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Abstract. A systematic investigation of the classical integral transforms—Fourier, Laplace, and Hankel—is
presented with applications to boundary value problems in mathematical physics. The Fourier transform

flw) = f_oooo f (t)e~tdt is analyzed in the framework of tempered distributions S'(R), with the Plancherel

theorem || f ,=I f I, and convolution theorem f* g = f-§ established as the principal operational
identities. The Laplace transform F(s) = fooo f (e Stdt is studied in the half-plane Re(s) > o, with the

Bromwich inversion formula f(t) = (2mi)™! fCHOO

—ioo F (s)eStds evaluated via residue calculus. The Hankel
transform f(p) = fooo f @], (pr)rdr of order v is applied to axisymmetric problems in cylindrical
coordinates. The heat equation u; = KUy, with initial condition u(x,0) = 6(x) is solved via Fourier transform,
yielding the fundamental solution u(x,t) = (41TKt)_1/26xp(—x2/(4Kt)). The damped oscillator y + 2yy +
wdy = f(t) is solved via Laplace transform with transfer function H(s) = 1/(s*+ 2ys + w3) . The
axisymmetric Laplace equation in cylindrical coordinates is solved using the Hankel transform. The
interrelations among the three transforms and their unified operator-theoretic foundation via spectral theory
are discussed.
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I. Introduction

Integral transforms constitute one of the most powerful tools in applied mathematics, providing systematic
methods for solving ordinary and partial differential equations, analyzing linear systems, and constructing
Green’s functions [1, 2, 3]. The fundamental principle underlying all integral transforms is the conversion of
differential equations into algebraic equations via a change of representation, exploiting the mapping of

differentiation to multiplication [1, 4, 5].

The Fourier transform of f € L'(R) is defined as [1, 2, 6]:
f@) =FIfl@) = [ f e de )
with the inversion formula [1, 2]:
A 1 r*., .
f@© =Ff©® =§f F (w)et dw )

The Fourier transform extends from L'(R) to L*(R) via the Plancherel theorem || f l,= V27 || f Il, and to the
space of tempered distributions §'(R) by duality [1, 2, 6, 7].

The Laplace transform of f: [0,0) — R is [3, 4, 8]:
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F(s) = LIfI(s) = f (e tdt, Re(s)> oy 3)

where g, is the abscissa of convergence. The Laplace transform maps convolution to multiplication: L[f *

gl = F(s)G(s) and derivatives to algebraic operations: L[f'] = sF(s) — f(0*) [3, 4, 8].

The inversion is given by the Bromwich integral [3, 4, 8]:

1 c+ioo
f) = ﬁfc_iw F(s)estds, c¢>a, 4
evaluated in practice via residue calculus: f(t) = Y, Res [F(s)e5t, s, ] where {s,} are the poles of F(s) [3, 4,

8, 9].

The Hankel transform of order v > —1/2 is [2, 5, 10]:

7o) = 74, [f)(0) = f £ )y (pr)rdr )
0

where ], is the Bessel function of the first kind. The Hankel transform is self-reciprocal: H,, ! = H,,, and

arises naturally when applying the Fourier transform to functions with circular symmetry in R™ [2, 5, 10, 11].

The convolution theorem for the Fourier transform states [1, 2, 6]:

Flfsgl=F-G, (F*g)®) = f f @yt -1)dr ©)

This converts convolution in the time domain to pointwise multiplication in the frequency domain, providing the

mathematical foundation for linear systems theory and signal processing [1, 4, 12].

The objectives are: (i) to present the Fourier, Laplace, and Hankel transforms within a unified framework; (ii) to
solve the heat equation via Fourier transform; (iii) to analyze the damped oscillator via Laplace transform; (iv)
to solve axisymmetric problems via Hankel transform; and (v) to discuss interrelations and applications [13, 14,

15].
1I. Mathematical Framework

2.1 Operational Properties

The differentiation property of the Fourier transform, F [f (”)] = (iw)"f(w), converts an n-th order linear
constant-coefficient ODE into an algebraic equation [1, 2]. For the Laplace transform [3, 4, 8]:

n-1

L[f™](s) = s"E(s) = Y s FO(0%) @

k=0

incorporating the initial conditions directly into the algebraic equation—the key advantage of the Laplace

transform for initial value problems [3, 4, 8].

For the Hankel transform, the radial Laplacian transforms as [5, 10, 11]:
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d? 1d 2 -
R e (O

reducing the Bessel-type differential operator to multiplication by —p? [5, 10, 11].

2.2 Parseval-Plancherel Relations

The Parseval identity for the Fourier transform [1, 2, 6]:

o 1 o R 2
| ror =5 [ li@f ©

establishes the Fourier transform as a unitary operator on L?(R) (up to normalization). The corresponding

Parseval theorem for the Hankel transform is [5, 10]:

f F (2T dr = j F)| pdp (10)
0 0

2.3 Computational Methods

All computations were performed in Python 3.11 with NumPy, SciPy, and SymPy. Numerical Fourier
transforms used the FFT algorithm (O(nlogn)). Bromwich integrals were evaluated via residue calculus
implemented symbolically. Hankel transforms were computed using Gaussian quadrature with 500 nodes [16,

17].

III.  Results and Discussion
3.1 Fourier Transform Pairs
Figure 1 presents classical Fourier transform pairs.

(@) fit)=e" (b) flw) = VT e~u
1.01 1.75 {
05 1.50
1.25
0.61 1.001
044 0.75 1
0.50 1
0.2
0.251
0.0 0.00 4
-4 -2 0 2 4 -10.0 -7.5 -5.0 =25 0.0 25 50 75 10.0
torw torw
(c) f(t) = rect(t2) (d) flw) =2 sinc(w/m)
1.0 2.0
0.81 1.51
0.6 1.01
0.4 0.5
0.2 1 0.0
0.0 : : ! T g 051, ! ) ! ! ‘ d ‘ !
-4 -2 0 2 4 -10.0 -7.5 -5.0 -25 0.0 25 50 75 100
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Figure 1: Fourier transform pairs: (a)—(b) the Gaussian et o me @/t (self-reciprocal under Fourier
transform); (c)—(d) the rectangular pulse rect(t/2) & 2 sinc(w/m), illustrating the uncertainty principle—

narrow time support implies wide frequency bandwidth and vice versa.
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Table 1. Classical Fourier transform pairs and operational properties.

f@® f(w) Decay Rate Application
e~ >0 2a/(a? + w?) 0(w™2) Lorentzian filter
e~ t? Ve @' /4 Gaussian Uncertainty minimum
rect(t/T) T sinc(wT /21) 0(w™) Ideal filter
6(t) 1 No decay Impulse response
elwot 218 (w — wq) Distributional Frequency shift
sgn(t) 2/(iw) 0(w™) Hilbert transform

The uncertainty principle At - Aw = 1/2 (with equality for Gaussians) is a fundamental consequence of the
Fourier transform’s structure: the Gaussian is the unique L? function that minimizes the time-bandwidth product
[1, 2, 6]. This has profound implications in quantum mechanics (Heisenberg uncertainty), signal processing

(Gabor limit), and information theory (Shannon sampling) [1, 6, 12].

3.2 Laplace Transform and Pole-Residue Analysis

Figure 2 presents the Laplace transform analysis of a damped sinusoid.

(a) Time Domain 3 (b) Pole-Zero Map in s-Plane
1.00 A —_ f(t)=e 'sin(2t)
0.75 Envelope +e~f 5] x
0.50 A
1 -
0.25 A
— @ XK Polesis=—-1+2i
= 0.00+ £ 01 ——- Bromwich: Re(s) =c |
—0.25 A
—1 A1
—0.50 A
—0.75 27 X
—1.00 A
T T T T T T -3 T T
0 1 2 3 4 5 -3 -2 -1 0 1
t Re(s)

Figure 2: (a) The damped sinusoid f(t) = e *sin(2t) with exponential envelope +e~t. (b) Pole-zero map in
the s-plane: poles at s = —1 + 2i (complex conjugate pair in the left half-plane) and the Bromwich contour

Re(s) = ¢ > —1 for inversion.
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Table 2. Laplace transform pairs for standard functions.

f@®),t=0 F(s) ROC Poles Physical System
1 1/s Re(s) >0 s=0 Step response
e %t 1/(s+a) Re(s) > —a s=-a RC circuit
t" nl/sntl Re(s) >0 s =0 (order n + 1) | Polynomial input
sin(wt) w/(s? + w?) Re(s) > 0 s =+iw Oscillator
e~ *sin(wt) w/((s + a)? + w?) Re(s) > —a s=—-aztiw Damped oscillator
t* /I (a) s« Re(s) >0 Branch cut Fractional relaxation

The transfer function H(s) = Y(s)/X(s) of a linear time-invariant (LTI) system completely characterizes its
input-output behavior. For the damped harmonic oscillator ¥ + 2yy + w3y = f(t), the transfer function is
H(s) = 1/(s? + 2ys + w?) with poles at s = —y + \/y? — w? [3, 4, 8]. The system is underdamped when y <
W, (complex poles), critically damped when y = w, (repeated real pole), and overdamped when y > w,

(distinct real poles) [3, 4, 9].

3.3 Bessel Functions and Hankel Transform

Figure 3 presents the Bessel functions of the first kind.

Bessel Functions of the First Kind J,(r)

— Joln)
== (N
== Jaln)
e J5(0)

Jalr)

In(r)

Figure 3: Bessel functions of the first kind J,(r) for n = 0,1,2,3,4. The zeros of J,, determine the

eigenfrequencies of the circular drumhead and the radial modes in cylindrical waveguides.
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The Bessel functions satisfy J, (1) = Yo o(—1)* (r/2)2**V/[k!T'(k + v + 1)] and the differential equation
2" +71], + (% —=v?J, =0 [5 10, 11]. The orthogonality relation foa]v (amr/a)], (ayr/a)rdr =
(a?/2)Jy+1(@)]1?6mn, Where a,, are the zeros of J,,, provides the basis for Fourier—Bessel series and the

Hankel transform [5, 10, 11, 18].

3.4 Heat Equation via Fourier Transform

Figure 4 presents the fundamental solution of the heat equation.

Heat Equation: u; = uyy, t(x, 0) =6(x)

—_— t=0.05
1.2 4 —-— t=02
—- t=0.5
- t=1.0
]..0' t=2.0
0.8
=
X 0.6
S
0.4
0.2+
0.0 et
-4 -2 0 2 4

Figure 4: Fundamental solution (Green’s function) of the heat equation U; = Ku,,: G(x,t) =
(4mict) =Y 2exp(—x2/(4kt)) for k = 1 at t = 0.05,0.2,0.5,1.0,2.0. The solution spreads diffusively with (x%) =
2kt.

Table 3. PDEs solved by integral transforms.

Equation Transform Domain Solution Green’s Function
Uy = Klyy Fourier (x) R u=G*ug (4mrict) /2" /(4xct)
Upe = C2Uyy Fourier (x) R d’Alembert Zi (H(ct — 1xD)]
c
us+cu, =0 Fourier (x) R u=f(x—ct) S§(x —ct)
U + YU + 02U =f Laplace (t) [0, o) Residue sum | H(s) = (s? +ys + w?)™?!
V2u = 0 (axisym.) Hankel (1) [0, ) fie™P% Integral representation
uy = k(V2u) (cyl.) Hankel (r) + Laplace (t) | Cylinder | Bessel series Product kernel
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The Fourier transform reduces the heat equation to #I, = —kw?l, yielding fi(w,t) = Tl (w)e ™ @°t. Inverting
gives u(x, t) = (G, * up) (x) where G,(x) = (4mkt)/2exp(—x?/(4«t)) is the heat kernel [1, 2, 13, 14]. The

Gaussian profile spreads with root-mean-square displacement ./(x2?) = v2xkt, the hallmark of diffusive

transport [13, 14, 19].

3.5 Convolution Theorem

Figure 5 illustrates the convolution theorem in both domains.

fit) = e~tu(t) g(t) = e ?tu(t) (F*g)(®)
1.00 1.00 A
0.75 0.75 1 0.2
0.50 1 0.50 -
0.11
0.25 0.25 A
000- T T T T U-OO- T T T T 00- T T T T T
-2 0 2 4 6 -2 0 2 4 6 -2 0 2 4 6
torw torw torw
IF(w)| =1/]1 + iw| IG(w)] = 1/]2 + iw]| IF- G
1.0 0.51
0.81 0.4 0.4 1
0.6 1 031
0.4 1 0.2
0.24
0.2 1
T . : T r T 0.0+ - : .
-5 0 5 -5 0 5 -5 0 5
torw torw torw

Figure 5: Convolution theorem: (top row) time-domain functions f(t) = e~tu(t), g(t) = e~2'u(t), and their
convolution (f * g)(t) = (e~ — e 2)u(t). (Bottom row) corresponding Fourier magnitudes, with |F - G| =

|F| - |G|—multiplication in frequency domain equals convolution in time domain.

The convolution theorem is the mathematical foundation of linear systems theory: the output of an LTI system
with impulse response h(t) to input x(t) is y(t) = (h *x)(t), and the frequency response is Y(w) =
H(w)X(w) [1, 4, 12]. This factorization enables filter design in the frequency domain, spectral analysis, and the

construction of Green’s functions for linear PDEs [1, 4, 13].

3.6 Axisymmetric Wave Equation

Figure 6 presents the Hankel transform solution of the axisymmetric wave equation.
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u(r, t)

Axisymmetric Wave: Hankel Transform Solution
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—0.75 A
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t=0
t=0.5
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Figure 6: Hankel transform solution of the axisymmetric wave equation in cylindrical coordinates: u(r,t) =

Jo()cos(t) + 0.3],(2r)cos(2t) at t = 0,0.5,1.0,2.0,3.0, showing the superposition of radial Bessel modes

oscillating at their characteristic frequencies.

Table 4. Comparison of integral transform properties.

Property Fourier Laplace Hankel
Domain (o0, ) — (o0, 00) [0,00) - C [0,00) — [0,0)
Kernel e-iwt e st J,(pr) T
Inversion F1 (explicit) Bromwich contour Self-reciprocal
Unitarity Yes (L?) No Yes (weighted L?)
Differentiation f'einf f'm sF—£(0) Ao f = —p?f
Convolution frge fg fxgwFG Hankel convolution

Best suited for

Whole-line BVPs

Initial value problems

Axisymmetric/radial

Computational cost

0(nlogn) (FFT)

Symbolic / numerical

0(n?) or fast Hankel

The three transforms are deeply interrelated: the Laplace transform is the Fourier transform of f(t)e “‘u(t)

evaluated at imaginary argument, i.e., F(c + iw) = F[f(t)e *u(t)](w) [3, 4]. The zeroth-order Hankel

transform equals the two-dimensional Fourier transform of a radially symmetric function: f,(p) =

i [ [ f(rDe®Td?r[2, 5, 10]. All three are instances of the general spectral theory of self-adjoint operators:
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the Fourier transform diagonalizes —id/dt, the Laplace transform diagonalizes d/dt on L?[0, ), and the

Hankel transform diagonalizes the Bessel operator r~1(d /dr)[r(d/dr)] — v?/r? [1, 5, 7].

In quantum mechanics, the Fourier transform connects position and momentum representations via {¥(p) =
Qmh) Y2 [ P(x)e~P*/hdx , with Parseval’s theorem ensuring conservation of probability [6, 12, 20]. In
control theory, the Laplace transform provides the framework for stability analysis via pole placement: a
system is BIBO stable if and only if all poles of the transfer function lie in the open left half-plane Re(s) < 0 [4,
8, 9]. In elasticity and acoustics, the Hankel transform solves axisymmetric contact problems, radiation from

circular pistons, and diffraction by circular apertures [5, 11, 18, 21].

IV. Conclusions

A systematic investigation of the Fourier, Laplace, and Hankel integral transforms with applications to
boundary value problems in mathematical physics has been presented. The principal findings are summarized
below.

First, the Fourier transform provides a unitary isomorphism on L?(R) (Plancherel theorem) and
converts constant-coefficient PDEs to algebraic equations via the differentiation rule F [f (")] = (iw)"f, with
the convolution theorem F[f * g] = f - § enabling the construction of Green’s functions for the heat, wave, and
Schrodinger equations on unbounded domains. Second, the Laplace transform incorporates initial conditions
directly through the formula L[f (")] = s"F — Y s" 17k () (0+) | with the Bromwich inversion via residue
calculus yielding the solution as a sum over poles of the transfer function, and the stability criterion requiring all
poles in Re(s) < 0. Third, the Hankel transform of order v naturally arises in cylindrical and spherical
geometries, diagonalizing the radial Laplacian via #, [Am, f ] = —p?f, with the self-reciprocal property 3, * =
H, and the Bessel function zeros determining the eigenfrequencies of radial modes. Fourth, the heat equation

Y2exp(—x?/(4xt)) derived via Fourier transform exhibits the

fundamental solution G(x,t) = (4mkt)~
characteristic Gaussian spreading with (x?) = 2xt, providing the prototype for diffusive Green’s functions.
Fifth, the three transforms are unified through spectral theory as diagonalizations of distinct self-adjoint
differential operators, with the interrelation F(c + iw) = F[fe
transforms, and the Hankel transform emerging as the radial component of the multidimensional Fourier

transform [22, 23, 24].

u(t)] connecting Laplace and Fourier
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