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Abstract:

For a graph G = (V, E), an injective vertex labelling function f:V(G) - {0, %2, 4, ..., £2|E(G)|} is said to
be an even sum labeling of a graph G if the induced edge labeling map f*: E(G) - {2,4, ...,2|E(G)|} defined by
fr(ww) = f(w) + (), Yuu; € E(G) is bijection. A graph which admits even sum labeling is called an
even sum graph. In this article we prove that the Jewel graph J,,, triangular book graph B(3,n), triangular
book graph with bookmark TB,,, a graph P,,(+) K,, and a graph (K,, U P;) + 2K, are even sum graphs.
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. Introduction

In this article we use a word ‘graph’ for an undirected simple and finite graph, V(G) for vertex set of a
graph G and E(G) for edge set of G. The order of a graph or number of vertices in a graph is denoted by p and
the size or number of edges is denoted by q. The terms not defined here are used in the sense of Harary". For the
bibliographic references on graph labeling we refer to Gallian®. The idea of odd sum labeling was first given by
Arockiaraj and Mahalakshmi®. The odd sum labeling of various types of graph are found in different
investigations*>®. Monika and Murugan’ introduce the concept of odd-even sum labeling. Some general results
on odd-even sum labeling of graphs are presented by Kaneria and Andharia®. Andharia and Kaneria® introduce
the new concept of labeling called even sum labeling. Kaneria and Andharia'®** have presented the even sum
labeling of various graphs. In this article we have presented some more graphs with even sum labeling property.

Following is a brief summary of definitions which are useful for the present investigations.
Definition 1: An injection f: V(G) - {0,%2,+4, ..., £2|E(G)|} is said to be an even sum labeling of a graph G
if the induced edge labeling map f*:E(G) - {2,4, ...,2|E(G)|} defined by f*(uy;) = f(u) + f(y;), Yuy €
E(G) is bijection. A graph which admits even sum labeling is called an even sum graph.
Definition 2: The Jewel graph J, is a graph with V(J,) = {u;,v; : i1=0,1,2,3;j=1,2, ..., n} and the edge set
E(J,) = {upuy, ugu,, ugus, Uy Uz, UyUs, Uy Vi, Uy vy ¢ 1 < i< n}.
Definition 3: An n copies of cycle C; sharing a common edge is known as a triangular Book graph with n-
pages. It is denoted by B(3, n). The common edge is referred as spine of the book.
Definition 4: A triangular book graph with bookmark is a triangular book graph B(3,n) alongwith a pendant
edge attached at any one of the end vertices of the spine. It is denoted by TB,,.

Il. Main Results
Theorem 1: Every Jewel Graph is even sum graph.
Proof: Consider a  Jewel graph ], with  V(J,) = {uguy,uy,u3,vy,v,,...,v,}  and
E(J,) = {uguy,ugu,, ugus ,uuz, uus} U {uy vy, u,v; 2 i=1,2,...,n} as shown in Figure 1.
Clearly the order of a Jewel graph J, isn + 4 and size is 2n + 5.
Define f: V(J,) = {0, £2, 14, ..., £(4n + 10)} as follows:
f(u) =2i, i=0,1,2,3 and
f(v;) =4i+6, Vi=12,..,n.
Note that f is injective as
f(V(,)) = {0,2,4,6,10,14, ...,4n + 6} and [V( )|l =n+4 = |[f(V()|.
Further, its edge induced function
f*:E(J,) = {2,4, ..., 4n + 10} is bijective.
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Figure — 1: Ordinary labeling of a Jewel graph ],

Because f*(E(J,)) = {2,4, ..., 4n + 10},

I[EJ)| = 2n+5 = |f*(E(J,))| and

f*(uguy) = f(ug) + f(uy) =f(u) =0+2i=2i, i=1,2,3;
f*(uuz) = f(u) + f(uz) =f(u) +6=2i+6, i=1,2;

f*(uyvy)) =f(u) +f(v;) =2+4i+6=4i+8, i=1,2,.... ,n;
f*(u,vy) = f(uy) + f(v)) =4+ 4i+6=4i+10, i=1,2,.... ,n.
Hence the Jewel graph ], is even sum graph.

Illustration 1: Even sum labeling of J5 is shown in Figure 2.

Figure —2: Jewel graph ] with its even sum labeling

Theorem 2: Every triangular book graph is even sum graph.

Proof: Consider a triangular book graph B(3, n) with its ordinary vertex labeling as shown in Figure 3.

Here, V(B(3,n)) = {upu;,v;: 1 <i<n} and E(B(3,n)) ={e;:1<i<2n+ 1}, where e; = uyuy, e, =
uov; and ey = uyv;, Vi = 1,2, n.

Clearly, the order and size of any triangular book graph B(3,n) isp =n+ 2 and q = 2n + 1 respectively.

Now define f: V(B(3,n)) — {0, £2, +4, ..., +(4n + 2)} as below:

f(ug) = 0; f(u;) = 2 and f(v;) = 4i, Vvi=12,...,n.
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Figure — 3: B(3,n) and its ordinary labeling

Note that f is an injective map as
f(V(B(3,n))) = {0,2,4,8,12,-+,4n} and [V(B(3,n))| = n+ 2 = |f(V(B(3,n)))|.
Further, its edge induced function
f*:E(B(3,n)) = {2,4,...,4n + 2} is bijective.
Because f*(E(B(3,n))) = {2,4,6, ...,4n + 2},
IE(B(3,n))| = 2n+1 = |f* (E(B(3, n)))| and
f*(ey) = f*(uouy) = f(up) +f(u;) =0+2 =2;
f*(ey) = f*(uevy) = f(ug) + f(vy) = f(v;) = 4i;
f*(ei41) = " (wyvy) = f(u) + f(v;) =2 +f(v;) =4i+2,vi=1,2,---,n.
Thus, f is even sum labeling for the triangular book graph B(3,n) and hence every triangular book graph is even
sum graph.

Illustration 2: Even sum labeling of a triangular book graph B(3,5) is shown in Figure 4.
0

Figure — 4: Even sum labeling of B(3, 5)

Theorem 3: The triangular book graph with bookmark TB,, is even sum graph.
Proof: Consider a triangular book graph with bookmark TB,, with its vertex labeling as shown in Figure 5.
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Figure —5: Ordinary labeling of TB,,

Here, V(TB,,) = {uy uy, u,,vy,v,, ..., vy} and E(TB,) = {eg, €1, €,n41}, Where e, = uju,, €; = uguy, ey =
uov; and ey = uyv;, Vi= 1,2, n.
It is clear that, [V(TB,)| = n + 3 and |E(TB,)| = 2n + 2.
Now define f: V(TB,) - {0,+2, +4, ..., (4n + 2)} as
f(ug) =0, f(uy) =2, f(uy) =4n+ 2 and f(v;) = 4i, Vi=1,2,...,n.
Note that f is an injective map as
f(V(TB,)) = {0,2,4,8,12,,4n,4n + 2} and
IV(TBy)l = n+ 3 ={0,2,4,8,12,-,4n,4n + 2}| = [f(V(TB,))|.
Further, its edge induced function
f*:E(TB,) — {2,4,6,8, ..., 4n + 4} is bijective.
Because f*(E(TB,)) = {2,4,6,8, ..., 4n + 4},
|[E(TB,)| = 2n + 2 = |f*(E(TB,))| and
f*(eq) = f*(uguy) = f(uy) + f(u,) =2 +4n + 2 = 4n + 4;
f*(e;) = f*(uouy) = f(ugy) + f(uy)) =0+ 2 = 2;
f*(ey1) = f* (ugvy) = f(uy) + f(v;) = 0 + 4i = 4i;
f*(ezip1) =" (uyvy) =f(u)) +f(v)) =2 +4i=4i+2,vi=1,2,--,n.
Thus, f is even sum labeling for the triangular book with book mark graph TB, and hence TB, is even sum
graph.

Illustration 3: Even sum labeling of a triangular book graph with book mark TB, is shown in Figure 6.
0

2

Figure — 6: TB, with its even sum labeling

Theorem 4: The graph P,,(+) K, is even sum graph when m is odd and n = mT_l

m-1

Proof: Let G = P,,(+) K,, where m is odd and n = ==
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As shown in Figure 7, the vertices of G are u;; 1 <i< mandvj; 1 <j <n and edges are u;u;;;, U;Vj, upV;
wherel1<i<m-1,1<j<n.

Figure — 7: Vertex labeling of P, (+) K,
Clearly, G has order m + n and size 4n.
We define f: V(G) - {0, £2, +4, ..., +2q} as
f(u-)={1_i’ ifi is odd and
! 8n —i+ 2, ifiiseven
f(v;) =2(+j), ¥j=12,..,n.

The above labeling pattern give rise even sum labeling to the graph G. Hence the graph P,,(+) K,, is even sum
graph when m is odd and n = mT_l

llustration 4: Even sum labeling of a graph P, (+) Kj is shown in Figure 8.
0

220
—4e

200

Figure — 8: P,(+) K5 and its even sum labeling

Theorem 5: The graph (K, U P;) + 2K; admits even sum labeling.
Proof: Let G = (K, U P;) + 2K;.
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Figure — 9: Ordinary labeling of (K, U P;) + 2K,

As shown in Figure 9, the vertices of G are u;vy,v,, Vs, upu; where i=1,2,..,n and edges are

Ugu;, U35, UgVi, U Vi, V4 V,, VoV Wherei— 1,2, ...,n;j = 1,2,3.

Clearly, G has order n + 5 and size 2n + 8.

Now, define amap f: V(G) - {0,%2,+4,...,2+(4n + 16)} as

f(u) =-2i,vi=1,2,..,n;

f(vy) = 4; f(v,) = 0; f(v3) = 2;

f(ug) = 4(n + 3); f(u}) = 2(n + 3).

Note that f is an injective map as

f(V(®) = {~2n,—2(n — 1), ......, —4,—2,0,2,4,2n + 6,4n + 12} and

V(G| =n+5=[{-2n,-2(0n—1),....,—4,-2,0,2,4,2n + 6,4n + 12}| = |[f(V(G))].

Further, its edge induced function

f:E(G) = {2,4,6,8, ..., 4n + 16} is bijective.

Because f*(E(G)) = {2,4,6,8, ..., 4n + 16},

[E(G)| = 2n + 8 = |f*(E(G))| and

f*(u'ouy) = f(u'y) +f(u) =4(n+3)—2i=4n+12-2i, Vi=1,2,---,n
={4n+10,4n+8, ......,2n + 14,2n + 12};

f*(u'u) =f@') +f(y) =2n+3)—2i=2n+6—-2i, Vi=1,2,---,n
={2n+4,2n+2,....,8,6};

f*(u'yvy) =f(u'y) + f(v)) =4(n+3) + 4 = 4n + 16;

f*(u'yvy) =f(u'y) + f(v,) =4(n+3)+ 0 =4n+ 12;

f*(u'yv3) =f(u'y) + f(v3) =4(n+3) + 2 = 4n + 14;

f*(u'vy) =f') +f(vy) =2(n+3)+4 =2n+10;

f*(u'yvy) =f(u'y) +f(vy,) =2(n+3) + 0 =2n+6;

f*(u'vy) =f(u') +f(v;) =2(n+3)+2=2n+8;

f*(vyvy) = f(vy) +f(v,) =4+ 0=4and

f*(vyvy) = f(vy) +f(v3) =04+ 2 = 2.

Thus, f is even sum labelling for the graph G = (K, U P;) + 2K, and hence (K, U P;) + 2K, is an even sum

graph.

Ilustration 5: Even sum labeling of a graph (K5 U P;) + 2K, is shown in Figure 10.
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32

16
Figure — 10: Even sum labeling of (K5 U P;) + 2K,

111. Conclusion

In this paper, we have discussed even sum labeling property of Jewel graph, triangular book graph, triangular
book graph with book mark, the graph P,,(+) K,, and the graph (K, U P;) + 2K;.
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