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Abstract 
Intra-communal violence perpetrates across various families and factions in a community and this is strongly 

supported by the undeniable solidarity felt and exhibited by the violent parties for their respective groups. In 

this research work, we made some assumptions and constructed a deterministic model to study intra-communal 

violence. Basic mathematical analyses such as the positivity of solutions, the invariant region, the basic 

reproduction number, and the stability analysis of the model were performed. The analysis revealed that the 

violent-free equilibrium is globally asymptotically stable, and that the rate of injustice, the level of insecurity, 

the level of threat to life and property, the effective contact rate with the aggressive and brutal individuals, and 

the level of negligence of infrastructural development in the community by the government are positively 

sensitive parameters of the basic reproduction number. Version 12 of the Mathematica Programming Software 

was employed as a computational tool throughout the research. 
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I. Introduction 
Many part of the world today is been faced with one crisis or the other, which has led to loss of lives and 

properties. Kumar (2013) opined that the impact of communal violence is severe not only in terms of the loss of 

life and property but also in terms of the damage it causes to the social fabric. Dominioni, et al(2018), Tsetimi, 

et al(2021) revealed that ethnic violence and racism diverseness are greatly induced by globalization and 

migration flows within many nations in the world. Mamo (2021), Okposo, et al(2023) revealed that violence can 

lead to social instability, dreadful election, and large financial losses, and can be considered as an infectious 

disease like tuberculosis and COVID-19. In August 2011, several areas of London experienced episodes of 

large-scale disorder, comprising looting, rioting and violence. Davies, et al (2013), Apanapudor(2007), 

Aapanapudor and Aderibigbe(2018) presented a mathematical model of the spatial development of the disorder 

that can be used to examine the effect of varying policing arrangements. One of the capabilities of the model is 

simulating the general emergent patterns of the events, and focuses on three fundamental aspects: the 

apparently-contagious nature of participation, the distances travelled to riot locations, and the deterrent effect of 

policing the system, Izevbizua and Apanapudor(2019), Apanapudor, et al(2023). Their work demonstrated that 

the spatial configuration of London places some areas at naturally higher risk than others, highlighting the 

importance of spatial considerations when planning for such events. They also investigated the consequences of 

varying police numbers and reaction time, which has the potential to guide policy in this area. 

Neelo and Absar (2021), Olaosebikan, et al(2015), Mamadu and Apanapudor(2017) revealedthat 

communal violence in India has become more frequent due to the unwanted interplay between religion and 

political manipulation, by which India has been affected many times. They further added that communal 

violence has also been recognized as a significant social and public health problem, resulting in long-term 

human and economic costs. Neelo and Absar said that the dominant form of communal violence in India has 

involved the two communities, i.e. Hindus and Muslims. 

The case study, Uvwie is a local government in Delta State of Nigeria with different town,densely 

populated with different infrastructural development. Uvwie shares boundaries with Agbarho to the east, Udu to 

the south, Ughelli South to the south east, Okpe to the north and Warri to the west. Due to her proximity with 

Warri, rapid population growth and several road network linking both towns and her environs, it formed a 

conurbation collectively referred toas Warri by people from other parts of the state and Nigeria at large, though 
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each towns in “Warri conurbation” are under different traditional and political authorities. Congestion in 

neighboring communities often lead to crisis in physical and health terms, and Uvwie is not out this scenario, 

Okwonu, et al(2021a), Okwonu,et al(2020). Uvwie is one of the major hubs of economic activities and 

businesses in Delta State.  It is a subgroup of the Urhoboethnic nationality. Its inhabitants are predominantly 

Christians of different denominations, and some practice a mixture of African traditional religion most notably 

the Igbe religioncommon amongst Urhobos like most of Southern Nigeria. The local government along with 

Warri and environs are known nationwide for her unique Pidgin English, Lazarus (2014), Okwonu, et al(2022), 

Okwonu and Apapnapudor(2019), De la Poza, et al (2016). However, to the best of our knowledge, no one has 

developed a four-compartment model for intra-communal violence of a local government in Delta State, 

Nigeria. 

 

Mathematical Model 

Mathematical modeling has to do with the use of mathematical ideas and techniques to describe real-

world phenomena, investigate important questions about the observed world, test ideas, and make predictions 

about the real world, Okwonu, et al (2023) Aderibigbe and Apanapudor(2014), Izevbizua and 

Apanapudor(2019) . The real world finds expressions inengineering, physics, physiology, ecology, wildlife 

management, chemistry, economics, sports etc. Models are used to guide decision-making, develop policies, 

Apanapudor, et al(2023), Okwonu, et al (2023) Izevbizua and Apanpudor (2022) or to evaluate specific 

strategies aimed at reducing intra-communal violence. 

In mathematical modeling, mathematical processes are used to transform real-world systems into 

abstract systems so as to understand, simulate or make predictions about their behavior, Izevbizua and 

Apanapudor (2020), Izevbizua and Apanapudor (2019), Apanapudor, et al(2020). Mathematical models are 

useful weapons, not only in infectious disease management and eradication, but also in the effective 

management of violence and in crime-fighting. Mathematical modeling of violence and its analysis is becoming 

now popular in societies and systems, Apanapudor, et al(2023b) Apanapudor (2018), Apanapudor, et al (2023a) 

Human behaviour is innately nonlinear; hence we assume that the behavioural patterns may best be 

described by a nonlinear system. Many research works have been conducted in the area of population growth 

using logistic model and others on domestic violence and its effect. The use of the logistic growth model is 

widely established in many fields of modeling and forecasting Banks Otoo, et al, (2014), Apanapudor, et al 

(2023), Ezimadu, et al (2020), Okwonu, et al (2021).Several results forecasting population growth have been 

obtained from researchers over time Wali, et al( 2012). Olson (1999) used a general conditional logistic model 

to detect linkage between marker loci and common disease with samples of affected sib pairs. Mahapatra and 

Kant (2005) used a multinomial logistic model to deal with estimation problems and shown that the results of 

multinomial logistic are more informative and robust compared to the results of binary logistic model. 

Manjunath and Manjunath(2005), Apanapudor, et al(2023) developed an integrated logistic model using supply 

chain management system which clearly shows a greater acceptability of logistic model in industry. Otoo, et al 

(2014), Izevbizua and Apanapudor (2020) used a modelling technique of abusive, susceptible and violence 

victims, similar to the susceptible, infectious and recovered model in epidemics, for the formulation of the 

spread of domestic violence as a system of differential equations. They used data from Domestic Violence and 

Victims Support Unit (DOVVSU) in Tamale and analysed with MATLAB software. The study revealed that the 

population of Domestic Violence Victims is limited. 

Mathematical modeling is very essential in understanding dynamical systems, and many researchers 

have applied infectious disease model, Okposo, et al (2023) to violence, racism, social media addition, 

corruption, and other social situations (Delgadillo-Aleman and Ku-Carrillo(2019); Lazaru(2014 dynamics); De 

la Poza, et al(2016). However, to the best of our knowledge, no one has developed a four-compartment model 

for intra-communal violence and carried out perception analysis on violent-risk level of a local community in 

Delta State, Nigeria. 

 

II. Formulation Of The Mathematical Model 
The model formation is based on the following assumptions: 

i. The considered population is uniformly mixed so that every peaceful resident is equally susceptible to 

violence. 

ii. Violence outbreak occurs over a short time so that birth and natural death rates are ignored. 

iii. Additionally, death within the population is only violence-induced 

iv. Aggressive and brutal residents become peaceful or irascible at the same rate 

v. Brutal residents can at best become irascible but not peaceful. 

The residents of the community are divided into the following four mutually exclusive classes: the 

Peaceful class (𝑃), the Irascible class  𝐼 , the Aggressive class (𝐴) and the Brutal class (𝐵). Peaceful 

individuals get infected with violence and exhibit violent tendencies due to effective interaction with the class of 
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violent residents through the force of infection 𝜒 = 𝜅𝛽𝜑𝜔𝜉  
𝐼+𝜚𝐴+𝛾𝐵

𝑁
 .  As a result,a fraction 𝜎 of peaceful 

residents become irascible at the rate 𝜎𝜒 while the remaining fraction(1 − 𝜎) become aggressive at the rate 
 1 − 𝜎 𝜒. Irascible residents who have exceeded their anger-control limit join the aggressive class at the rate 

𝜁due to intimidation or negative aggressive behavior from aggressive and/or brutal residents. Aggressive 

residents become brutal at the rate 𝛼. As a result of peaceful dialogue and other positive interference, especially 

from high meaning individuals and government, aggressive individuals become peaceful or irascible at the rates 

𝜏𝛿 or  1 − 𝜏 𝛿 respectively, while brutal individuals only become irascible at the rate 𝛿. It is assumed that 

violence-induced death occurs in all classes at the rate 𝜂. Based on the above discussion, the proposed 

mathematical model is given as follows. 

 

 
 
 
 

 
 
 

𝑑𝑃

𝑑𝑡
= 𝜏𝛿𝐴 −  𝜒 + 𝜂 𝑃                                   

𝑑𝐼

𝑑𝑡
= 𝜎𝜒𝑃 + 𝛿𝐵 +  1 − 𝜏 𝛿𝐴 − (𝜁 + 𝜂)𝐼

𝑑𝐴

𝑑𝑡
=  1 − 𝜎 𝜒𝑃 + 𝜁𝐼 −  𝛼 + 𝛿 + 𝜂 𝐴    

𝑑𝐵

𝑑𝑡
= 𝛼𝐴 − (𝜂 + 𝛿)𝐵                                    

                                                                (2.1) 

Subject to the initial conditions 

P(o) = Po,  I(o) = Io,  A(o) = Ao,  B(o) = Bo 

 

 
Figure 2.1: Schematic diagram of the Model 

 

The variables and parameters used in this non-linear deterministic model are clearly presented as follows. 

 

Table 2.1.  Variable and Parameter Description 
Variable/ 

Parameter 
Description 

𝑃 The class of peaceful residents 

𝐼 The class of irascible residents 

𝐴 The class of aggressive residents 

𝐵 The class of brutal residents 

𝜅 Effective contact rate with irascible, aggressive and brutal residents 

𝜚 Infection coefficient of the aggressive class 

𝛾 Infection coefficient of the brutal class 

𝛽 Rate of injustice 

𝜑 Level of insecurity on a scale of 0 − 1 

𝜔 Level of threat to life and  property on a scale of 0 − 1 

𝜉 Level of negligence of infrastructural development in the community by the government 

𝜁 Rate at which irascible residents become aggressive 

𝛼 Rate at which aggressive residents become brutal 

𝛿 Rate at which aggressive and brutal residents become peaceful or irascible 
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𝜎 Proportion of peaceful individuals who become irascible 

𝜏 Proportion of aggressive residents who become peaceful 

𝜂 Violent induced death rate 

 

 

III. Model Analysis 
Non-negativity of solution 

Theorem 1 (Positivity of Solution): 

Suppose 𝛤 = { 𝑃, 𝐼, 𝐴, 𝐵 ∈ ℝ4: 𝑃 0 > 0, 𝐼 0 > 0, 𝐴 0 > 0, 𝐵(0) > 0}, then the solution set {𝑃, 𝐼, 𝐴, 𝐵}is 

positive for all𝑡 ≥ 0. 

Proof: Observe that from the first equation, in equation (2.1), we obtain 
𝑑𝑃

𝑑𝑡
= 𝜏𝛿𝐴 −  𝜒 + 𝜂 𝑃, 

we obtain 
𝑑𝑃(𝑡)

𝑑𝑡
≥ − 𝜒 + 𝜂 𝑃. 

Suppose 𝑃 0 = 𝑃0 ≥ 0, we obtain the solution 

𝑃 𝑡 ≥ 𝑃0𝑒− 𝜒+𝜂 𝑡 ≥ 0 

Similarly, 𝐼 𝑡 ≥ 0, 𝐴 𝑡 ≥ 0, 𝐵 𝑡 ≥ 0  ∀ 𝑡 ≥ 0. 
This completes the proof. 

Theorem 2 (Invariant Region): The set 

𝛤 = { 𝑃, 𝐼, 𝐴, 𝐵 ∈ ℝ+
4 : 0 ≤ 𝑃 + 𝐼 + 𝐴 + 𝐵 = 𝑁 ≤ 𝛬/𝜇} 

is positively-invariant for the model (2.1). 

Proof: 

The total population size at time 𝑡 is given by 

𝑁 𝑡 = 𝑃 𝑡 + 𝐼 𝑡 + 𝐴 𝑡 + 𝐵 𝑡 . 
Differentiating this with respect to time, we obtain 
𝑑𝑁 𝑡 

𝑑𝑡
=  −𝜂𝑁 ≤ 𝛬 − 𝜂𝑁, 

where is assumed to be the per capital recruitment rate into the human community. Solving the inequality and 

solving for 𝑁(𝑡) gives 

𝑁 𝑡 ≤
𝛬

𝜂
+ 𝑐𝑒−𝜂𝑡 . 

As 𝑡 → ∞, we obtain 

𝑁 𝑡 ≤
𝛬

𝜂
. 

Therefore, the threshold population level is 
𝛬

𝜇
. It follows that the feasible solution set of the model 

remains in the region: 𝛤 =   𝑃, 𝐼, 𝐴, 𝐵 ∈ ℝ+
4 : 0 ≤ 𝑃 + 𝐼 + 𝐴 + 𝐵 = 𝑁 ≤

𝛬

𝜂
 . Observe that if the population is 

higher than the threshold level, the population reduces to the carrying capacity. If 𝑁 ≤
𝛬

𝜂
, then the solution of the 

model remains in the invariant region for all 𝑡 > 0. Therefore, the region Γ is positively invariant. This 

completes the proof. 

 

Basic Reproduction Number 

The basic reproduction number of the model is the average number of secondary violence cases caused 

by a single irascible, aggressive or brutal individual within an entirely peaceful population during his/her 

infective period. We shall employ the method used by Driessche and Watmough (2002) in finding the 

expression for 𝑅0. This method is called the next generation matrix approach. Here, we consider the infected 

classes 𝑋 𝑡 =  𝐼, 𝐴, 𝐵  and based on new infection terms represented by ℱ(t) and old infection terms 

represented by 𝒱(t), we rewrite the equations for the infected classes in the form X′ (t) = ℱ(t) − 𝒱(t) where 

ℱ =  
𝜎𝜒𝑃

0
0

                                                                                                                     (2.2) 

𝒱 =  

−𝛿𝐵 −  1 − 𝜏 𝛿𝐴 + (𝜁 + 𝜂)𝐼

− 1 − 𝜎 𝜒𝑃 − 𝜁𝐼 +  𝛼 + 𝛿 + 𝜂 𝐴
−𝛼𝐴 + (𝜂 + 𝛿)𝐵

 .                                                           (2.3) 
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We now find the Jacobian matrix for each of the matrices ℱ and 𝒱, and evaluate at the disease-free 

equilibrium, to obtain the matrices F and V respectively. 

F =  
𝛽𝜅𝜉𝜎𝜑𝜔 𝛽𝜅𝜉𝜚𝜎𝜑𝜔 𝛽𝛾𝜅𝜉𝜎𝜑𝜔

0 0 0
0 0 0

 , 

𝑉 =  

𝜁 + 𝜂 𝛿(−1 + 𝜏) −𝛿

−𝜁 + 𝛽𝜅𝜉(−1 + 𝜎)𝜑𝜔 𝛼 + 𝛿 + 𝜂 + 𝛽𝜅𝜉𝜚(−1 + 𝜎)𝜑𝜔 𝛽𝛾𝜅𝜉(−1 + 𝜎)𝜑𝜔
0 −𝛼 𝛿 + 𝜂

 . 

We now obtain the inverse matrix V−1. 

𝑉−1 =  

K1 K4 K7

K2 K5 K8

K3 K6 K9

 . 

where 

K1Stability Analysis of the Equilibrium Points 

Intra-communal violence is not a pleasant situation, especially to the residents of the community or the 

neighboring villages. It is expected that any of such violence should die out within the shortest possible time, 

especially when the basic reproduction number (𝑅0) is less than unity, and similarly the disease will become 

part of the population when the value of the basic reproduction number (𝑅0)is greater than unity. Therefore it is 

important to study the stability behaviors of the violence-free equilibrium (𝔼0) with respect to the basic 

reproduction number. It is the utmost desire of any goodhearted and well-meaning individual or organization 

saddled with the responsibility of crisis management within the community to ensure the achievement of the 

global stability of the violence-free equilibrium point of the said intra-communal violence. To this end, we shall 

establish that the violence model (2.1) satisfies the conditions for local and global stabilities of violence-free 

equilibrium points via certain theorems.  We  start  by  finding  the  Jacobian  matrix  of  the  above  system  

which  is given as. 

 

𝐽 =

 

 
 
 
 
 
 

∂f1

∂P

∂f1

∂I

∂f1

∂A

∂f1

∂B
∂f2

∂P

∂f2

∂I

∂f2

∂A

∂f2

∂B
∂f3

∂P

∂f3

∂I

∂f3

∂A

∂f3

∂B
∂f4

∂P

∂f4

∂I

∂f4

∂A

∂f4

∂B 

 
 
 
 
 
 

,                                                                                           (3.1) 

where 

f1 = 𝜏𝛿𝐴 −  𝜒 + 𝜂 𝑃, 
f2 = 𝜎𝜒𝑃 + 𝛿𝐵 +  1 − 𝜏 𝛿𝐴 −  𝜁 + 𝜂 𝐼, 
f3 =  1 − 𝜎 𝜒𝑃 + 𝜁𝐼 −  𝛼 + 𝛿 + 𝜂 𝐴, 
f4 = 𝛼𝐴 −  𝜂 + 𝛿 𝐵. 
 

Theorem 3.1 (Local stability of 𝔼𝟎) 

The violence-free equilibrium (𝔼0) is locally asymptotically stable if the basic reproduction number R0 < 1, 

otherwise it is unstable. 

Proof: 

We obtain the Jacobian matrix of the system as 

𝐽𝔼0
=  

−𝜂 −𝛽𝜅𝜉𝜑𝜔 𝛿𝜏 − 𝛽𝜅𝜉𝜚𝜑𝜔 −𝛽𝛾𝜅𝜉𝜑𝜔
0 −𝜁 − 𝜂 + 𝛽𝜅𝜉𝜎𝜑𝜔 𝛿 − 𝛿𝜏 + 𝛽𝜅𝜉𝜚𝜎𝜑𝜔 𝛿 + 𝛽𝛾𝜅𝜉𝜎𝜑𝜔
0 −𝛽𝜅𝜉(−1 + 𝜎)𝜑𝜔 −𝛼 − 𝛿 − 𝜂 − 𝛽𝜅𝜉𝜚(−1 + 𝜎)𝜑𝜔 −𝛽𝛾𝜅𝜉(−1 + 𝜎)𝜑𝜔
0 0 𝛼 −𝛿 − 𝜂

  (3.2) 

Observe that 

𝑇𝑟𝑎𝑐𝑒 𝐽𝔼0
 = 𝛽𝜅𝜉𝜑𝜔 𝜚 + 𝜎 −  𝛼 + 2𝛿 + 𝜁 + 4𝜂 + 𝛽𝜅𝜉𝜚𝜎𝜑𝜔 < 0, 

and 

𝐷𝑒𝑡 𝐽𝔼0
 = 𝜂  𝛼𝜂 𝛿 + 𝜁 + 𝜂 + 𝛽𝛾𝜅𝜉𝜎𝜑𝜔 +  𝛿 + 𝜂  𝜂 𝜁 + 𝜂 + 𝛽𝜅𝜉𝜚𝜎𝜑𝜔 + 𝛿 𝜂 + 𝜁𝜏 + 𝛽𝜅𝜉𝜏𝜑𝜔   

− 𝛽𝜂𝜅𝜉 𝛼 𝛿 + 𝛾 𝜁 + 𝜂 + 𝜂𝜎 +  𝛿 + 𝜂  𝛿 +  𝜁 + 𝜂 𝜚 + 𝜂𝜎 + 𝛿𝜎𝜏  𝜑𝜔 > 0 

Recall that the basic reproduction number is 

𝑅0 =
𝛽𝜅𝜉(𝛼(𝛿 + 𝛾𝜁 + 𝜂) + (𝛿 + 𝜂)(𝛿 + 𝜂 + 𝜁𝜚))𝜎𝜑𝜔

𝛼𝜂(𝛿 + 𝜁 + 𝜂) + 𝛼𝛽(𝛿 + 𝛾(𝜁 + 𝜂))𝜅𝜉(−1 + 𝜎)𝜑𝜔 + (𝛿 + 𝜂)(𝛿𝜂 + 𝜁𝜂 + 𝜂2 + 𝛿𝜁𝜏 + 𝛽𝜅𝜉(−1 + 𝜎)(𝛿 + (𝜁 + 𝜂)𝜚 − 𝛿𝜏)𝜑𝜔)
. 

Therefore, 
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𝜔 = −
(𝜂(𝛼 + 𝛿 + 𝜂)(𝛿 + 𝜁 + 𝜂) + 𝛿𝜁(𝛿 + 𝜂)𝜏)𝑅0

𝛽𝜅𝜉𝜑(−(𝛼(𝛿 + 𝛾𝜁 + 𝜂) + (𝛿 + 𝜂)(𝛿 + 𝜂 + 𝜁𝜚))𝜎 + (−1 + 𝜎)(𝛼(𝛿 + 𝛾(𝜁 + 𝜂)) + (𝛿 + 𝜂)(𝛿 + (𝜁 + 𝜂)𝜚 − 𝛿𝜏))𝑅0)
. 

Substituting this into the expression for 𝐷𝑒𝑡 𝐽𝔼0
 , we obtain 

𝐷𝑒𝑡 𝐽𝔼0
 =

𝜂(𝛼(𝛿 + 𝛾𝜁 + 𝜂) + (𝛿 + 𝜂)(𝛿 + 𝜂 + 𝜁𝜚))𝜎(𝜂(𝛼 + 𝛿 + 𝜂)(𝛿 + 𝜁 + 𝜂) + 𝛿𝜁(𝛿 + 𝜂)𝜏)(−1 + 𝑅0)

−(𝛼(𝛿 + 𝛾𝜁 + 𝜂) + (𝛿 + 𝜂)(𝛿 + 𝜂 + 𝜁𝜚))𝜎 + (−1 + 𝜎)(𝛼(𝛿 + 𝛾(𝜁 + 𝜂)) + (𝛿 + 𝜂)(𝛿 + (𝜁 + 𝜂)𝜚 − 𝛿𝜏))𝑅0

> 0. 

Solving for R0, we obtain 𝑅0 < 1.  This completes the proof. 

 

Remarks: 

1. Theorem 3.1 implies that as long as the initial sizes of the peaceful individuals, irascible individuals, 

aggressive individuals and brutal individuals are within the basin of attraction of the violence-free 

equilibrium, violence can be eradicated from the community. This is when R0 < 1. On the other hand, 

global stability of the violence-free equilibrium guarantees that that eradication of violence does not depend 

on the initial sizes of the compartments. Thus, it is important to establish that with R0 ≤ 1, the violence-free 

equilibrium is globally asymptotically stable. 

2. In order to investigate the global asymptotic stability of the violence-free equilibrium of the model, an 

appropriate Lyapunov function can be constructed, Ana and James( 1976), and Michael andLiancheng 

(1999), but we shall employ the method introduced by Carlos and Song (2009). Here, we rewrite the model 

(2.1) in the form 

3.  

dX

dt
= L X, Z 

dZ

dt
= M X, Z ,      M X, 0 = 0

                                                             (3.2) 

where X =  𝑃 denotes the uninfected individuals and Z =  𝐼, 𝐴, 𝐵  denotes the infected individuals. 

4. By equation (3.2), we would denote an equilibrium point of the model by 𝔼 = (X, Z). The violence-free 

equilibrium (𝔼0) is thus represented as 𝔼0 = (X∗, 0) where X∗ =  𝑃 . 

5. If the following two conditions are satisfied, then the violence-free equilibrium is globally asymptomatically 

stable: 

𝐶1:        𝐹𝑜𝑟  
𝑑𝑋

𝑑𝑡
 
𝑍=0

= 𝐿 𝑋, 0 , 

𝑋∗ =  𝑃, 0,   is globally asymptomatically stable. 

𝐶2:        
𝑑𝑍

𝑑𝑡
= 𝐷𝑍𝑀 𝑋∗, 0 𝑍 − 𝑀  𝑋, 𝑍 , 

where 𝑀  𝑋, 𝑍 ≥ 0 for all  𝑋, 𝑍 ∈ 𝛤. 
6. Γ is the region where the model is biologically feasible, and 𝐷𝑍𝑀 𝑋∗, 0  is known as the Metlzer matrix with 

nonnegative off-diagonal elements. 

 

Theorem 3.2 (Global stability of the violence-free equilibrium): 

The equilibrium point 𝔼0 = (X∗, 0) of the system (3.2) is globally asymptotically stable if  R0 < 1, and 

conditions (C1) and (C2) are satisfied. 

 

Proof: 

First let us introduce the recruitment term Λ in the Peaceful Class. Observe that 
dX

dt
= L X, Z =  Λ + 𝜏𝛿𝐴 −  𝜒 + 𝜂 𝑃 ,                                                                         (3.3) 

dZ

dt
= M X, Z =  

𝜎𝜒𝑃 + 𝛿𝐵 +  1 − 𝜏 𝛿𝐴 − (𝜁 + 𝜂)𝐼

 1 − 𝜎 𝜒𝑃 + 𝜁𝐼 −  𝛼 + 𝛿 + 𝜂 𝐴 
𝛼𝐴 − (𝜂 + 𝛿)𝐵 

 ,                                       (3.4) 

 dX

dt
 

Z=0
= L X, 0 =  Λ − 𝜂𝑃 .                                                                                     (3.5) 

 

Equating the right hand side of equation (3.5) to zero and solving, we see that X∗ =  
Λ

𝜂
  is the only 

equilibrium point. Solving the system of ordinary differential equation given by (3.3) for 𝑃(t), we obtain 

 

𝑃 𝑡 ≤
Λ

𝜂
+  𝑃0 −

Λ

𝜂
 𝑒−𝜂𝑡 .                                                                                           (3.6) 
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As t → ∞, we see that 𝑃(t) →
Λ

𝜂
 . This implies global convergence of X =  𝑃 . Hence X∗ =  

Λ

𝜂
, 0,0,0  

is globally asymptotically stable for the system  
dX

dt
 

Z=0
. We now obtain DZM X∗, 0 Z. 

DZ M X∗, 0 =  

−𝜁 − 𝜂 + 𝛽𝜅𝜉𝜎𝜑𝜔 𝛿 − 𝛿𝜏 + 𝛽𝜅𝜉𝜚𝜎𝜑𝜔 𝛿 + 𝛽𝛾𝜅𝜉𝜎𝜑𝜔

𝜁 − 𝛽𝜅𝜉(−1 + 𝜎)𝜑𝜔 −𝛼 − 𝛿 − 𝜂 − 𝛽𝜅𝜉𝜚(−1 + 𝜎)𝜑𝜔 −𝛽𝛾𝜅𝜉(−1 + 𝜎)𝜑𝜔
0 𝛼 −𝛿 − 𝜂

  

By the condition (C2), we have 

𝑀  𝑋, 𝑍 =  
𝜎(𝛽𝜅𝜉𝜑𝜔(𝑌 + 𝐵𝛾 + 𝐴𝜚) − 𝑃𝜒)

(1 − 𝜎)(𝛽𝜅𝜉𝜑𝜔(𝑌 + 𝐵𝛾 + 𝐴𝜚) − 𝑃𝜒)
0

  

We observe that the condition M  X, Z ≥ 0for all  X, Z ∈ Γ holds. Thus, the condition (C2) is satisfied. 

Therefore, given R0 < 1, since only (C1) and (C2) are satisfied, then the violence-free equilibrium of the model 

(1) is globally asymptotically stable. This completes the proof. 

Remark: The global stability of the violence-free equilibrium assures us that when the right approach is 

followed in managing violence/crisis (or maintaining peace) within the community, long-lasting peace can be 

achieved, no matter the number of brutal individuals, aggressive individuals, or irascible individuals existing in 

the community at the point in time. 

 

IV. Result And Discussion 
In this research work, we have constructed a 4-compartment deterministic model to study intra-

communal violence, where we have partitioned the residents of the community into the Peaceful Class, the 

Irascible Class, the Aggressive Class, and the Brutal Class. We assumed that violence outbreak happens over a 

short time, so that birth rate and natural death rate were ignored. The mathematical analyses performed on the 

model, include the positivity of solutions of the model, the invariant region and boundedness of solution. The 

expression for the average number of secondary violence cases caused by a single irascible, aggressive or brutal 

individual within an entirely peaceful population during his/her infective period, was obtained via the next 

generation matrix approach. 

 

V. Conclusion 
This research work has constructed a deterministic model to study the violence risk level of the human 

community. Mathematical analyses have been performed on the model. It was shown that the violence-free 

equilibrium is both locally and globally asymptotically stable. 
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