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ABSTRACT

The boundary knot method is a simple boundary-type meshless method. Due to the use of non-singular general
solutions rather than singular fundamental solutions, there is no need to consider the artificial boundary. It has
the merits of purely meshless, easy to program, high solution accuracy and so on. In this paper, with some new
classes of numerical experiments, we make some conclusions concerning the effectiveness of solving Helmholtz-
type problems with the boundary knot method.
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. Introduction

As is known to all, meshless methods are mature in dealing with many boundary value problems[1-4].
One of the popular boundary-type meshless collocation methods, which was named the boundary knot method
(BKM), was pioneered by Kang and his coworkers[5].

The BKM has been applied to many problems, including two-dimensional three-dimensional and
inverse cases [6-9]. For the traditional ill-conditioned interpolation matrix, the effective condition number is
introduced to scale the BKM[10], and some regularization methods [11] are considered in dealing with direct
problems by using the BKM. An early work made an overview of this method[12].

As a complimentary work, this paper will give some classes of numerical experiments to show the
effectiveness of the BKM in solving Helmholtz-type problems.

I1.  Problem description

The Helmholtz-type partial differential equation has the following mathematical formulation
VAUu(X)+2u(X)=0, X=(x,y)eQ W

where V2 is the laplacian operator, A the wave number, Q) the physical domain. Eq. (1) is the so-
called Helmholtz equation.
To get the solution of Eqg. (1), one has to give certain boundary conditions on the physical boundary 0Q) .

There are three types of commonly-used boundary conditions. More specifically, the Dirichlet boundary
condition

u(X)=0u(X), X eoQ @)
the Neumann boundary condition
W) _g(x), X eon @
on
and the Robin boundary condition
u(X)+%:E(X), X € 0Q 4)
n

where TU(X), g(X), p(X) are the known boundary data at point X . For different problems, the

boundary conditions are always different.
The governing equation (1) and boundary conditions lead to boundary value problems. This can be solved by
using numerical methods.
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I11.  The boundary knot method

The basic theory of the BKM is the same as the other collocation numerical methods. More specifically,
the numerical solution for u(X) is given by a linear combination of radial basis functions which is expressed

by
N

0(X)=>Yc,G(ar), (5)
j=1

where N is the number of boundary collocation knots, and C;, (j =12,...,N) are the unknown

coefficients, I = ||X —Y|| is the Euclidean norm distance between points X and Y . The non-singular general
solutions of Helmholtz equations are written as

J,(ar), R®
G(Ar) =1 sin(4r) n3 (6)
r H

with J, and |, denoting the Bessel and modified Bessel function of the first kind, respectively. By

collocating Dirichlet boundary condition on boundary collocation knots, i.e., substitute Eqg. (5) into Eq. (2), we
have

N
D ¢,G(Ar) =u(X;), X; €0Q. 7
j=1

The same procedure can be applied to Neumann boundary condition and Robin boundary conditions.
Equation (7) can be directly solved by using the backslash operation in MATLAB.

IV.  Numerical examples

Case 1
As is known to all, the traditional way to construct numerical solutions is using a function which
satisfies the government equation and the corresponding boundary conditions. Here, we consider the exact

solution U =Sin XCOS Y in a circular domain with only Dirichlet boundary conditions.

Figures (1)-(3) provide the picture of exact solution, numerical solution and PDE solution from
MATLAB toolbox. We can see that the three types of solutions are the same. To see the differences, we
consider error distribution between each two solutions against the test points which are shown in Figs. (4)-(6). It
should be noted that the average error between exact solution and numerical solution is err_two = 3.49e-009.
The average error between exact solution and PDE solution is err_two = 0.18. The average error between
numerical solution and PDE solution is also err_two = 0.18. This reveals that the BKM numerical solution is
more accurate than the PDE solution from MATLAB toolbox.

Fig. 1 Exact solution for Case 1
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Fig. 2 Numerical solution for Case 1
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Fig. 3 PDE solution for Case 1

Fig. 4 Error distribution (PDE - Numer) against the test points
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Fig. 5 Error distribution (PDE - Exact) against the test points
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Fig. 6 Error distribution (Exact - Numer) against the test points

Case 2

Here, the boundary data function is chosen as U = X2y3 in a circular domain with only Dirichlet

boundary conditions. We note that there is no exact solutions for this case. The boundary collocation humber is
N=50 and the tested knot number is Nt=8385.

The PDE solution from MATLAB toolbox, numerical solution and error distribution are shown in Figs.
(7)-(9), where the average errors between numerical solution and PDE solution is err_two = 0.10188. We can
see that the result is similar to the previous case 1.
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Fig. 7 PDE solution for Case 1

Fig. 8 Numerical solution for Case 1
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A
Fig. 9 Error distribution (PDE - Numer) against the test points

Case 3

The third case considered boundary data function U =1 on the top semicircle and U =—1 for the rest
semicircle in a circular domain with only Dirichlet boundary conditions. The PDE solution from MATLAB
toolbox, numerical solution and error distribution are shown in Figs. (10)-(12), where the average errors err_two
= 3.335. we can see that the PDE solution is different with the BKM solution. This reveals that the BKM

solution may be not accurate for this case.
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Fig. 10 PDE solution for Case 3
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Fig. 12 Error distribution (PDE - Numer) against the test points
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V. Conclusions

In this paper, by solving some different types of numerical experiments, we re-considered the

effectiveness of solving Helmholtz-type problems with the BKM. It is shown that the BKM is applicable to
problems with smooth/continuous boundary conditions. For problems with discontinuous boundary conditions,
the BKM may be failed.

Acknowledgements

The work was supported by the Research Project of Science and Technology Plan of Jiangxi Provincial

Department of Education (Project No. GJJ2203205).

(1]
(2]
(3]
(4]
(5]
(6]
[7]
(8]
(9]
[10]
[11]

[12]

References

FZ Wang, MN Khan, | Ahmad, H Ahmad, H Abu-Zinadah, YM Chu. Numerical Solution Of Traveling Waves In Chemical
Kinetics: Time Fractional Fishers Equations. Fractals, 30(2), 2240051, 2022.

J Liu, FZ Wang, S Nadeem. A New Type Of Radial Basis Functions For Problems Governed By Partial Differential Equations. Plos
ONE, 18(11): E0294938, 2023.

FZ Wang, MY Shao, JL Li, ZL Zhang. A Space-Time Domain RBF Method For 2D Wave Equations. Frontiers In Physics,
11:1241196, 2023.

ZQ Zhang, FZ Wang, J Zhang. The Space-Time Meshless Methods For The Solution Of One-Dimensional Klein-Gordon Equations.
Wouhan University Journal Of Natural Sciences, 27(4): 313-320, 2022.

SW Kang, JM Lee, YJ Kang. Vibration Analysis Of Arbitrarily Shaped Membranes Using Non-Dimensional Dynamic Influence
Function. Journal Of Sound And Vibration, 221(1): 117-132, 1996.

FZ Wang, KH Zheng. Analysis Of The Boundary Knot Method For 3D Helmholtz-Type Problems. Mathematical Problems In
Engineering, 2014: 1-9, 2014.

HW Ma, FZ Wang. New Investigations Into The Boundary Knot Method For Inverse Problems Of Helmholtz Equation. Journal Of
The Chinese Institute Of Engineers 39(4): 455-460, 2016.

FZ Wang, KH Zheng, CC Li, J Zhang. Optimality Of The Boundary Knot Method For Numerical Solutions Of 2D Helmholtz-Type
Equations. Wuhan University Journal Of Natural Sciences, 24(4): 314-320, 2019.

XX Guo, FZ Wang, J Zhang. Numerical Solutions For Inverse Problems Under Doubly Connected Domains. Wuhan University
Journal Of Natural Sciences, 25(4): 323-329, 2020.

FZ Wang, L Ling, W Chen. Effective Condition Number For Boundary Knot Method. CMC: Computers, Materials, & Continua,
12(1): 57-70, 2009.

FZ Wang, W Chen, XR Jiang. Investigation Of Regularized Techniques For Boundary Knot Method. International Journal For
Numerical Methods In Biomedical Engineering, 26(12): 1868-1877, 2010.

JY Zhang, FZ Wang. Boundary Knot Method: An Overview And Some Novel Approaches. CMES: Computer Modeling In
Engineering And Sciences, 88(2): 141-154, 2012.

DOI: 10.9790/0661-1906022429 www.iosrjournals.org 29 | Page



