IOSR Journal of Mathematics (I0OSR-JM)
e-1SSN: 2278-5728, p-ISSN: 2319-765X. Volume 17, Issue 4 Ser. | (Jul. — Aug. 2021), PP 58-67
www.iosrjournals.org

Factorization of some Polynomials over GF(q) / < p(x)> -
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m
Abstract: Let Let F=GF(q) be a field of g elements and f(x) = Z gix' a monic polynomial of degree m over F .
k=0

Let Q = Qij be a square matrix over F in which ith row is represented by x30-D reduced modulo f(x). Here we
factorized polynomial of type X" - 1 with the help of Berlekamp’s algorithm over the finite field F. Factorization
of X'+ 1, x¥+ 1, x2° -1 & x* — 1 over GF(3) are obtained.
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l. Introduction

In the construction of finite fields, we were required to find certain irreducible factors of x" — 1 where
n=p™ -1, p aprime. Let p be a prime, n a positive integer not divisible by p and q is a power of p. If F is a finite
field then by [3], o(F) = p". To obtain factorization of x"-1 over GF(q) , we define cyclotomic classes and
partition the set S={0,1,2,...,n-1} of integers into cyclotomic classes modulo n over GF(q). Since g.c.d.(n,g)=1,
there exist a smallest positive integer ‘m’ s.t. g™ =1 (mod m) [2]. This m is called multiplicative order of g
modulo n. In S define a relation ‘~ as follows. For a, b € S, say that a ~ b if a = bg'(mod n) for some positive
integer ‘i’. This relation is an equivalence relation. This relation partition S into equivalence classes. Each
equivalence class is called g-cyclotomic class or coset mod n. The g-cyclotomic coset which contain s € S will

be Cs={s,gs,...,(q™s-1}s}, where ms be the least positive integer such that s = g™s s (mod n) [ 6]. Also we know

that x"-1= H¢d (X) , where ¢,(x) is the nth cyclotomic polynomials [7]. If Cs is the cyclotomic
d/n

l<d<n

coset, (mod n) over GF(p), containing the integer s, then, by [6], H(X—ai) is the minimal polynomial of
ie Cg

a® over GF(p). Observe that irreducible polynomials of degree N over GF(p ), help us in the construction

of finite field GF(p"). Construction of some finite field GF(3%) & GF(3%) over GF(3) are studied by Singh

K.[4]. If x4- x =f(x).g(x), then every element in the field must be a root of f(x) or g(x). The case f(x) = x, g(x) =
x91- x separate the zero elements from the non zero elements. To separate the non zero elements according to
their order , a factorization of the polynomial x%2- x is needed. Further, whenever a finite field of order p™ is
required then certainly we are in need of some prime polynomial of degree m over GF(p). The above facts
basically highlight the utility of factor of polynomial x"-1. Then how to find out these factors, is the main
problem. Factorization of x°—1 over GF(2) and Factorization of x” -1, x* -1, x8 -1, over GF(3) are obtained by

Singh K. [5] through cyclotomic cosets.
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The Berlikamp’s algorithm for the factorization of the polynomials f(x) over finite field is described in this
paper. The algorithm is then applied to factorize x" — 1 over GF(q). In the end of paper merits and demerits over

the factorization by cyclotomic cosets and with the help of Berlikamp’s algorithm are discussed.

Il.  [1] Berlikamp’s Algorithm (General Case) for factorizing the polynomials
Step. 1. Write given polynomial f(x) of degree m over GF(q).

2. Write [gjlm*m in which the ith row is represented by x%Y reduced modulo f(x) i.e. x9 =
m-1

ZQI+1,K+1XK mod f(x) ; 1 <i< m-1

k=0
i.e.  X9=(Qi+11.1+ Qir12.X + Qir13.X*+...+ Qurm.X™)mod f(x)
i.e. 1 E(Q11+ QX + Q13X2+...+ lex”"l)mod f(X)

X4 =(Qa1+ Q22X + Qax?+...+ Qzmx™)mod f(x)

X% =(Qa1+ Qa2X + Qaax?+...+ Qamx™Hmod f(X)

XU =(Qat+ QmaX + QaaX?+...+ Qumx™)mod f(X)

Then,
Qll Q12 le
Q= Qzl QZZ QZm
le Qm2 Qmm
m-1 .
3. Take g(x)= Z giX' , any general polynomial of degree m-1.
k=0

Find go, 91, 92, ... Om1 St (Qo, 92, @2, ... gm-1)(Q-1)=O

4. Find Hg c.d.(f(x),g(x)—s)=0, which will be factorization of f(x).
se F

Example. 2.1. Let f(x) = 1+x + X2 + X8 +x7+x8+x12

i.e. f(x) =111 000 111 0001

Here F={0,1}= GF(2)

For matrix Qizxi2 we need x?-D=(-) (mod f(x)); 1 <i< 12

ie. 1=1(modf(x)), x*=x® (modf(x)), x*=x* (modf(x)),...,

X2 = (1+ x+ x* + x7 +x® +x°) (mod f(x)),

X2 = (x2+ X3+ X8 +x% +x10 +x1) (mod f(x))

We can write

1 =100000000000, X =010000000000, x? = 001000000000
x* =000010000000,  x® =000000100000, x® =000000001000
x1% =000000000010, x!? =111000111000, x¥# =001110001110
x16 =111011011011, x =101010010010, x¥ =110010011100

x?2 = 001100100111
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Hence,

1 000000O0O0O0GO 0 O] (0000 00O0O0O0OO0 O]
00100O000O0OO0COO 01100000O0O0O00O0
000O01000O0OO0CO0OO0 001010000000
0 000001000O00O0 000100100000
00000O0OO0O0O1O0O0O0 0000100021000

Q_000000000010 Q_|_000001000010
111000111000 1110000 11000
0011100 01110 00111 00 11110
1110110110 11 1110110100 11
10101001 0010 101010010110
110010 011100 110010011110
00110 0100111 | 00110 0100110 |

Operate C; — C7 +C4 . Cg — C2 +C34+ C5+Co.C11 — C11 +Cs o0n Q — | , we obtain,

0000000000 0 0]
011000000000
001010000000
000100000000
000010000000
Q__|0 00001000000
111000011000
001110 111110
1110110 11001
101010010110
110010011110
00110000 11 10 |

Now let, g(X) = go + g1X + g2x? +...+ gu1x*? be a polynomial of degree 11

To find coefficient of polynomial g(x), we have
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[0 000000O00O0O0O0 O]
011000000000
001010000000
00010000000 0O
00001000000 0O
000001000000
[90,91’92,---’911]'1 11000011000 | 0
001110 111110
111011011001
10101001 0110
110010011110
00110000 11 10 |

Which gives, g2=05=07=0s=010=0 and g1 =0s=011 : U3 =02=0s

Hence, g(X) =go+ giX + gax3 + gax* + gex® + gox® + grx*?

i.e.g(x) =B+ Ax+ Ax®+ Ax* + Ax® + Ax® + Ax™ ; where A,B € GF(2)-

Take A=1 and B is arbitrary. Now we shall find the g.c.d. of (f(x), g(x)) and (f(x), g(x)-1), we have
(f(x), g(x)) = 10011101 and (f(x), g(x)-1) = 111101. Hence,

f(x) = (100111010)( 111101) = (1+ x3 + x* +x5+xX7 )( 1+x + X2 + x3+x%)

Example 2.2 Let f(x) = x5+ 1 over GF(3)

The successive power of x needed for Q- matrix obtained by taking x3¢-Y modulo f(x) for 1 <i< 5 are 1, x3, x5,
X9, x12

Hence
10000 ] 0 00 00 ]
000 10 0-10 10
Q=|0-1 001 Q-1=l0-1-10 1
00 0 0-1 00 0-1-1
0010 0 | 0 0 10 -1 |

Now let, g(X) = go + g1X + gax? + gax®+ gax* s.t. (9o, 91, 92,093, 92)(Q-1)=O ,we obtain g1 =-g2=gs=- Qs
and go is any arbitrary element of GF(3). Take go = 91=03 = 1 & g2 = g4 = - 1. Now find out g.c.d. (f(x) , g(x)-
s); seGF(@3)

For s=0, (f(X),g(x)-s)=x-2
s=1, (f(x),9(x)-s)=1
s=2, (fx),g(x)-s) = x*+2x3+x?+2x+ 1

= X+ 1=(x+D)X + 23+ X2+ 2x + 1)

DOI: 10.9790/5728-1704015867 www.iosrjournals.org 61 | Page



Factorization of some Polynomials over GF(q) / < p(x)> - 1l

Example 2.3 Let f(x) = x* + 1 over GF(3)

The successive power of x needed for Q- matrix obtained by taking x3(-Y modulo f(x) for 1 <i< 10 are 1, x5,

X6, X9, X15, X18' X21, X24, X27

10 000 000
00 010 000
00 000 010
00 000 0 00
00-100 000
=100 000-10 0
00 000 00 0O-
01 000 00 O
00001 00 O
00000 00 1
0000 0 00O
0-1 01 0 000
00-10 0010
000-10 000
oy |0 0-10-1 000
00 00 0-2 00
0000 0 0-10
010000 0-1
00001 00 0
00000 00 1

9 .
Let g(x)= Z giX' s.t. (9o, 91, 92, ...,28, o )(Q-1) =0 i.e.
k=0

01=03=07; 02= -04= go= -Us = go and gs=0. Taking
0o=01=03=07=06=02=Qo=1;04=gs=-1land gs=0
= g(x) = 1+x +x2 +x3 — x* +x8 +x7 — x® +x°
Now find out g.c.d. (f(X) , g(x)-s) ; s € GF(3)
For s=0, (f(x),g(X)-s)=x®+2x>+x*+x?+x+1
s=1, (fx),g(x)-s)=x*+x3—x+1
s=2, (fx),g(x)-s) =1
= xO+1=0E+2F+x*+ 2+ x+ 1) (x*+x3-x+1)

Example 2.4. Let f(x) =x? + 1 over GF(3)

© o

O 0o opr OO 45 0

| o o
o o © o

|
O = O B

OoooooHOoO

O 0o ©O O ok, © O o

|
[N
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, X3,

<i< 20 arel

The successive power of x needed for Q- matrix obtained by taking x3¢-Y modulo f(x) for 1

X6, X9, X12, XlS' X18' X21, X24, X27, X30, X33, X36, X39, X42, X43, )(48l X51l X54, X57

000O00O
00O0O00O0

10 0 00 OO0 OOOO O OO

00010 00 O0OOO0OOO O OO

00 0O0OO0OTZ11O0

000O0O
000O0O
000O00O

0000 O OO

0100 0 00O

00 00O0OOO
00100 00 O
00000 OO O

00 00O

0 000100

10000

0 000 0 0O

00010
000O0O
000O0O
000O0O
000O0O
000O0O
0-1000

0 000 O OO
0 000 O OO

0

00

0-1000 00 O
00 00-1 00 O

0000 OOO

00000 OO-1 0000 OOO

00 000 O0O0 O

00-10 00O

0000 O-10

00 000 O0O0 O

0000 OOO

00 000 O0O0 O
00 00O0 OO

000O0-1
00O0O00O

0000 OOO

0
0

0000 OOO
0000 OOO

00100 0O

000O0O
000O0O
000O0O
000O0O
00100

00 000110 O

1000 O0O00O

00 000 OO0 O

0001 0 O00O0

00 000 O0O0 O

0000 OO01

00 000 O0O0 O

0000 OOO

00 000 OO0 O
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0 0 0000000000 0O OO 0O0O0O0O0O
0-10 10 000 0000 O OO OOOOO
00-1 000100000 O OO OOOOO
000-100000100 0 OO OOOOO
000 0-1 00 0O0O00OO0C 100 000O00O
000 00-1 000000 OOO0O 10000
0 0000O0-1 00000 OOO0 OOOOO
0-1000 0 0O-10 0OOO O0OOO OOOOO
00 00-1 0-1 0-1000 O0OOO OOOODO
Q—|=00 000 00-10-100 OO0 OOOOO
00000 O0OO0OO0O-20 000 0OO0OO0OCO0CO
00000 O0O0O0OO0O0O0O-1 0O-10 0O0OO0OCO0CO
00000 O0OO0OO0O0O0O0O0OO -1 00 O-1000
00000 OCOO OCOOO 0-10 000O0O0-1
00100 000 O0OO0OO0O 0 0-1 00O0O0O0
00000100 OOOO OO0OO -10000
00000000 2000 OO0 O-1000O0
00000000 OOO1 OO0 OO-100
00000000 OOOO0 OO1I O0OO0OO-10
00 000 OOO0C OOOO OCOO 0010 -1 |

19
Let g(x)= Z 0.X' st (9o, G1, G2, -.og18 G0 )(Q-1) = Olice.
k=0

= 01=03=-07=00;02=014=06=-018 ; Us=-08=-012=-016; 911~ - 913=017= -Q10 ; gs=0ss and Qi10=0.
Taking

900=91= 02=03=04=05=06 = Jo= §20= 011 = U212 = §14= 015 = §17= 018 = §19= 1 ; §7= g8 = 013= Q16 = -1 and Qo
= g(X) = 1+Xx +X2 +X3 + X4 + X5 +X6 _ X7 _ X8 +X9 + Xll +X12 _ X13 + X14 +X15 _ X16 + X17 +X18 + +X19
Now find out g.c.d. (f(x), g(x)-s) ; s €& GF(3)
For s=0, (f(x),g(X)-s)=x8—x"+x8—x% x3+x2+1
s=1, (fX),g(X)-s)=x*+x>—-x+1
s=2, (fX),g(x)-s) =xB+x7-xE—x>+x*-x3+x +1
Hence,

X0+ 1= (X8 x"+ X8 x4- B+ ( XA+ X2 X+ 1) (XE+ X -xE— x5+ x*- x3+x +1)

1. [1]Berlikamp’s Algorithm (Special Case) for factorizing the polynomials x"-1 over GF(q)
Step. 1. Write given polynomial f(x) = x"-1
2.Write down all cyclotomic classes over mod n and count the number of classes , let these be m.

3. In this step we find out polynomial g(x) which will be g(x)= a1 + ap + [(x)first element of second class 4 (second element of
secondclass 4 145 [... ]+ as[... ] +... where ai € GF(q).

4. Find g.c.d. (f(x), g(x)) by taking different value of a, as, as,...
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5. x-1=[ g.c.d.(f (x), g(x))

Example. 3.1 Let f(x) = x3-1 over GF(2)
The 2-cyclotomic cosets mod 3 are
Co={0}, C:={1,2}

Therefore, x3-1 factors as a product of x-1and one irreducible factor of degree 2. The factor of x3-1 are among
the H.C.F. of x3-1 with a+b(x+x?) ; a,b € GF(2).

Take a=b=1 in above and then apply Euclid’ s algorithm, we obtain
(x3-1)+ (1+x+x?) =x-1

Hence,

(x3-1)= (1+x+x?) (x+1)

Example.3.2 Let f(x) = x°-1 over GF(3)
The 3-cyclotomic cosets mod 5 are Co={0}, C:={1,3,4,2}

Therefore, x5-1 factors as a product of x-1and one irreducible factor of degree 4. The factor of x5-1 are among
the H.C.F. of x5-1 with a+b(x+x2+x3+x*); a,b € GF(3).

Take a=b=1 in above and then apply Euclid’ s algorithm, we obtain
(x>-1)+ (L+x+x3+x%) = x-1
Hence,

(x°-1)= 1+ x - 232+ x3+ x*) (x - 1)

Example. 3.3. Let f(x) = x’-1 over GF(2)
The 3-cyclotomic cosets mod 7 are Co={0}, C1={1,2,4}, Cs=3,6,5}

Therefore, x’-1 factors as a product of x-1and two irreducible factor of degree 3. The factor of x’-1 are among
the H.C.F. of x’-1 with a+b(x+x?+x*) + c(x3+x>+x®); a,b € GF(2).

Take a=b=1, ¢=0 in above and then apply Euclid’ s algorithm, we obtain

(X7-1)+ (L+x+x2+x) =x3-x-1

= g.C.d (X1, 1Hx+x2+x*) = 1+x+x2+x*

But we know that x” - 1 has two irreducible factor of degree 3 each.

= 1+x+x2+x* will be reducible and one factor will be x-1, other factor will be found by actual division i.e,
(L+x+x24x%) + (x— 1) = x3 +x%+1

Hence,

(X" -1)= (3+x2+1) (x*-x-1) (x-1)

Example. 3.4. Let f(x) = x1°- 1 over GF(3)
Here f(x) = x10-1 = (x>~ 1) (x+ 1)
Note that as in above Example 3.2

(x°-1)= (1+x - 2x2+ x3+ x*) (x - 1)
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and by Example 2.2
(X°+ 1)=(x - 2) (x* + 2x3+ x2+2x+1)

= x0-1=(x-1) (Xx-2) (L1+2x+x2+ 23+ x4) (1+ x +x%+ x3+ x4

Example. 3.5 Let f(x) = x?°- 1 over GF(3)

Now x%-1 =(x°-1) (x°+1)

Note that as in above Example 3.4

XV—1=(x-1) (X-2) (1+2x + X2+ 23+ x*) (1+ x +x2+ x3+ x* )

and by Example 2.3

(X2 +1)= (L-x +x3+ x*) (1+ x +x2+ x*+ 2x> + x°)

=S x0-1=(x-1) (Xx-2) (142X + X2+ 23+ x*) (1+ X +x2+ x3+ x* )
(L-x+x3+x%) (1+ X 02+ x4+ 2x5 + x9)

Example. 3.6 Let f(x) = x*°- 1 over GF(3)

Now x*-1 =(x*°-1) (x*°+1)

Note that as in above Example 3.5

X0 —1=(x-1) (Xx-2) (1+2x + x>+ 23+ x*) (1+ x +x2+ x3+ x* )
(L-x+x3+x4) (1+ x +x2+ x4+ 2x5 + x9)

and by Example 2.4

X+ D=L+ x2=x3—x*+ x5 X7+ xB) (1- x +x2+ x* ) (1+ x -x2— x3+ x* -x5- x8 + X"+ x)

=S x0-1=(x-1) (x-2) (1+2x+x2+ 23+ x*) (1+ X +x2+ x3+ x* )

L-Xx+3+x) (X +2+ XA+ 2+ x8) L+ x2—x3—x*+ XB X"+ x8) (1-x %+ x*) (1+x -x?
7X3+ X4 _X5_ X6 + X7+ X8)

Also we have

XE+2x5+x X3 +1= (X2+1) (X-Xx3+x+1)

X8 — XT4x8- x4 — x34+x% +1= (X*-x3+x%+1) (X%-x+1) (X?+x-1)

X84 X7 - X8- x5+ x4 x3- X2 +x+1= (XHXEHXPH]D) (X X24x+1)
Hence

X0-1 =(x-1) (X-2) (1+2x+ X2+ 2x3+ x4) (1+ x 2+ x3+ x4 )

(L-X + X3+ X*) (1- X +x2+ x4 ) (X3+1) (X*-x3+x+1) (x*- X3X24+1) (X2-X+1) (X24+X-
1) (x*+x3+x2+1) (X* x2+x+1)

IV. Comparison between the two methods( i.e. factorization through cyclotomic coset and factorization
with the help of Berlikamp’s algorithm) :-

Method I : (Factorization Through Cyclotomic Cosets)

(1 This method is useful for finding the irreducible factors of the polynomial x" — 1 over GF(q) where
(n,q)=1.
(i) For large ‘n’ the number of cyclotomic cosets may be large.
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Method I1 :

[1].
[2].
3]
[4].
(51

[6].
[71.

(iii)

(iv)
v)

(vi)
(vii)

()
(i)
(iii)
(iv)
v)
(vi)

(vii)
(viii)

If ‘m” the multiplicative order of g mod n, is large then some times it is difficult to find a
irreducible polynomial of degree m.

For large q it is difficult to find primitive element of GF(q).

If the size of a cyclotomic cosets is large, then to find corresponding minimal polynomial is
difficult.

For large ‘n’ it is again difficult to find primitive nth root of unity.

The number of cyclotomic cosets and their size respectively gives information regarding the
number of irreducible factors of X" — 1 and their degree.

Basically this method is very appropriate for factorizing x" — 1 for small ‘n” over GF(q), where ‘m’
is also small.

(Factorization Through Berlikamp,s Algorithm)

This method is helpful for finding the factors of a general polynomial of degree m over GF(q).
For large m, the Q-matrix becomes very large.

In general case, to find the coefficient of the polynomial g(x) s.t. g(x).]Q — 1] =0 is laborious.
If g is large, then it is difficult to find g.c.d.(f(x), g(x) — s), where s € GF(q).

The factor of f(x) may not be irreducible.

In general case, we have many choice for the coefficient of g(x). We can choose those coefficient
which reduces the calculation work.

In special case , if ‘n’ is large then the number of cyclotomic cosets may be large.

In special case, if number of cyclotomic cosets is large or the size of the cyclotomic coset is large,
then to find g(x) is difficult.

V. Conclusion

Thus from above discussion , it is clear that every case has its oven merit and demerits but one thing
which is basically true is that both cases are good for small value of the parameter i.e. the degree of the
polynomial , size of the field and the multiplicative order’ .The case | gives us the factorization of x" — 1 into
its irreducible factors but in case Il we factorize a general polynomial of degree ‘n” whereas its factors may not
be irreducible.
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