditions 

directly through the formula ℒ[𝑓(𝑛)] = 𝑠𝑛𝐹 − ∑𝑠𝑛−1−𝑘𝑓(𝑘)(0+) , with the Bromwich inversion via residue 

calculus yielding the solution as a sum over poles of the transfer function, and the stability criterion requiring all 

poles in Re(𝑠) < 0 . Third, the Hankel transform of order 𝜈  naturally arises in cylindrical and spherical 

geometries, diagonalizing the radial Laplacian via ℋ𝜈[𝛥𝑟,𝜈𝑓] = −𝜌2𝑓, with the self-reciprocal property ℋ𝜈
−1 =

ℋ𝜈  and the Bessel function zeros determining the eigenfrequencies of radial modes. Fourth, the heat equation 

fundamental solution 𝐺(𝑥, 𝑡) = (4𝜋𝜅𝑡)−1/2exp(−𝑥2/(4𝜅𝑡))  derived via Fourier transform exhibits the 

characteristic Gaussian spreading with ⟨𝑥2⟩ = 2𝜅𝑡, providing the prototype for diffusive Green’s functions. 

Fifth, the three transforms are unified through spectral theory as diagonalizations of distinct self-adjoint 

differential operators, with the interrelation 𝐹(𝑐 + 𝑖𝜔) = ℱ[𝑓𝑒−𝑐𝑡𝑢(𝑡)]  connecting Laplace and Fourier 

transforms, and the Hankel transform emerging as the radial component of the multidimensional Fourier 

transform [22, 23, 24]. 
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