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Abstract: 
Blood flow is analyzed for various aneurysmatic arteries of the regular tissue using Oldroyd-B fluid. A finite 

element method is used to analyze blood flow numerically for the different situations of aneurysmatic arteries. 

The Oldroyd-B fluid is considered due to the manner of blood viscosity. In this paper, the impact of an aneurysm 

artery on blood flow in various arterial conditions has been studied. The Oldroyd-B model has been used to study 

the blood flow characteristics in bulge arteries. The non-linear partial differential equations are converted into 

dimensionless equations using non-dimensional variables and solved mathematically. The uniqueness of this study 

is to determine the arterial diseases for aneurysmatic arteries with various conditions. The impact of 100% 

aneurysm artery on the blood flow is an important result to identify cardiovascular diseases. The highest effect of 

pressure on blood flow is a remarkable finding of this work. The blood flow has been affected by the Reynolds 

number and it has changed the blood flow pattern at dilating region significantly. The simulation of blood velocity 

and pressure is shown through the contour lines and streamlines. In this study, the main changes in blood flow 

characteristics are found due to the presence of different aneurysmatic arteries condition.  The outcomes of this 

study can be used to know the arterial diseases and enhance the understanding level of various situations of 

aneurysmal artery which may help to explore the knowledge of medical research. The velocity and pressure 

profiles of blood flow are shown graphically for Oldroy-B fluid.  
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I. Introduction 
An aneurysm is defined as an abnormal bulging and weakened area in the wall of a blood vessel involving 

an expansion in diameter above 50 percent compared with the expected normal width[1]. As a result, irregular 

growth or weakened blood vessel wall are found which is bubble or balloon shaped. Abdominal Aortic aneurysm, 

Cerebral aneurysm, iliac aneurysm and Peripheral aneurysm are commonly found in the human body. A rupture 

in an artery leads to life-threatening uncontrolled bleeding and it may result in possibly death. The main causes 

and nature of aneurysms are still an important subject of debate and almost 75 % of patients with aneurysms die 

before reaching the hospital. At present bioengineers, medical researchers, and scientists are more interested to 

do the study of blood flow due to its significant effect on various human arterial diseases such as Bleeding, 

Atherosclerosis, Stroke, Congenital disorders, kidney damage, and high blood pressure. The hemodynamical 

features refer to basic measures of cardiovascular function that can change the rheological properties during the 

blood circulation system. It plays an important role to the expansion and progression of various cardiovascular 

diseases [2] [3]. In the case of arterial diseases and aneurysms, the blood circulation system is confined and 

originates disorder in the human blood flow system. So, flowing blood loses it natural behavior and develops non-

Newtonian fluid. Now, A good number of researchers [4-6] have investigated aneurysms with different 

perspectives and still have a huge prospect to contribute in the sector. It is essential to find out the major factors 

that are mainly responsible of the increase of abnormal aneurysms and ruptures.  

The study of the aneurysmal artery is essential to know the blood behavior characteristics through the 

dilated blood vessel as the wall shear stress, pressure decline, and velocity change are some vital factors to detect 

arterial diseases [7-9]. Finol and Amon [6] have studied a mathematical forecast of blood flow patterns and 

hemodynamic stresses for two aneurysms with distinct sizes in abdominal aortic aneurysms. Elia et al. [10] have 

discussed the numerical simulation of blood flow in 2D idealized stenosis artery for capturing the shear-thinning 

rheological behavior by applying the data assimilation method. A blood flow analysis has been done for numerical 

simulation by Prokop and Kozel [11] for generalized Newtonian and Oldroyd-B models. Telma et. al  [12] have 

studied the blood simulations by including known data. An analysis of aneurysmal hemodynamics has been done 

for laminar blood flow [13] and has shown the effect of an aneurysm artery on recirculating vortex. It has been 
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examined by Mukhopadhyay and Layek [14] that the systematic assessment of blood flow in the existence of 

hematocrit at local aneurysm. In a bulge blood vessel, the pulsatile suspension flow of blood with hemodynamic 

properties has been studied [15].  The wall shear stress is assessed for thoracic aortic aneurysms and shown that 

the devices are very effective for treatment methods at arterial disease [16]. Ramella et al. [16] have shown the 

changes in abdominal aortic aneurysms and found the effect of cyclic stretch on vascular endothelial cells and 

abdominal aortic aneurysms. Stergiou et. al  [17] have studied the aneurysmal artery and identified the effect of 

hematocrit performances on blood flow using the Fluid-Structure Interaction method. They have said that the 

dynamic behavior in an abdominal aneurysm artery and the deviation of blood viscosity are correlated to 

hematocrit value.  

Recently, a study of blood flow in aneurysm models has been examined [18] and observed that the 

hemodynamics movement of blood flow is influenced by the different models of the aneurysmal artery. An 

investigation has been done by Shafii et. al [19] for hemodynamic and blood flow recirculation effect on rupture 

prediction of centre cerebral artery aneurysm. A review has studied on the effects of blood flow patent and cross-

sectional area on hemodynamic into patient-specific cerebral aneurysm via fluid-structure interaction method [20]. 

Lindquist et. al [21] have shown that a geometric and biomechanical modeling aided by machine learning 

progresses the forecast of expansion and rupture of small abdominal aortic aneurysms. Uddin et al. [22] have 

studied the permeable aneurysmal effect on blood flow in human bodies. They have observed a significant change 

in the presence of permeability in aneurysmal arteries for Newtonian, Oldroyd-B fluid, and generalized Newtonian 

and Oldroyd-B fluid. A numerical study has been achieved to know the effect of blood flow properties due to the 

existence of rupture in the cerebral aneurysm by Shen et al. [23]. They observed that the incoming bloodstream 

with inclination is significantly effective in the aneurysmal area. Shen et al. [24] have investigated the simulation 

of blood flow for the dilating aneurysm in the middle cerebral artery.  A comparative numerical study [25] of 

blood flow has been done for stenotic and aneurysmatic arteries with the existence and non-existence of blood 

clots. 

With the above encouragement, an endeavor is made in the present numerical analysis to study an 

aneurysmatic artery with various conditions for Oldroyd-B fluid. A generalized cross-model is used for blood 

flow analysis. In this work, the main physiological significance and more focus are given to demonstrate the main 

variations in the presence of different aneurysmal arteries are considered models. 

In this study, a mathematical study of blood flow with various sizes of aneurysmal arteries has been 

discussed to explore the effects of dilating blood vessels and the Reynold numbers for Oldroyd-B cases. An 

analysis and simulation of blood flow are shown for different sizes of aneurysms, and it is presented graphically 

for the Oldroyd-B case. The mathematical equations of blood flow are considered for 2D steady case and then a 

finite element model has been developed for the present problem. 

 

II. Mathematical Formulation 
The expanded blood vessel portion having various types of aneurysmal artery is modeled and steady 2D 

viscoelastic fluid with incompressible non-Newtonian fluid is characterized by a generalized cross model. The 

model in the present study is shown in Figure 1 and Figure 2 is the main interest for considering the present model.  

The parabolic velocity profile is considered at the inlet and the rigid wall is considered to avoid the complexity of 

the constitutive equations. An arterial model has been used [26] for multiple stenoses. The present mathematical 

structure of the geometrical model for multiple aneurysms is shown in Figure 1.  
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Where R(x) is the radius of aneurysmatic region, R0(x) denotes the radius of non-aneurysmatic section, 

la is the length of aneurysm, and l0 is the dilating location, 𝜀 is the maximum height of the aneurysm. The aneurysm 

positions are at x =l0+la/6 and x =l0+5la/6  respectively. The critical height is taken as 3/4 at x=l0 +la/2 from the 

origin.  
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Figure 1. Multiple aneurysmatic artery 

 

 
Figure 2. View of multiple aortic aneurysm [27] 

 

III. Mathematical model 
Consider the blood flow in the multiples aneurysmal artery to be two-dimensional, laminar, symmetrical, 

and fully developed. The generalized cross model is used for blood flow due to the properties of viscoelastic and 

shear-thinning. The governing mathematical equations [28] [29] of blood flow are as follows in vector form: 

 

Continuity Equation:  

𝛻. 𝑢 = 0  (1) 

Momentum Equation:  

𝜌
𝜕𝒖

𝜕𝑡
+ 𝜌(𝑢. 𝛻)𝒖 = −𝛻𝑝 + 𝜇𝑛𝛥𝒖 + 𝛻. 𝜎 + 𝜌𝑓  (2) 

Oldroyd-B Constitutive Equation: 

𝜎 + 𝜆𝑥[
𝜕𝜎

𝜕𝑡
+ (𝒖. 𝛻)𝜎] = 2𝜇𝑣𝑽(𝒖) + 𝜆𝑥[𝜎𝑉

/ − 𝑉/𝜎 − 𝜎𝑉 − 𝑉𝜎]     (3) 

Where, the velocity vector, u= (u1, u2, u3)T,   denotes the density, the stress tensor,  =2V,  is dynamic 

viscosity, V is the velocity gradient, and x is the relaxation. The total viscosity = n + v, where Newtonian 

viscosity is n and viscoelasticity is v. If the relaxation (x) and retardation time (d) then 
𝜆𝑑

𝜆𝑥
=

𝜇𝑛

𝜇𝑛+𝜇𝑣
. The 

generalized Cross model [12] [30] considered for the blood viscoelasticity behavior as follows: 

                 𝜇(𝛾
.
) = 𝜇∞ +

𝜇0−𝜇∞

(1+(𝜆𝛾
•
)𝑏)𝑎

      (4)

 with the parameters a, b, >0.
 Applying the following dimensionless variables to form dimensionless equations. 

x=LX , y=LY , t = Lt*/U , u = UUo, v = VUo  p = UP/L , = U*/L , f = f*U/L2, =*/L, Wi = xU/L, Re= 

UL/.  

Where, X and Y are the dimensionless quantities along x and y axis respectively. U and V are velocity 

components U and V are considered along horizontal and vertical axes respectively, P denotes pressure, L is 

characteristics length, * is stress tensor, and Weissenberg number (Wi), Reynold number (Re) are dimensionless 

numbers. The dimensionless governing equations are as follows: 

Continuity Equation:  

𝛻. 𝑈 = 0            (5) 

Momentum Equations:  

𝑅𝑒[(𝑼.  𝛻)𝑼] = −𝛻𝑃 + (1 − 𝜆)𝛥𝑼 + 𝛻. 𝝈 + 𝑓       (6) 
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Oldroyd-B constitutive equation:    

])( )[(W)(2μ] ).([W t

ivi UUUVU ++=+ σσσσ        (7) 

Boundary conditions 

The boundary conditions are required to solve the governing equations and three disjoint parts of the 

boundary wall are inflexible wall, outlet, and inlet. The following boundary conditions are considered for the 

present study 

 (a) At inlet: 

The axial velocity profile at inlet is u =1.5 Ui (1-y2), v = 0 and the corresponding extra stresses components are  

𝜎11 = 2𝜇𝑣𝑊𝑖(
𝜕𝑢

𝜕𝑦
)2, 𝜎12 = 𝜇𝑣  

𝜕𝑢

𝜕𝑦
 , 22 = 0  

Where, y is along the inlet boundary, and Ui is the mean blood velocity.  

(b) At outlet: 

Pressure force (Po) is considered at the boundary, . n = − Pon and homogeneous Neumann conditions is fixed 

for velocity components and uniform pressure is given. 

(c) At boundary wall: 

No-slip homogeneous Dirichlet conditions, u= 0, (. n). n = 0 and homogenous Neumann boundary conditions 

are set for the pressure. 

In this study, the continuity equation (5), momentum equation (6), Oldroyd-B equation (7) are considered to 

account for blood viscoelasticity.  

 

IV. Numerical Analysis 
The governing differential equations have been solved for the dependent variables such as velocity, 

pressure and stress tensor using the boundary conditions. The finite element method [31] [32] and Mathematical 

programming package COMSOLMULTIPHYSICS [33] have been used to solve this problem. PDE solver 

MATLAB programing [34] is used for as a Newton-Raphson iteration technique.  The velocity and viscoelasticity 

Equations (8-10) result in a set of non-linear coupled equations for which an iterative scheme is adopted. the 

velocity are found from equations (5) and (6) and then compute the pressure using 𝑝 = 2𝜇𝑠𝑽(𝑢) + 𝑇 + 𝜎. The 

numerical technique [35][36] have been done based on the Galerkin-weighted residual method for finite element 

formulation and details are given here below.  The weighted residual method is applied then   

∫ 𝑁𝛼(𝛻. 𝑈)𝐴
dA = 0   (8) 

𝑅𝑒 ∫ 𝑁𝛼𝑈(𝛻. 𝑈𝐴
)𝑑𝐴 = −∫ 𝐻𝜆𝛻𝑃𝐴

𝑑𝐴 + ∫ 𝑁𝛼𝛻𝜎𝐴
𝑑𝐴 + (1 − 𝜆) ∫ 𝑁𝛼𝛻

2𝑈
𝐴

𝑑𝐴 + ∫ 𝑁𝛼𝑓𝐴
𝑑𝐴   (9) 

𝑅𝑒 ∫ 𝑁𝛼𝑈(𝛻. 𝑉)𝐴
𝑑𝐴 = −∫ 𝐻𝜆𝛻𝑃𝐴

𝑑𝐴 + ∫ 𝑁𝛼𝐴
𝛻𝜎𝑑𝐴 + (1 − 𝜆) ∫ 𝑁𝛼𝛻

2𝑉
𝐴

𝑑𝐴 + ∫ 𝑁𝛼𝑓𝐴
𝑑𝐴  (10) 

𝑊𝑖 ∫ 𝑁𝛼𝑈(𝛻. 𝜎)𝐴
𝑑𝐴 + ∫ 𝑁𝛼𝜎𝐴

𝑑𝐴 = ∫ 𝜇𝑣𝑁𝛼(𝛻. 𝑈)𝐴
𝑑𝐴 +𝑊𝑖 ∫ 𝑁𝛼(𝛻. 𝑈)𝜎 + 𝜎(𝛻. 𝑈)𝐴

𝑑𝐴  (11) 

Now use Gauss’s theorem to form the boundary integral terms connected with the surface tractions, extra-stress 

tensor then 

𝑅𝑒 ∫ 𝑁𝛼𝑈(𝛻. 𝑈)𝐴
𝑑𝐴 + ∫ 𝐻𝜆𝛻𝑃𝐴

𝑑𝐴 − ∫ 𝑁𝛼𝛻. 𝜎𝐴
𝑑𝐴 − (1 − 𝜆) ∫ 𝑁𝛼𝛻

2𝑈
𝐴

𝑑𝐴 − ∫ 𝑁𝛼𝑓𝑥𝐴
𝑑𝐴 = ∫ 𝑁𝛼𝑆𝑥𝑠0

𝑑𝑠0 

        (12) 

𝑅𝑒 ∫ 𝑁𝛼𝑈(𝛻. 𝑉)𝐴
𝑑𝐴 + ∫ 𝐻𝜆𝛻𝑃𝐴

𝑑𝐴 − ∫ 𝑁𝛼𝛻𝜎𝐴
𝑑𝐴 − (1 − 𝜆) ∫ 𝑁𝛼𝛻

2𝑉
𝐴

𝑑𝐴 − ∫ 𝑁𝛼𝑓𝑦𝐴
𝑑𝐴 = ∫ 𝑁𝛼𝑆𝑦𝑠0

𝑑𝑠0 

        (13) 

𝑊𝑖 ∫ 𝑁𝛼𝑈. (𝛻𝜎)𝐴
dA+ ∫ 𝑁𝛼𝜎𝐴

dA− ∫ 𝜇𝑣𝑁𝛼𝛻. 𝑈𝐴
dA−𝑊𝑖 ∫ 𝑁𝛼[(𝛻. 𝑈)𝜎 + 𝜎(𝛻. 𝑈)]𝐴

dA = ∫ 𝑁𝛼𝜎𝐴 𝑤
ds𝑤  

   (14) 

The six-node triangular element are considered to form finite element equations. All six nodes are allied 

with velocities and stress tensors; only the corner nodes are connected with pressure. So, a lower-order polynomial 

is chosen for pressure so that it satisfies the continuity equation. The elementary unknown variables are the 

velocity components U, V the stress tensor,  and the pressure, P of  the partial differential equations. The 

following equations are taken on the base of the maximum orders of the differential Equations (5-7) for the 

velocity component and the stress tensor distributions and linear interpolation for the pressure distribution. 

 𝑈(𝑋, 𝑌) = 𝑁𝛼𝑈𝛼   (15) 

𝑉(𝑋, 𝑌) = 𝑁𝛼𝑉𝛼   (16) 

𝜎(𝑋, 𝑌) = 𝑁𝛼𝜎𝛼   (17) 

𝑃(𝑋, 𝑌) = 𝐻𝜆𝑃𝜆    (18) 

The velocity interpolation functions are Nα (α = 1, 2, … …, 6), the pressure  interpolation functions are Hλ(λ= 1, 

2, 3), Applying the equations (15-18) in the equations  (5-7) then the finite element equations can be written as 

follows 

𝐾𝛼𝛽𝑥𝑈𝛽 + 𝐾𝛼𝛽𝑦𝑉𝛽 = 0   (19) 

𝑅𝑒(𝐾𝛼𝛽𝛾𝑥𝑈𝛽𝑈𝛾 + 𝐾𝛼𝛽𝛾𝑦𝑉𝛽𝑈𝛾) + 𝑀𝛼𝜇𝑥𝑃𝜇 + 𝐾𝛼𝛽𝑥𝜎𝛽 + 𝐾𝛼𝛽𝑦𝜎𝛽  
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+(1 − 𝜆)(𝑆𝛼𝛽𝑥𝑥 + 𝑆𝛼𝛽𝑦𝑦)𝑈𝛽 − 𝑓𝑥𝐾𝛼 = 𝑄𝛼𝑢              (20) 

𝑅𝑒(𝐾𝛼𝛽𝛾𝑥𝑈𝛽𝑉𝛾 + 𝐾𝛼𝛽𝛾𝑦𝑉𝛽𝑉𝛾) + 𝑀𝛼𝜇𝑦𝑃𝜇 + 𝐾𝛼𝛽𝑥𝜎𝛽 

+𝐾𝛼𝛽𝑦𝜎𝛽 + (1 − 𝜆)(𝑆𝛼𝛽𝑥𝑥 + 𝑆𝛼𝛽𝑦𝑦)𝑉𝛽 − 𝑓𝑦𝐾𝛼 = 𝑄𝛼𝑣  (21)      

𝑊𝑖(𝐾𝛼𝛽𝛾𝑥𝑈𝛽𝜎𝛾 + 𝐾𝛼𝛽𝛾𝑦𝑉𝛽𝜎𝛾) + 𝐾𝛼𝛽𝜎𝜇 − 𝜇𝑣(𝐾𝛼𝛽𝑥𝑈𝛼 + 𝐾𝛼𝛽𝑦𝑈𝛽) 

−𝑊𝑖(𝐾𝛼𝛽𝛾𝑥𝑈𝛽𝜎𝛾 + 𝐾𝛼𝛽𝛾𝑦𝑈𝛽𝜎𝛾) = 𝑄𝛼𝑇              (22) 

Where, the coefficients in element matrices are in the form of the integrals over the element area and along the 

element edges S0 and Sw as,  

𝐾𝛼 = ∫ 𝑁𝛼𝐴
𝑑𝐴, 𝐾𝛼𝛽𝑥 = ∫ 𝑁𝛼𝐴

𝑁𝛽,𝑥𝑑𝐴, 𝐾𝛼𝛽𝑦 = ∫ 𝑁𝛼𝐴
𝑁𝛽,𝑦𝑑𝐴,  𝐾𝛼𝛽𝛾𝑥 = ∫ 𝑁𝛼𝐴

𝑁𝛽𝑁𝛾,𝑥𝑑𝐴,   

𝐾𝛼𝛽𝛾𝑦 = ∫ 𝑁𝛼𝐴
𝑁𝛽𝑁𝛾,𝑦𝑑𝐴,  𝐾𝛼𝛽 = ∫ 𝑁𝛼𝐴

𝑁𝛽𝑑𝐴, 𝑆𝛼𝛽𝑥𝑥 = ∫ 𝑁𝛼,𝑥𝐴
𝑁𝛽,𝑥𝑑𝐴,  

𝑆𝛼𝛽𝑦𝑦 = ∫ 𝑁𝛼,𝑦𝐴
𝑁𝛽,𝑦𝑑𝐴, 𝑀𝛼𝜇𝑥 = ∫ 𝐻𝛼𝐴

𝐻𝜇,𝑥𝑑𝐴, 𝑀𝛼𝜇𝑦 = ∫ 𝐻𝛼𝐴
𝐻𝜇,𝑦𝑑𝐴, 𝑄𝛼𝑢 = ∫ 𝑁𝛼𝑆𝑥𝑑𝑆0𝑆0

, 

𝑄𝛼𝑣 = ∫ 𝑁𝛼𝑆𝑦𝑑𝑆0𝑆0
, 𝑄𝛼𝜎 = ∫ 𝑁𝛼𝜎𝑤𝑑𝑆𝑤𝑆0

 

Applying the Newton-Raphson iteration technique to the set of nonlinear algebraic Equations (19-22) 

are transferred into linear algebraic equations. Finally, these linear equations are solved by applying the triangular 

factorization method and reduced integration technique of [37] and the finite element Equations (19-22) as,   

𝐹𝛼𝑝 = 𝐾𝛼𝛽𝑥𝑈𝛽 + 𝐾𝛼𝛽𝑦𝑉𝛽    (23) 

𝐹𝛼𝑢 = 𝑅𝑒(𝐾𝛼𝛽𝛾𝑥𝑈𝛽𝑈𝛾 + 𝐾𝛼𝛽𝛾𝑦𝑉𝛽𝑈𝛾) + 𝑀𝛼𝜇𝑥𝑃𝜇 − 𝐾𝛼𝛽𝑥𝜎𝛽 − 𝐾𝛼𝛽𝑦𝜎𝛽 

+(1 − 𝜆)(𝑆𝛼𝛽𝑥𝑥 + 𝑆𝛼𝛽𝑦𝑦)𝑈𝛽 − 𝑓𝑥𝐾𝛼 − 𝑄𝛼𝑢    (24) 

𝐹𝛼𝑣 = 𝑅𝑒(𝐾𝛼𝛽𝛾𝑥𝑈𝛽𝑉𝛾 + 𝐾𝛼𝛽𝛾𝑦𝑉𝛽𝑉𝛾) + 𝑀𝛼𝜇𝑦𝑃𝜇 − 𝐾𝛼𝛽𝑥𝜎𝛽 − 𝐾𝛼𝛽𝑦𝜎𝛽 

+(1 − 𝜆)(𝑆𝛼𝛽𝑥𝑥 + 𝑆𝛼𝛽𝑦𝑦)𝑉𝛽 − 𝑓𝑦𝐾𝛼 − 𝑄𝛼𝑣        (25) 

𝐹𝛼𝜎 = 𝑊𝑖(𝐾𝛼𝛽𝛾𝑥𝑈𝛽𝜎𝛾 + 𝐾𝛼𝛽𝛾𝑦𝑉𝛽𝜎𝛾) + 𝐾𝛼𝛽𝜎𝛽 − 𝜇𝑣(𝐾𝛼𝛽𝑥𝑈𝛽 + 𝐾𝛼𝛽𝑦𝑉𝛽) 

−2𝑊𝑖(𝐾𝛼𝛽𝛾𝑥𝑈𝛾𝜎𝛽 + 𝐾𝛼𝛽𝛾𝑦𝑈𝛾𝜎𝛽) − 𝑄𝛼𝜎    (26) 

A set of algebraic equations with the incremental unknowns variables of the element’s nodal velocity components, 

temperatures, and pressures in the form, 

[
 
 
 
 
𝐾𝑢𝑢 𝐾𝑢𝑣 𝐾𝑢𝜎 𝐾𝑢𝜃 
𝐾𝑣𝑢 𝐾𝑣𝑣 𝐾𝑣𝜎 𝐾𝑣𝜃
𝐾𝜎𝑢 𝐾𝜎𝑣 𝐾𝜎𝜎 0
𝐾𝑝𝑢 𝐾𝑝𝑣 0 0

𝐾𝑢𝑝
 𝐾𝑣𝑝
0
0
]
 
 
 
 

{
 
 

 
 
𝛥𝑢
𝛥𝑣
𝛥𝜎
𝛥𝑝
}
 
 

 
 

= −

{
 
 

 
 
𝐹𝛼𝑢

𝐹𝛼𝑣

𝐹𝛼𝜎
𝐹𝛼𝑝

}
 
 

 
 

      (27) 

Where,  

𝐾𝑢𝑢 = 𝑅𝑒(𝐾𝛼𝛽𝛾𝑥𝑈𝛾 + 𝐾𝛼𝛾𝛽𝑥𝑈𝛾 + 𝐾𝛼𝛽𝛾𝑦𝑉𝛽) + (1 − 𝜆)(𝑆𝛼𝛽𝑥𝑥 + 𝑆𝛼𝛽𝑦𝑦) 

𝐾𝑢𝑣 = 𝐾𝛼𝛽𝛾𝑦𝑈𝛾, 𝐾𝑢𝑇 = −𝐾𝛼𝛽𝑥 − 𝐾𝛼𝛽𝑦 ,    𝐾𝑢𝑝 = 𝑀𝛼𝜇𝑥𝐾𝑣𝑢 = 𝐾𝛼𝛽𝛾𝑥𝑉𝛾, 

𝐾𝑣𝑣 = 𝑅𝑒(𝐾𝛼𝛽𝛾𝑥𝑈𝛽 + 𝐾𝛼𝛾𝛽𝑥𝑉𝛾 + 𝐾𝛼𝛾𝛽𝑦𝑉𝛾) + (1 − 𝜆)(𝑆𝛼𝛽𝑥𝑥 + 𝑆𝛼𝛽𝑦𝑦) 

𝐾𝑣𝜎 = −𝐾𝛼𝛽𝑥 − 𝐾𝛼𝛽𝑦 ,   𝐾𝑣𝑝 = 𝑀𝛼𝜇𝑦 , 𝐾𝜎𝑢 = 𝑊𝑖𝐾𝛼𝛽𝛾𝑥𝜎𝑐 − 𝐾𝛼𝛽𝑥𝜇𝑣, 

𝐾𝜎𝑣 = 𝑊𝑖𝐾𝛼𝛽𝛾𝑦𝜎𝑐 − 𝐾𝛼𝛽𝑦𝜇𝑣 , 𝐾𝜎𝜎 = 𝐾𝛼𝛽 − 2𝑊𝑖(𝐾𝛼𝛽𝛾𝑥𝑈𝑐 + 𝐾𝛼𝛽𝛾𝑦𝑈𝑐) 

𝐾𝜎𝑝 = 0,𝐾𝑝𝑢 = 𝐾𝛼𝛽𝑥, 𝐾𝑝𝑣 = 𝐾𝛼𝛽𝑦 , 𝐾𝑝𝜎 = 0 = 𝐾𝑝𝑝. 

𝐾𝜃𝜃 = 𝑅𝑒𝑃𝑟(𝐾𝛼𝛽𝛾𝑥𝑈𝛽 + 𝐾𝛼𝛽𝛾𝑦𝑉𝛽) + (𝑆𝛼𝛽𝑥𝑥 + 𝑆𝛼𝛽𝑦𝑦) + 𝜌𝑓𝐾𝛼𝛽 

𝐾𝜃𝑢 = 𝐾𝛼𝛽𝛾𝑥𝜃𝛾, 𝐾𝜃𝑣 = 𝐾𝛼𝛽𝛾𝑦𝜃𝛾,𝐾𝜎𝜃 = 𝐾𝜃𝜎 = 0 

𝐾𝜃𝑝 = 0, xKK pu 
= 𝐾𝑝𝜃 = 0 = 𝐾𝑝𝑝, 𝐾𝑝𝑣 = 𝐾𝛼𝛽𝑦 

 

V. Numerical Results 
The main aim of this mathematical model is to know and bring out the effects of aneurysmatic artery 

having various conditions. The various aneurysmal arterial models are considered for the study such as (i) if both 

aneurysms are 50 percent bulge compared to normal blood artery (ii) If first one is twice of second aneurysm (iii) 

if second one is twice of 1st aneurysm and (iv) if both aneurysm is 100% bulge compared to normal blood artery.  

In this research, we are concerned with non-Newtonian fluids type, with the flows of incompressible viscoelastic 

Oldroyd-B fluids. It is very significant to select the blood viscosity for precision of simulation of blood flows. the 

generalized Cross model, the parabolic velocity equation and the corresponding extra stresses components are 

used for shear-thinning properties of blood.  

A validation test has done [11] to evaluate the correctness of the numerical simulation and blood flow 

visualization for Oldroyd-B case. It has computed blood velocity, pressure and streamlins with dimensionless 

numbers Wi and Re for considered model. For this numerical study, the following blood properties are considered:   

0  Wi  1, 0 < Re   3000, 0 = 0.16 Pa.s, n = 0.0036 Pa.s, a = 1.23,b = 0.64,  = 8.2s,  = 1050 kg.m-3, l0 = 

2R, l= 10R, R= 3.1mm, and la = 6R.  
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The main objective of this work is to discuss the effects of various aneurysmatic artery conditions and 

dimensionless numbers, Re on blood flow. The blood simulation has shown in bellows in terms of axial velocity 

contour lines.  
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(2013)   

 
 

 

Present Work 

 
 

 

 

Figure 3: Comparison of velocity contour of blood flow through stenosis artery 

 

The impact of Aneurysmal artery on blood flow 

The simulation of blood flow is shown in the Figures 4-5 in term of vector contour lines and streamlines 

for (a) Case-1(50% aneurysm) (b) case-2 (1st aneurysm is twice of 2nd aneurysm) (c) case -3 (2nd aneurysm is twice 

of 1st aneurysm) and (d) case-4 (100% aneurysm) with constant flow rate. The study has been done using Oldroyd-

B fluid for all four cases. It is very remarkable that the recirculation zones originated at the beginning of the 1st 

aneurysm for all models. In Figure-4, the size of recirculation zone of case-1 is bigger than case-4 because of the 

presence of higher aneurysm.  It is found that blood flow has decreased in the presence of 100% bulge area in the 

artery due to the shear-thinning viscosity of blood properties.   

In Figure 5, the blood flow simulation has shown with streamlines and vector arrays. The vortexes are 

found at the area of the bulge in the artery which is an important finding of the work.  More vortexes are observed 

in case-4 at the swell-up region because of low blood velocity. So, the separation regions and backflow of blood 

have been created at the more aneurysmal artery. These vortexes are indicative of arterial disease due to the 

existence of a high aneurysmal artery.  

The velocity profiles are shown in Figure 6 for all models at Re-1000 and Wi-0.5 numerically. The higher 

velocity is found for case-1 and the lowest velocity is observed for case-4. At the high swell-up area the velocity 

has decreased, and the velocity has increased at less bulge region. At the beginning of an aneurysm, the blood 

velocity is maximum, and the minimum velocity is gained at 2nd aneurysmal artery. The obtained result also agrees 

with the theoretical result.  
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Figure 4: Velocity contour line on blood flow through multiple anuerysmatic 

arteries with various condition at Re=1000 and Wi = 0.5 
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Figure 5: Stream lines with vector array on blood flow through multiple 

anuerysmatic arteries with various condition at Re=1000 and Wi = 0.5 

 

 
Figure 6: Velocity profile for case-1 (50% aneurysm), case-2 (1st aneurysm is twice of 2nd aneurysm), case-

3 (2nd aneurysm is twice of 1st aneurysm), case-4 (100% aneurysm) at Wi=0.5 and Re=1000 

 

Aneurysmal artery effects on pressure distribution  

The pressure distribution is presented in Figure 7 in terms of contour lines for all four cases with constant 

flow rate at Re=1000 and Wi=0.5. In Figure 7, the iso-pressure contours show how to gain a lower value at the 

separation point and decrease mechanically. The highest value pointed at the reattachment point, which created a 

stagnation point, and fell suddenly at the beginning of high aneurysm. In the presence of a high bulge region, the 

pressure has decreased rapidly and gained a minimum value at the outlet in case 4. The flow separation points 

have migrated towards blood vessels. In the presence of a higher and lower bulge area (case 2) in an artery 

consecutively then a remarkable change is found for pressure distribution. The pressure gradient is very intensive 

for case 4, and it changed considerably all over the blood vessel. The important changes have occurred in the more 

dilating (case 4) area compared to the less dilating region (case 1). 
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The graphical presentation of pressure profiles is shown in Figure 8 for all cases at Wi=0.6 and Re=1000. 

The pressure has decreased for all models with respect to the vessel axis. In Figure 8, the maximum and minimum 

pressure originated at the 1st and 2nd aneurysmal areas respectively for case 4.  

 

 

 

 

 

 
Figure 7: Pressure distribution on blood flow through multiple anuerysmatic arteries 

with various condition at Re=1000 and Wi = 0.5 
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Figure 8: Pressure profile for case-1 (50% aneurysm), case-2 (1st aneurysm is twice of 2nd aneurysm), 

case-3 (2nd aneurysm is twice of 1st aneurysm), case-4 (100% aneurysm) at Wi=0.5 and Re=1000 

 

Effects of Re on blood flow  

The effect of Reynold numbers (0 < Re  3000) on blood flow are shown in Figures 9-12 for all models 

with Wi = 0.6 and constant flow rate. The different Re is computed on the based on the blood density, blood 

viscosity, length of the model and various velocity at inlet.  

The permanent recirculation zones are created at various regions of models for Re-1 and 1000 for all 

cases. At Re=1, the flow patterns are symmetric about the vessel axis for case 1 and case 4 but vortexes have 

produced for case 2. So, it indicates the blood flow disorder is more in case 2. The blood flow has decreased 

compared to the less dilating area to high dilating regions for Re=1. The blood flow patterns have changed rapidly 

due to excess aneurysms in the artery which is an important outcome of this study. With the increase of Re the 

blood flow has decreased due to the existence of aneurysmal artery for all cases. In Figure 12, the flow patterns 

have changed more, and vortexes are found for case 4 which is inferred to be arterial diseases due to the presence 

of excess aneurysm. 

The velocity profiles are shown in Figure 13 for all models with various Re graphically. The values of 

velocity 0.061, 0.066, 0.065, and 0.064 are found for Re=1, 1000, 2000, and 3000 respectively in case 1 at the 

first aneurysm. On the other hand, in case 4, the velocities are 0.052, 0.063, 0.062, and 0.061 for Re=1, 1000, 

2000, and 3000 respectively at the first aneurysm. It is found that 14.47 percent is the highest deviation of velocity 

at Re=1 due to more aneurysmatic artery and the minimum deviation is 2.83 percent for Re-1000. It is an important 

outcome that the velocity has gained a lower value for the presence of a more dilating region.  

The pressure contour plots are illustrated in Figures 14 to 17 for various Reynold numbers (Re=1, 1000, 

2000 & 3000). At the beginning of the models the pressure patterns gained maximum value and decreased 

gradually.  The minimum and maximum values are found at upstream and downstream respectively. At 

reattachment point, the pressure has gained lower value for Re=3000 and the lowest value is found for case 4 

which infers the arterial diseases.  

The most influential of the models on the pressure distribution is found for case 4 and the high dilating 

area. The pressure contour lines are travelling to upper vessel wall with the increase of Reynold number. The 

pressure distribution of blood flow has changed dramatically and produces the lowest value at the high aneurysmal 

artery.  

In Figure 18, A remarkable variation has appeared for blood pressure at Reynolds number, Re=3000, and 

pressure is intensified. The pressure has increased with the increase of aneurysm of the artery. The lowest value 

is -0.32 in the dilating region for case 4 at Re = 3000. On the other hand, the highest value is 0.56 for case 1 at 

Re=1.  The pressure has decreased with the increase of Re along with the vessel axis. The pressure variation has 

indicated arterial diseases in the blood vessel which is an important finding of this study. 
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Figure 9: Velocity contour line on blood flow through multiple anuerysmatic arteries with 

various condition at Re=1 and Wi = 0.5 
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Figure 10: Velocity contour line on blood flow through multiple anuerysmatic arteries 

with various condition at Re=1000 and Wi = 0.5 
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Figure 11: Velocity contour line on blood flow through multiple anuerysmatic arteries 

with various condition at Re=2000 and Wi = 0.5 

 

 

 

 

 
Figure 12: Velocity contour line on blood through multiple anuerysmatic arteries with 

various condition at Re=3000 and Wi = 0.5 
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(a)       (b) 

 
(c)       (d) 

Figure 13: Velocity profile for a. case-1 (50% aneurysm), b. case-2 (1st aneurysm is twice of 2nd 

aneurysm), c. case-3 (2nd aneurysm is twice of 1st aneurysm), d. case-4 (100% aneurysm) at Wi=0.5 and 

Re=1000. 
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Figure 14: Pressure contour line on blood flow through multiples anuerysmatic arteries 

with various condition at Re=1 and Wi = 0.5 
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Figure 15: Pressure contour line on blood flow through multiples anuerysmatic arteries 

with various condition at Re=1000 and Wi = 0.5 
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Figure 16: Pressure contour line on blood flow through multiples anuerysmatic arteries 

with various condition at Re=2000 and Wi = 0.5 

 

 

 

 

 

 
Figure 17: Pressure contour line on blood flow through multiples anuerysmatic arteries 

with various condition at Re=3000 and Wi = 0.5 
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(a)       (b) 

 
(c)       (d) 

Figure 18: Pressure profile for (a). case-1 (50% aneurysm), (b). case-2 (1st aneurysm is twice of 2nd 

aneurysm), (c). case-3 (2nd aneurysm is twice of 1st aneurysm), (d). case-4 (100% aneurysm) at Wi=0.5 

and Re=1000. 

 

VI. Conclusion 
The finite element method is applied to simulate the blood flow through various aneurysm arteries. The 

Oldroyd-B model is used for blood flow analysis due to shear-thinning and blood viscosity. This model plays an 

essential role in finding blood flow variables. The numerical study is performed to investigate the blood flow 

patterns through aneurysm in steady flow for all cases. The blood flow variables are changed for all models along 

the vessel axis at the aneurysm.  The depth of aneurysm and blood viscosity are the main reasons for Newtonian 

and Non-Newtonian solutions. At the present problems, the finite element method and the Newton-Raphson 

iteration method are used to solve the governing equations for the nodal velocity component, tensor component, 

and pressure by considering Weissenberg numbers (Wi=0.5) and Reynolds numbers of 1 to 3103. 

The effect of an aneurysmal artery on blood flow has been studied for various values of relevant 

parameters. Numerical models and simulations provide an effective non-invasive technique to obtain accurate 

data on blood flow in human arteries and appropriate identification of arterial diseases. The following outcomes 

may be concluded from the present study: 

i.  Significant changes in blood flow characteristics at various aneurysm conditions for all cases are found 

in this investigation. The blood velocity has reduced due to the presence of a 100% aneurysm is an important 

finding.     

ii. The lowest value of blood velocity is found at 100% dilating area in the 2nd aneurysm for case 4. On the 

contrary, the highest velocity is observed at 50% bulge region for case 1. 
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iii. The maximum and minimum values of pressure are found at 100% and 50 % aneurysmal artery 

respectively.  

iv. The effect of Reynold numbers (Re) are significant at dilating area and blood flow variables have changed 

dramatically for 100% aneurysm.  

v. The pressure patterns have decreased with the increase of Re for all cases the highest value is found in 

case 4.  

vi. Oval types of recirculation zone originated at the beginning of the aneurysm regions for Re=1 and 1000. 
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