IOSR Journal of Mathematics (IOSI)
eISSN:22785728 p-ISSN:2319 765X Volume 21, Issue 3, Ser. 1 (Maylune. 2025), PP 088
www.iosrjournals.org

A Semtinfi nite ClosedForm Analytical Solution For
Solidification Under Convective Boundary Condition

|.L. Ferreira, G.E.M. Santos JUnigiA.L.S. Moreira

Faculty Of Mechanical Engineering-ederal UniversityOf Para, UFPA, Augusto Corréa Avenuk 66075
110,Belém PA, Brazil

*Corresponding Authorileao@ufpa.br

Abstract

Solidification and fusion are important processes applied in several fields of science and technology. Recently,
FARbeyond the realms of materials science and metallurgy, many applications have risen in latent heat thermal
energy storage and melting and growth of ice plates. Due to the relative difficulty in obtaining numerical solutions
for moving boundary problemsrfa wide range of space and time scale.studies in the literature consider a
comprehensive first and secoeodler treatment of Biot number for phase changkis work proposes four
closedform solutions for the transient solidification of pure and eutectic matddatmne and threedimensional
semiinfinite slabs considering convective boundary conditions and melting supefhesapproach can predict

wide space and time scales by adding a-farster term in the parabolic profile to address the transition from
second to firsorder similarity variables

Keywords:Partial differential equationConvective boundary conditiobinsteadyanalytical solution; Moving
boundary problem; Sermfinite slab.
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I.  Introduction

It is well established that solidification and fusion are important processes applied in several fields of
science and technolod¥]. Recently, for example, far beyond the fields of materials science and metallurgy,
many applications have emerged with regard to latent heat thermal energy storage (LHTES) and other methods
related to the melting and growth of ice sheets. On the othet, hla@ properties of materials are strongly
dependent on their composition, manufacturing process and particularly theituist. Solidification, for
example, plays a fundamental role in obtaining homogeneous materials and in controlling their structure in some
industrial processes, such as casting, laser welding, surface remelting and continuous casting. Therefgre, the stud
of the complex relationship between solidification parameters and the resulting microstructure is of growing
importance in the field of metallurgy for the development of increasingly suitable methods for quality casting in
the shipping, automotive, elechics and aerospace industries since the physical, metallurgical, mechanical, and
electrochemical properties of most materials depend mainly on the level of control that can be achieved during
liquid-solid phase change. Nevertheless, in many cases, complete details of the physical mechanisms related to
the formation of various types of structures in the obtained materials are not yet[Rhown

By analysing theoretically and experimentally the solidification process, certain variables that effectively
act on thdiquid-solid transformation are investigated because, during phase clanges physicathemical
effects occur, which, if not properly controlled, can compromise the performance and quality of tbadfimaj
part In the initial moments when the phenomenon occurs, heat transfer is one of the main factors that has a
significant effect on the thermal variables involved, especiallycth@ing rate (TR) 3,4]. Thus, a better
understanding of the effect of thermal parameters on the formation of structural aspects is essential for planning
some industrial manufacturing processes.

It is known that heat conduction with phase change due to m#éléeging occurs in the transient
regime. The mathematical treatment of solidification becomes more challenging because it results in differential
equations with nonlinear boundary conditioats the moving interface5{7], almostalways requiring the
establishment of physical or mathematical simplifying hypotheses from real conditions so that analytical solutions
may be made viable. Despite this, numerous mathematical approaches have been proposed to provide an adequate
theoreticalbackground for modelling the mechanisms by which heat is transferred in both the solid and liquid
domains in transformation as well as in the cooling fluid.

Studies have proposed analytical methods and numerical solutions to describe solidification, the results
of which, in some cases, are very close to those observed in various cases of practical interest. Nonetheless, it is
imperative to emphasize that thee@ision and control of their respective outcomes are directly correlated with
the properties of interest of the material under investigation, the boundary conditions assumed, and the physical
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and/or mathematical simplifications accepted. In this sense, the analytical m&i8Hare limited to the study
of solidification in slabs due to the greater simplicity of the mathematical treatment as a result of their geometric
characteristics, which is the only case for which an exact solution has been obtained thus far. Therefore, they
present considerable limitations from the point of view of their practical application. One of the main advantages
of numerical method2D-34] is that they allow mar realistic boundary conditions to be accepted, for which it
would not be possible to obtain analytical solutions. The accuracy of these methods is generally quite high, but
they require the use of computational resources as well as a certain amountptEfxitgmThese methods
generally lead to greater agreement with the results observed in practice. On the other hand, a large number of
experimental studies have also been performed to fulfil the same obje&tisd] [Z\nother interesting technique
thath#8 been widely used to determine the unsteady therm
the inverse heat conduction problem (IHCP), which is based on a mathematical description of the physical
mechanisms of the process supplemented wiffegmentally obtained temperature measurements in metals
and/or molds. The inverse problem is solved by adjusting the parameters in the mathematical description to
minimize the difference between the medemputed values and the experimental measurerfEhey].

In this work, closedorm solutions for the transient solidification of both pure and eutectic materials are
derived for one and threedimensional seminfinite slabs considering convective boundary conditions and
melting superheat.

Il Mathematical Formulation
Analytical solutions are derived for oqphase and twphase transient solidification of pure and eutectic
materials in oneand threedimensional problems considering anisotropic meflieanisotropic medium can be
characterised by a dependency on thermophysical properties and space coordinates, i.e., for density

~ o~ -

" ofuft "7 7 specific heaty @ ofufn ® ® & ,thermal conductivityQ
Qafuia Q Q Q and thermal diffusivity, | cfofix | | | .ltistrugas for a 3D
problem, solutions are independently obtained in each directidmdifd — ¢ O— «d 3— & and

coupledwith the solution of thesimilarity variables considering the moving boundary interfate) —
4 s Q4 s, and positiori i 0 i

One-dimensional OnePhase Moving Boundary Problem

For the freezintsolidification of a pure metal/compound at the fusion temperature or eutectic
temperature, as shown in Figure 1, the governing partial differential equation and the initial and boundary
conditions for a serinfinite slab are given by

S T o6 o 1)
O T W H Y 7Y )
o ma mW O Y Y ©)
O md 0,7 Y 4)
O TM®O MY Y (5)
"h— Q— (6)
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Figure 1 Schematic representation of ong@hase transient solidification.
The base solution for the solid phase is asketiwn 1D one for a senimfinite slab whose boundary

condition aty  Ttis ofthethird kind [58] for norreactionproblems. The temperature profile dependence on time
and space can be expressed as

Yofo Y 6 6 AOEA= AgBp- — AOEA=- —— 7)

where0 andd are constants determined frdhesolidinterface at 6 mandi 0 .

Fori T,
Yi md Y 0 O (8)

which is a consequence of a convective boundary condition already applied in the solutiontior
whenthebase functioriYald is derived, so thdly i  mhd cannot be admitted BY o . In this sensd) is
a constant valuthat carbe found as a function ¢lietemperature profile a 1.

Foro i,

Yo i Y 8 8 AOEA- AgD — AOEA- —— 9)
By taking the parabolic profile—= and writing it as a similarity variabke i 0 ——, Eq. (9) becomes
Y 6 6 AOA Agp- —— AOAEA — (10)
and,

Y ©0 O (12)
Y & 6 AOZA Agp- —— AO&EA — (12)

Subtracting Eq. (12) from Eq. (11) leads to
Y Y 6 p AOFEA AgB- —— AOAEA — (13)

which givesd as
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6 (14)

Similarly, the constarth can be determined as follows:

o Y "V Qo —— Qi 0w — (15)

The temperature profile can now be expressed in terms of cofistandd ,

Yoo o Y
YUY
N 0 I o T B+ S © B - B AP o9 Qi S ek
AC A Ao 2 AOAfs —g— AOMA Aosy 2g AOEA g
N 9 Qi S ez G
p AOEA A@E% g AOAA g
(16)

_Aiming to express the temperature profile in a more suitable form, the following auxiliary functions
[ ik and-ib can be defined as

iR p AOMA AoD- — AOAEA — (17a)
[ ib p AOFEA AgD- — AOAEA — (17b)
and,

_ifo AOMA AgB- — AOEA — (18a)
—ibh AOEZA APD- — AO&EA — (18b)

Substitutingeq. (17) and Eqg. (18) into Eq.&)Lyields

- .
- (19)
. - — -— h
h
= (19b)
The thermal gradierity ¢fd in the vicinity of boundargo i is found by deriving the temperature

profile with respect toy which has the following form

—E—AQB— — AgP - AgB-

S (20a)
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¢

—H—AQD— —— AoP —_ AgbB-
(20b)

A common way to write a solution of a partial differential equation to avoid instability concerning the
magnitude of the involved dimensional variables in the function evaluation is to express this in terms of
dimensionless numbers with physical meaninghss Ste, Biot and Biéfo,

o — (21)
0¢ — (22)
6 Q¢ 60— (23)
Yo O—— (24)
6 QG —— — (25)
r6Qko p Q1 QO Qo QE &— Qi VO — (26)

The derivative of with respect t@ gives

- — (27)
and by substituting the temperature gradiremi into the moving boundary heat balance, Eq. (26), the
similarity roote can be obtained as
"0 Q—r— —AgD- —— AOAA = Aop-
|7|_ R
— (28)
Eqg. (28) is rearranged to the following form:
. — —AgBp- —— AOA&A = Aob-
M_ _
_ (29)

Eq. (29), expressed in terms of dimensionless numbers and parameters of heat conduction, becomes
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. —AOBQto— AOEA — — AGB 0t 6—
(30)

Similarly, the temperature profile- Gfd " and the auxiliary functior i » can be written as a

function of6 "Qéand the interface positidnaccording tahe followingexpressions

¢

(31)
and
-6QB0 Qi @ QO QE e— Qi Vb — (32)

Wagner, cited by Jost §h assumed tentatively that the plane of discontinuity is shifted proportionally
with 110 whenanalysing onghase soligstate diffusion, which is validnly for high Biot numbers. In thgresent
study, the relationship betwe#re position of the interface and time is better posed dgnabinatiorof parabolic
and linear profiles, whose linear profile represents the ratio between any pbositidrthed "Qéefated to the

materialdiffusion capacity—, i.e.,dimensional

5 — (339)
and dimensionless time,
o (33b)

Three-dimensional OnePhase Moving Boundary Problem

A threedimensional onghasetransient solution for the freezifsplidification of a semiinfinite slab
can be described by the PDE in Eq. (34), the initial Eq-(3B), and the boundary conditions Eq. (883) as
follows:

S — m o i ohm ® i ohdeé®@ ¢ i o (34)
O MM & HY Y (35)
O MM & HY Y (36)
O mTm a4 HY Y (37)
O Mo MQ Y Y 0 — (38)
O MY mMQ Y Y 0 — (39)
o ma MY Y 0 — (40)
O me i 0, Y (41)
O m® { o0, Y (42)
o md i o, Y (43)
O Mo HY Y (44)
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O M®O MY Y (45)
O TMA° HY Y (46)
"0— Q — 0 — Q — (47)

whereb HU M H @, H H T 2 @ ®@® TQ and® Bu
Bu M . Athreedimensional solution for the temperature profile can be considered as the product of the
solutions ind wandd axes, that is,

—chufiid  — ofd O— oo O— af (48)
which, in terms ofL gives
A

o oL (49)

The solutions for the temperature profiles x, y, and z are designated as

: : (50)
) S— R — h

: : (51)
] - — _ h

: (52)

By makingQ ofuftr and writing the auxiliary functioris i Fr and— i Fr in terms of Qresult in

rim o AOEA Agpb— —— AOEA (53a)
rikh p AOMA Agp— — AOEA — (53b)
and,

—im AOZA Agb— —— AOEA _ (54a)
—ib AOEA Aogb— —— AOAEA — (54b)
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By writing Eqg. (50}(52) as a function of positionthrough the similarity variable ———, the
derivativesof thetemperature profileab i ,0 { andd i are
3 Il’“r -
i —— —Rgp— —— A@P _
hre n
'y
w
Il’“r
Agp— —— o (55a)
[ad Il
M_ (N} - | l’
N} n ~
u V] r
" ——— —Agp— — Agp =
Aogp— —— (55b)
-
] s S
n —Agp— —— AoB _
h e n
'y
Vg
l|’”|’
Agp— —— o (56a)
o Il
o n N 1P
L Il
u U w
h —— —A@gp— — Ag@P =
Aogp— —— (56b)
-
3 II:,P -
n —ARgp— —— AgP _
hre n
’p
w
:’uv
—Agp— —— o (57a)
o Il
e o0 (i
] il ~
u U w
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—— —AgB— —— A@® _

Aogp— —— (57b)

The similarity variable is applied here to determine its derivative to express the dependence of the
transformation interface velocity dn as shown by Eq. (57)

- (58)

By inserting the temperature gradients into the heat balance in the moving transformation interface, as
shown in Eq. (47), the similarity variable can be determined as follows:

. - Aop— —— AOA&A = Aop—
o -
= Agp— —— AOA&A =
Aop— - Agp— — ROAA —
i N
= - Apgp— —— (59)
i -

By writing the expressions for the temperature profile in each direction and auxiliary functiohs
and—i bk inrelation to’Y0, @ "Q¢ andd "QE€'@¢ dimensionless numbers,

o (60)
0 — (61)
6 Q¢ o— (62)
Yo Q—m8— (63)
5 QEG —— — (64)

In this case, the functions i f» are given by
[ 6 Qo p Qi QO Q0P QE 06— Qi VO — (65)

[ 6 "Qého p Q1 QO Qwp QE 60— Qi B — (66)
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r6Qio p QW Qo QE o— Qi VO — (67)

Similarly, the functions- i Fr in the corresponding directions are

-6Q Q1 O Qe QE o— Qi VD — (68)
—0Qho Qi @ QO QE o— Qi VO — (69)
-6Qid Qi WO Qe QE o— QI VD — (70)

Then, by writing Eqg. (59) as a function of the dimensionless heat conduction number, we obtain

« —— —AoB 0t o— AOAA ~ —————A0B 0t o
- AZ® Q¢ 0o— AOEA — ————AoB 0t
- AG®B Q¢ 0— AOEA — ————A@B 0t
S (71)

Similarly, for the temperature profiles for the three axes,

— ah 3 (72)
fo— ¢ h
., A - - - h
— «h - (73)
and for— afi
e h — - - h
Finally, the threedimensional solution for the temperature profile can be given by
—ofofei B R —aff —dfi —ofi (75)
that is,
o Y chufoi HOA Y . N N
— ofufofi A H — —aai — i —oh
Y Y
Y Gfi Y Y dfi Y Y gh Y
Y Y Y Y Y Y
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i o ek oed 229 ag® 020 - 6o
ol 0d? erp® 27 hiag® 25F 0 - 6o
[ 6 "Qého
Qi Qafl Qo "Qéigé 6T:Qé B Q(,JTg 6;% O _ & a0
[0 "Qéro

(76)

and the freezing/solidification time is given by the Biot number, which transitions from a parabolic to a
linear profile and vice versa, posed-as— dimensional

6 6 0 0 (778)

and dimensionless time,

z z z z z

o (77b)

One-dimensional Two-Phase Moving Boundary Problem

In the case of twgphase freezingolidification of a pure or eutectic material with superheating in the
liquid, as presented in Fig. 2, the governing partial differential equation and the initial and boundary conditions
for a semiinfinite slab are given by

S — T ® (0 (78)
- io o W (79)
O MM ® Hy YUY (80)
o M T fol QY Y (81)
o me io6, Y Y (82)
0 MW HY Y (83)
"i— Q— 0 — (84)

Liquid

Solid
T/

0 X = S(t) X - 40

Figure 2 Schematic representation of twegphase transient solidification.
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For the liquid phase, the proposed solution is given by
Yoo 6 8 p AOA= (85)

A relationship between the diffusivity of the solid and ligpfthses is necessary to assess the similarity variable,
s (86)

Then, the solution becomes

Yow b6 6 p AOoOA= (87)

The substitution of initial and boundary conditions into the temperature profiles allows the camstants
andd to be determined

Yo o Y & 6 p A& (88)
for0 in®w® H,whend T,

YO MDY 8 mCd Y (89)
YOY 6 p AGE (90)
The constand can be determined as

6 — (91)

Finally, after the substitution of constants in the ligpithse temperature profile gives

Yoo Y tp AOA= (92)

However, by knowing that,

_ (934)
and,

. (93b)
and combining Eq. (93) and Eq. (92) results in

A s . R
— oo tp AOA— (94a)
S ip AOg- (94b)
The derivative ofY afi with respect tavatco i furnishes the temperature gradient for the liquid

phase at the moving interface,
— M—_'t'—'t"sf:fAQE)‘s . (95)
By inserting the similarity variable in Eq. (95)
— — i tA@pt . (96)
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It is important to mention that sometimes the thermal gradient is a function of both the interface position
and time, as presented in Eg7)9

— —f— fAQDE — (97)

By combining Eq. (20), Eq. (27), Eq. (84), and Eq. (97), the similarity variable can be found:

c oSl g Y Y """QAQj 800 s O G
V) i T T~ 7 7 =
i [k Q Q 1 Q ¢ Q UiAob
i
Ge o Qi T gy Y ‘
A Bt_ ~ ' TtﬁtA D i
— o 988 v~ Uy RomEA N 9P¢
N iAgop .
G Q i

(98)

Rearranging the terms in a form for representing heat conduction parameters,

>

LA S S W L L B W e P
0r ik ceQ Q 1+ 71 ¢ Q UAgp
w
Q Qi
P Age- —
Ao 2 Q@ Te D5
¢ Q i
o Y Y | " £
0 | " M AOEAADD.
(99)
in which
0 — (200)
By substituting the dimensionless numbers and heat transfer parameters,
YO 'Q 6 Q¢ 0 0MQEqg . . 06QEO
o 00 D e & AOA&A _ P
[ ib Qe Te Ge n Agb
0 Q¢ o £
T R L T vy v
n Agp 00 €0 v )
(101)
where'Y0O 'Q —— is the Stefan number considering the liquid phase.

Three-dimensional Two-Phase Moving Boundary Problem
The governing equations and the initial and boundary conditions for-dimesmsional unsteady

solidification are given by

_— — — m oo i ohm & i oPAT A & i o
(102)
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_ — — —— i 0 @ Hi o o HHENO A H

(103)
O MM ® HY Y (104)
O MM ® HY Y (105)
0O MM 4 HBY 7Y (106)
O me WQY Y - (107)
O Mo WQ Y Y folu (108)
0O M WMQAY Y o (109)
0 mw i0,7Y; Y (110)
0 MW 06,7 Y (111)
0O ma (0,7 Y (112)
O TGO HY Y (113)
O MO0 HY Y (114)
0 mMao HY Y (115)
LQE L TY 1Y 1Y
" 05(‘) Q o Q o Q _Q(
0 — 0 — 0 — (116)

whereb H H @.,p H ® 0 2 B @ W,® BU Bu
@ ,p W W O 2o B @ ™ and @ éu Bu @ . A three
dimensional solution for the temperature profile can be considered the product of the solutionsjnibacth
& axis,dimensional

6o 6 0 0o (1173)

And dimensionless equation,

z z z z z z

& (117Db)

By substituting the similarity variabke andsettinge —,

tAope - (118)

b _—t

"

tAgpe - (119)

b _—t

"
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iA@DE » (120)

— _—t

Y

and, by writingi in relation to the similarity variables,

c| o - (121)
L B tp AOKE — (122)
S tp AO#E — (123)
S B ip AO¥E — (124)

The threedimensional solution for the temperature profile in the liquid phase can be expressed as follows:

—cahufgi A A — ofi — o — of (125)
that is,
i . g . "Y ofufefi AR %
— ofufoifi A A — i — i — df ——
‘ ‘ Y Y
"Y ofi "Y Y ohi YUY ofi Y
N Y ~ Y N Y
Ao A"pr AoszcE-iE A A"%fp AozE-iB Ao A"pr Ao:acE-iE
(126)

By applying the temperature gradients in the solid and liquid phasédssn andn4 s ,
"0— Qn4 s o4 s (127)

_ (128)

in which i i i i
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N N B """QAQ"Qi Q1 ogn O Ce
" TR R 2% Q ¢ Q i Aoge
Vs
Ce A@E;Qi Qi "
i Agp Q -0
¢ Q i
Y Y '"q Q| Qi Qi IS
QN ———— —ADB— — AO&A — —
r ik vQ Q 1+ Q ¢ Q Wi Aob
[N 2
tr
Qe AQ)EEQi Qi v
0 i 0 Te 0 |:v
I/I“i AQD ‘Q 'y
v
~ YOy Tt i i L Qi Ge
Q———— —ADB— — AOA&AA — =
rik 20 °Pn T a ¢ Q i Age
tr
Ce Qi Qi T g Y Y
AoB— - QU —tx—=
- Qi Q - Q /i AOEA
i Agp 2L S
G Q i
e LYY ek LYY

tAgDe . Q tAgDe Q

— S

Wi AOEA i AOZEA
tAoDbE .

(129)

By arranging Eq. (130) so that it can represent a set of meaningfutdnesfer parameters,
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6 Y Y Tai el Qi oms O )
or ik cQ E*Q Te Q e T~ AoD
o
Qi Qi
P A DB —
AGD @ "R
¢ Q i
0 Y Y P Qi Qi Qi P
_ —A @B- — A OEA = —
or i b rige Q Q Q ¢e Q nw Aagp
i
Qi Qi "
P AoB: — .
o 0 i Q . Q |,v
MHAQD. Q e
v,
6 Y Y Qi Qi Qi Qi o
— —A OB — AOEA — —
or ib LG Q @ Q e Q ¢ Q W Aao
o
Qi Qi
P ADB— —
FAGD e ¢t R
G Q i
0 Y Y | €
0 I " N AOEA Agb .
0 Y ‘Y| &
0 | " WwAOEA AgH .
6 Y Y| 7 &
0 I " I~ AOZEA Agb .

(130)

Eqg. (130) can be expressed according to dimensionless numbers
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YO'Q 6 Q&0 60MEqQ . . 6"MQ¢0
. Y Ao® Q¢ o % o &R — P
[ 6 Qo Co Te < nAob
0"Q¢ o
P oA o8t oo
N Ao Oc. £0
YoQ B¢ 5QEq . . 600
— ADB Q¢ o % o &K — P
[ 6 Qého "¢ Te Ge WADD
w
6 Q¢ &
P s ADB Rt o
w A oo
(S v
YOQ 00 60MEqg . . 06O
Y ARo® Q¢ o % o &R — P
[ 6 Qérd Ceo Te Qe N Aob
0 Q¢ o €
P_ SrghPB A o= T VOD
nAop oc- £0 4 ’
£ €
YO ) ————— YO W —————
W AOEA Agb . N AOEA Agb .
(131)
where'Y0 'Q ——— is the Stefan number considering the liquid phaseland represent

the ratiobetween the product of thermal diffusivity ati density oftheliquid and solid phases, respectively.

Considerations for Calculating Interface Velocity and Position

The current solution is considerably complex when formulasingple equationsor the solidliquid
interface velocity By writingd ri | { deriving and rearranging itas 0 ———[63]. The value of

[ ——s straightforward. However, determiningequires a different approack: ¢ i 1 -, sd

- ¢ iFinally, expressing the velocityin terms of the thermal gradients of the solid and liquid phases provides
— 0 — QOYs QYs (132)
The value of can now be determined as,

T 3 e i (133)

for solidification time,

o ri 7 (134)
and velocity,
v — (135)
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The thermal gradients of the liquid’Y and solid n”Y phases are analytical expressions derived in
this work. Herek represents the thermal conductivity, expresse@as®@® @ X, andeis the positional

vector defined by.. & by "G Equation (132) izomplex and too lengthy to present fully here, but it
remains an analytical equation.

Il. ResultsAnd Discussion
The analytical solutions formulated in this investigation will undergo analysis based on the following

criteria: onedimensional onghase and twphase, as well as threémensional onghase and twphase.
Furthermore, Table 1 provides data on the thelynamic properties of pure Al in its solid and liquid phases.

Tahle 1 Thermophyzical properties of pure AL
Properties Symbol Units Al ALIE 2wttaCa Sn3%witaPh ‘F.'abm'ra: 3000
= = 1 13
Tmper_ahn'enf T ¥ a33.15 82113 436 27113
conduetivity (solid) wm k| 220 - 7 238
Tharmal 71 317 06377
conductivity Ky Wm 'K* 91
(ligud)
Deansity (zolid) 2] kgm* 2550 3410 S840 019.76
Deensity (liqud) By kg m 2368 3240 3400 D§9.ED
- = =
Spetﬂd}hmt o Tk 'K 1181 1070 1862 1530
1 5 2 7
szhﬁdhjmt o Tk 'K 1086 2935 2129 419294
15 75 2
Latent }J.eat of Al kgt 397500 330000 47380 341820

The analyticatalculations are plotted agaitlsenumerical results for onaphase transient solidification
consideringthe solid/liquid interface position versus time and temperature profile, according to Figure 3A and
Figure 3B, respectively. The global heat transfer coeffici€htare constant and equal to 500, 1000, 3000, 7000
and 1800@w & U .The numerical methof28,60,6] camotbecarried ouin this studyas publishedBased

on the present propositioRirstly, the second order Biot numbér,"Qé¢ &—, concerning the thermal diffusion

layer resistance is absent. Secondlyntimaerical model has a function called dgdT, which relates the dependence
of theliquid volume fraction on temperature associated with an equation governing the latent heat release rule in
the energy equatioin terms ofsolute concentration density field. For pure materitds is not the case.
Consequently, thisumerical solutiorscheme fails t@ccuratelypredictthe solidification ofpure materials, by

adding an artificial amount of latent heat whdiblocateghe global heat transfer coefficienth& corresponding
numericalsolutionof the energy equation for pure and eutectic mateuiader convective boundary condition,
associated with the otheransportequationss being studied to develop a suitable solver to this problem and will

be discussed in a forthcoming publication.

In Figure 4, a twephase analytical solution is applied for the interface position as a functioelbf
superheat for 0.1, 5, 35, 55, and $+0%/henthe same Biot number and melt superheat are considered thoe all
superheating eventthe interface position as a function of time is not sensitive. However, the same cannot be
said for the velocity of the solid/liquid interface, as shown in FigoBwhich the speeds ~141 | O for the
given combination of both the highest Biot and superhed. well known thatundertransient experimental
solidification conditionsthe Biot number usually depends on overheating and cannot be kept constant.

Figures 6 and 7 represent the thermal gradients for the liquid and solid phases, respectively, in the vicinity
of the solid/liquid interface against position. The melt superheat is more sensitive to the thermal gradient of the
liquid and less sensitive the gradient of the solid for a given Biot and melt superheat.

The temperature profile was calculated as a function of both the Biot number and melt superheat, as
shown in Fig. 8. The temperaturesat 1 depends only on the Biot number for a given Biot and melt superheat.
However, the temperature profile of the solid phase is affected.
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Figure 3 Analytical solution of unidimensional onephase solidification against numerical simulation{A) Position of
solid/liquid interface as a function of time, and(B) Temperature profiles.
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Figure 4 Analytical solution for one-dimensional twophase solidification for interface position as a function of melt superheat:
(A) 0.1K, (B) 5K, (C) 35K, (D) 55K, and (E) 105K.
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Figure 5 Analytical solution for one-dimensional two-phase solidification for interface velocity as a function of melt superheat:
(A) 0.1K, (B) 5K, (C) 35K, (D) 55K, and (E) 105K.
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Figure 6 Analytical solution for one-dimensional two-phase solidification for thermal gradient of the liquid as a function of melt
superheat:(A) 0.1K, (B) 5K, (C) 35K, (D) 55K, and (E) 105K
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Figure 7 Analytical solution for one-dimensional two-phase solidification for thermal gradient of the solid as a function of melt
superheat: (A) 5K, (B) 35K, (C) 55K, and (D) 105K.
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Figure 8 Analytical solution for one-dimensional twophase solidification for temperature profile as a function of melt
superheat: (A) 0.1K, (B) 5K, (C) 35K, (D) 55K, and (E) 105K.

The temperature profile was calculated as a function of the Biot number and melt superheat, as shown
in Fig. 8. The temperature at 1 depends only on the Biot number for a given Biot and melt superheat.
However, the temperature profile of the solid phase is affected.

Figure 9 compares the positiontbe solid/liquid interface as a function of time, temperature profiles,
and thermal gradients of the liquid phase for eutectic Al33.2wt%Cu in terms of Biot and melt superheat of 0.1K
and 105K. Thehermal gradient of the liquid phase increases rapidly mih superheat.
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Figure 9 Analytical solution of unidimensional solidification AI32v#®6Cu against numerical simulation for 0.1K al@bK of melt
superheat(A) and B) position of solid/liquid interface as a function of time) @d D) temperature profile and, (E) and (F) thermal
gradiens of the liquid

In the case of a thredimensional solution for orghase solidification, the time is presented as a function
T 7 . ﬁ FIFI . . . o,
i i i and the temperature profle————, considering the following dataQ

,

of i

pcnAw + ,Q xmnmwn + andQ omwi + ;Y Y Y ongu, i
@l ,i ™l andi T®l . From Fig.10, it can be noted that the parabolic profile is presermedshorter

times are expected fdne wandwdirections. The lowest predicted temperature is associated with the direction
of the highest heat transfer coefficient.
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Figure 10 Analytical solution for threelimensional onghase solidification: (A) Position of solid/liquid interface as a function of tin
and (B) Temperature profiles

Figures 11-13 present the solitiquid interface velocity, the thermal gradient, athé cooling rate
predicted by §4] alongside the current solution under 4% melt superheat f838At%Cu and S139Pb eutectic

alloys. Water behaves similarly in both eutectic alloys.
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Figure 11 Comparison of analytical solutions for edenensional solidification solitiquid interface velocities, considering eutectic
alloys (A) Al33.2wt%Cu, and (B) Sn39wt%Pb under 4% superheat.
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Figure 12 Comparison of analytical solutions for edenensional solidification thermal gradients, considering eutectic alloys (A
Al33.2wt%Cu, and (B) Sn39wt%Pb under 4% superheat.
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Figure 13 Comparison of analytical solutions for edenensional solidification cooling rates, considering eutectic alloys (A)
Al33.2wt%Cu, and (B) Sn39wt%Pb under 4% superheat.

The final application of this analytical model is a comparison with a classical solidification model for
pure and eutectimaterials §4]. This analysis involvefreezingwater at an altitude of 5000 m to capture the
surface thermal gradient. The present model can accommodate a wide range of Biot numbers, Gdhé&seas [
limited to high Biot numbers, as shown irgkies 14-16.
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Figure 14 Comparison of analytical solutions for edenensional water freezing under selliguid interface velocities, considering (A]
1.6 K and (B) 2.0 K superheat.
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Figure 15 Comparison of analytical solutions fonedimensional water freezing under thermal gradients, considering (A) 1.6 K ¢

(B) 2.0 K superheat.
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Figure 16 Comparison of analytical solutions for edenensional water freezing under cooling rate, considering (A) 1.6 K and (B)
K superheat.

V. Conclusions

The following major conclusions can be drawn from the results and discussion held in this paper:

1 Closedform analytical solutions are derived for erend twephase, oneand threedimensional transient
solidification of pure and eutectic materials in a sérfinite slab;

1 The obtained analytical results and numerical vagudsbitedvery good agreement;

1 A closedform solution for transient solidification considering convective boundary conditions that
encompasses full analytical treatment of the Biot number has not yet been identified. Therefore, it was found
that the proposed profile in the literature floe similarity variable based only on the assumption of the second

order parabolic term, i.es——, cannot deal with low Biot numbers in which a linear behavieur
dominates;
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1 Considering theonvective boundary conditions in the wietlown analytical solution for heat conduction and
using this approach to describe the -oaed twephase moving boundary interfaces, analytical solutions for
transient solidification in a senmfinite slab wereobtainedthat can addressanisotropic thermophysical
properties;

1 Investigations must be performed to elucidate the seoothel polynomial dependence of the similarity
variable in the proposition of transformation kinetics in addition to that tentatively suggested by Wagner, which
has beenvidely used today in fluid flow, heat and mass transfer analytical solutions.
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