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Abstract

For a function to admit Fourier transform it has to be absolutely integrable, that is, in other words this function
has to be of classL!. The present work presents a part of the Fourier transform theory that allows the analysis of
the behavior of certain functions in the spaces L' andL?. The main objective is to present some shortcomings of
the spaces L' and L? when operating the functions regarding the normal product and the convolution product
within the Fourier transform.
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I.  Introduction

The Fourier transform is the mathematical tool that shows us how to deconstruct the waveform into its
sinusoidal components. This has a multitude of applications, aids in understanding the universe, and just makes
life so much easier for the practicing engineer or scientist.

For a function to admit a Fourier transform it must be absolutely integrable. For this reason it is
important to know the absolutely integrable class or function spaces, how to operate these functions within the
class, since our main objective is to present some shortcomings of the L'(J) and L2([J) spaces when operating
the functions as the normal product and the product of convolution within the Fourier transform.

Development
Fourier Transform

Definition:
If the integral

r f(He*tdt

Exists for all x € [1, then we define the Fourier transform of f(t) by:

17
R =VIF@] =5 | roea
If the integral -
f f(He*tdt

Exists for all x € 1, then we define the inverse Fourier transform of f () by:

FO = VRG] = o f Floe-i dx.

Fuction class L(0)

The function class L([J) is the class formed by the functions f: (1 — [ or [.
40

M(O)=<f:0->Coull: flf(x)ldx<oo

L*(0) set of functions absolutely integrable
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+oo

2(0)=<f:0->0oul: f [f()|?dx < oo
L2(0) sets of functions with integrable square
Examples

I') Given the fuction

f:(0,1) » I

1
fx) = { Vx
0 in a notUer case
Demonstrates that f € L'(0,1)

Soluction:

sex € (0,1)

ferr(o1) = flf(x)ldx <o

f|f(x)|dx—f\/_dx—llm de—hm(Z—Z\/_)_2<oo

£-0
£

Therefore fe L1(0 1).
ii) be given a > 0 consider the function
f:(0,1) » 0

f(x)_{l sex € (0,1)

. 0 in otler case
Demonstrates that f € L2(0,1) ifand only if a < >
1

felr(0,1) = Jlf(x)lzdx <o
0

Soluction

1. Fora =§ then
1 1 1

1
142 1 1
J-lf(X)lzdx=J.<F) dx =Jx7dx= ;dx=
0 0 0

1
= lim dx = llm (In (1) —1In (¢)) = +oo

e-07t

2.a>0 ai;

1 1 1 1
1 2 1 1 1 8—20(+1
24, = | [— = | —dx = —dx = -
Jireorax = [ () ar= [ Zrdx= lim [ rax= JH&L[ 2+l Zatl
0 0 0 €
-2a+1
= e g 1dm[l - e

This limit is finite if —2a0a+1>0=> « <§

Sufficient condition for the existence of the Fourier transform
Theorem: The sufficient condition for the existence of the Fourier transform of the function f(t) is that the
integral of the absolute value of the function f(t) must be finite, that is,

f [f(®)]dt <

Proof:

e~ = cosxt — isenxt = |e~*t| = y/cos?xt + sen?xt = 1
If (e = If )] =

JZ1f®lde = [ |f(©e ™| dx it e finite.

DOI: 10.9790/5728-1705024246 www.iosrjournals.org 42 | Page



Fourier Transformed: Insufficiencies In L (R) AND IN L?(R)

Some transform formulas
LVIf(0] == =F (3)
2-V-YF.G]=F+*G
3VAf(O] = f(-t)
4-V[fm™ ()] = (=ix)™F(x)
5-V[tmf(6)] = 2

6 [ = S y)] = (0)™F(x,)

7- V[ S Gy = F )
[f(t + ai)] = et¥F(x)
Proof of formulas 3 and 8

3-V2[f(D)] = f(—t)

Proof: we know that
VIf ()] = F(x)
Applying the transform to the prewous expression

V2[f(t)] = VF(x) ——fF(x)e”“dt—— jF(x)e“X( t)dt—— jF(x)e {=02dt = f(~t)

VIf(t +ad)] = e**F(x)

Proof:

Vifetad] =5 [ £ adetar

z=t+ ai
t=z%Fai
dt = dz

VIf(tta)] = % J f(t +ai)e™tdz = % Jf(z)eix(ziai)dz

1 w . .2 1 m . 1 w .
— ixz ,+i“ax — ixz ptax — ptax ixz — ptax

o J-f(z)e .e dz o Jf(z)e etz =¢ [271 jf(z)e dzl eI F(x)
Fourier transform in L2(R)

L*(0) = {f: O0-Ooul: J If(0)|2dx < oo}
If f € L2(0) the transform of f is given as follows:

VIif(x)] = —f * f(x)e™*t dt, it is observed that this transform is the same that is defined in L'(2)) which

raises the foIIowmg guestion.
L2(0) is the subsect of L((1)? (L?(0) < L*(0)?)
Let's look at the following example: Let's consider the function defined as follows

1
F) _;— sex € [1,0]
o 0 anotller case
Let's analyze if f simultaneously belongs to
L>(0) e YD)

o0 o0

2

[ e foces

As the integral is finite this fuction belongsto L2 (D).
Now let’s analyze if f belongs simultaneaously to L ()

I |§| dx = flw%dx = In|x|7 = +oo the fuction not belong to L* (1)
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Conclusion: L2([1) is not subsect of L1 ().
Convolution product
If £, f> € L*(0) have transform in L*(0), the convoluction product (x) is given by:

1
AOHO =5 [ L O - 0de

Norm in L1(R)
The norm inthis class is defined as follows:

Ifl = f IFGOldx
To prove that it is in fact a norm, check the axioms of the norm.
Ifl=0ef=0
lfll =0 =>f “If (©)ldt = 0= f =0, pois f € L1(1)
IIAfII IALIAI

IAfll = f AF(O)ldt = f AlF@lde = 1A f F(Oldt

I+ gll < IFll + Ilgll
If +gll = [771F@® + g@®lde < [ O+ lg©lde < [T7If@©)ldt + [T lg(®)ldt by

inequality
Some Convolution Properties

Sefl(t)*fz(lt) € L'(D)
Ify * 21l < E”ﬂ” lI£ ]
Proof

If * £l = [7_Ify = foldx by definition of the norm in L*(11)

o0 o0 1 o0
I, + fll = Jlfl*ledt= j ﬁjfl(t).fz(x—t)dx dt

1 o0 0
S%J. flﬂ(t)ﬁ(x—t)ldtdx (a)

—00 —00

Applying Fubini's theorem that says the following:

triangular

Let A = [a,b] x [c,d] a rectangle of (1, and let f:A — [ an integrable function, such that the functions
fx [a, b] —» [ defined by £, (v) = f(x,y) are integrable into [c,d], for all x € [a, b]. Then the fuction x —

f f(x, y)dy is mtegrable into [a,b], and [, f = f (fdf(x,y)dy) dx. We have that:

@ <_f|f1(t)|dt f|f2 x—t)ldx——||f1|| Il

- If fl(t) *fz(f) € LI(D)
V(fl *£)=V({D.V(f) =F.F

Proof:

Lo .
VU =52 [ VO e

Considering

0

1
(i O = (s O =57 fﬁ(t - Dh@dr

=5 ( fﬁ(t—r)ﬁ(r)dr)e”‘tdt

—o0

{u—t—r—>t—u+r
dt =du
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)

1 ; 1 |
T o f(ﬁ fﬁ(u)]cz(T)dT>elX(u+r)du

—00
Y

1 1 N
[ — —_— XU 5 LXT
= <2n ffl(u)fz (T)df>e e"rdu
Applying Fubini

:% ffl(u)ei"“du<%_f fZ(T)>€iXTdT

V(i * ) =V([).V({f)

Convolution Algebra

L*(R) with the operations (+) of functions and (*) product of convolution and (.) product of a scalar, get the
structure of constructive algebra, but without the unit element.

The convolution product complies with the properties:
1- Associative

(ixf)*fs=fi*(fz*f3)

2-af; x f, = fy x af;

3- Comutative

fi*h=HL*h

Note: It is not a algebra with unit product, as f * 1 # f
Convoluton in L?(R)

Be given f,g € L*(R)

A convoltion of f * g in L2(R) is defined as follows:

1
frg=5 | r-oga

Transform of f * g em L*(R)

If f~gelLl?(R),V[f+xg]l=F.G

Properties

IfF,G € [*(R) = F.G € L'(R)

ff,g€eLl?, V(f)=F V(g =GV Y(F.G)=f*ge€lL?

Shortcomings in In  L'(R)

1-If F,G € L' we cannot guarantee that F.G € L*(R), even if F € L' and G € L? there are no guarantees
thatF.G € L*(R).

Example: let's consider functions

1
FeG= ﬁsexe(o,l)

0, other case
This fuction is the L' (R), that is, F, G € L*(R), that is,
o) [ee) 1

1
J-Fdxz dex=0fﬁdx=2

—00 —00

Now we'll see what happens to the product(.)

oo 1

1
f F.Gdx = f;dx =In|x|} =
—o0 0
2-Does not always comply with the formula V-1(F.G) = f x g.

3-F.G € L'impliesthat F « G € L.

Shortcomings in In [01%(11)

1-IfF, G € L? does not necessarily imply that F. G € L?, we can only ensure that F. G € L!
2-1f F,G € L2does not imply that F * G € L2
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Il.  Conclusions:

Studying the Fourier transforms through a bibliographical review, and identifying certain
insufficiencies concerning the behavior of certain functions in the spaces mentioned in the body of the work, is
not an easy study.

This study allowed us to identify some limitations that, from the author's point of view, are crucial
because in this way it allows operating the functions safely in the indicated classes and not jumping to
conclusions, such as thinking that if two functions belong to the L! space, the product or the convolution is also
de L.
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