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1. Introduction and Preliminaries

The Jacobsthal sequence (sequence A001045 in [25]) {J,} is defined recursively by the equation, for
n=0

Ty 37

in which Jy =0 and Jj = 1. Then Jacobsthal sequence (second order Jacobsthal sequence) is

0,1,1.3,5,11,21,43,85,171, 341,683, 1365, 2731, 5461,10923, ...

This sequence has been studied by many authors and more detail can be found in the extensive liter-
ature dedicated to these sequences, see for example, [1,2,3,10.11,13.14,15.16.17.19.20.21]. For higher order
Jacobsthal sequences, see [4.5,6.7.8.9.12,29].

In this paper, we introduce the generalized fifth order Jacobsthal sequences and we investigate, in detail,
six special cases which we call them fifth order Jacobsthal, fifth order Jacobsthal-Lucas, modified fifth order
Jacobsthal. fifth order Jacobsthal Perrin. adjusted fifth order Jacobsthal and modified fifth order Jacobsthal-
Lucas sequences. First, we recall the definition and some properties of generalized Pentanacci sequence.

The generalized Pentanacci sequence (or the generalized (r, s,f, u, v} sequence or 5-step Fibonacci se-
quence)

{Walnzo = {Wa(Wo, Wi, Wa, W3, Wy; 7, 5,8, u,v) }nzo
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is defined by the fifth order recurrence relations
We=rWo 1+ W, o +tWos +ulW, g +vW,_5, Wo=a Wi =bWy=cWy=d Wy=¢ (1.1)

where the initial values Wy, Wy, W, W5, Wy are arbitrary complex (or real) numbers and r, s, ¢, w, v are real
numbers. Generalized Pentanacci sequence has been studied by many authors and more detail can be found
in the extensive literature dedicated to these sequences, see for example §27,22,23,24:. The sequence {Wr.}nzo

can be extended to negative subscripts by defining
; U b s &8s Fx: y Yo
14'_" = _;H'l—{n—l) == ;“‘4—(7‘.—2) — ;“—(n—?) - ;H‘_l‘n_“ - ;W —(n—Sj)

for n =1,2,3,.... Therefore, recurrence (1.1} holds for all integer n.

As {W,,} is a fifth order recurrence sequence (difference equation), it’s characteristic equation is
z® —rzt —s2° —tx’ —uz —v=0 (1.2)

whose roots are a, 3,7,4, A. Note that we have the following identities:

a+3+7+6+A = 1
af+arl+ay+ 3 A+ad+8v+ A7+ 88+ A +798 = —s.

aSA+abv+aldy+a8i+ard+B8Av+ayd +SA+ 8y +Ayd = ¢,
aSAy+al8M +afvd +aAyé +5Av8 = —u

aSvéA = w.

Generalized Pentanacci numbers can be expressed, for all integers n, using Binet’s formula.

THEOREM 1. [27] {Binet’s formula of generalized (r, 8, t, w, v) numbers (generalized Pentanacci numbers))

pia” p28"

e a=Ba-N@-9)a-2%  (B-a)lB-n{E-3E-N e
1 _PaY + i .
(r=a)y=8)(r=9(r-2)  (6-a)6-5(-7(-)
psA”

=)= -0
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P1 = Wa—(B+7+8+ AW+ (BA+8y+ My + 80+ A6 +70)W,
—(BAy + BAS + 879 + Ayd) W1 + (BAyd) W,
P2 = Wi—(a+7+d+ AW+ {ad+ay+ad+Ay+ Ad+~9)W,
—(aAy + aAé + a7 + Ay8)W1 + (@Ayd)Wo,
ps = Wi—(a+8+0+ AW+ (a8+ar+ SA+ad+ 36+ AW,
—(aSA + aB6 + aAé + A )W, + (aBAd) Wy,
pe = Wia—(a+8+7+A)Ws+ (a8 +ar+ay+ 88X+ 87+ Ay)We
—(a8X + a8y + ady + SAv )W + (a8Avy)W,,
ps = Wi—(a+8+v+8Ws+(a8+ay+ad+ 87+ 86 +~0)W,
—(afy +alé+ avd + 3761Wy + (aSv6)1W,.
Usually, it is customary to choose , 5, £, u, v so that the Equ. (1.2) has at least one real (say a) solutions.
Note that the Binet form of a sequence satisfying (1.2) for non-negative integers is valid for all integers n,

(see [18], this result of Howard and Saidak [18] is even true in the case of higher-order recurrence relations).
o0

Next, we give the ordinary generating function 3 W,2" of the sequence W,.
n=0

LeEmma 2. [27] Suppose that fu (x) = 3 W, is the ordinary generating function of the generalized

n=0

(r,5,t,u,v) sequence {Wy,}lnzo. Then, Y W,a" is given by
n=>0

2, 0
Waz" = — (1.4)
,-Z:-—o ¥ 1—re—sx? —t2% — uzt — vad )

where
Q =Wo+(W,—rWo)z + (Wz—rW 1 —s!-i-"o)xz-‘r-( W,—rWao—sW —tl‘i-"o)xa-\‘-(n-’ 4—TWa—sW,y—tW, —uﬂ"o)x‘.

We next give Binet formula of generalized (r,s,t, u,v) numbers {1¥,.} by the use of generating function

for W,.

THEOREM 3. [27] (Binet’s formula of generalized (r,s,t,u,v) numbers)

X qia” 25" 55
Vo = GoPla-nG-0@-n " E-aF-1E-0E-N (1-9)
3 g™ %, qsé”
Jf o Y owpy oy s iy 7 7 1 g7 gy
gs A"

TR=ar =8 - (A =9)

DOI: 10.9790/5728-1702010123 www.iosrjournals.org 3| Page



A Note on Fifth Order JacobsthalNumbers

where

¢ = Wea®*+ (W; —rWp)a® + (W, — r¥; — 51 )a’

+(W3 — rWa — Wy —tWla + (W — rW; — sW, — W7 — oll),
g2 = WoB+(Wy —rWy)8% + (W —rWy — sW,)8°

+(W5 —rWs — sW7 — W) 5 + (W — rW5 — sy — iW; —uli),
gz = Woy™ + (Wi —rWo)y® + (Wo — vl — 5T )’

+(W3 — rWa — sWy —tWy )y + (W — rW; — sW, — 17 — 0Wy),
gs = Wpd* + (Wi —rWy)8° + (W, — rWy — sW,)8°

+(W3 —rWy — sWy —tW)6 + (Wy — rW3 — s3W,p — tW7 — v,
gs = Wor*+ (W1 —rWp) A% + (Wa — rW; — sWy)A?

+(Wy — rWa — sW7 —tWo ) A + (W3 — rW5 — sl — £ — olig).

In this paper we consider the case r = s =t = u = 1,v = 2 and in this case we write V, = W,.

A generalized fifth order Jacobsthal sequence {V.}nzo = {Va(Vo, Vi, V2, V2, Vi) }nzo is defined by the fifth

order recurrence relations
Ve=Vao1 + Ve + Vg + Vs =2V, (1.6}

with the initial values V5 = ¢g, V] = €1, Va = €2, V3 = ¢35, Vi = ¢4 not all being zero.
The sequence {V,}»>0 can be extended to negative subscripts by defining

1._, 1. 1 s [l -
Vo =—3Voin-1) — 5V_o(n-2) — 5""-(»—.-3\, —sVo(n-9) + V- (n-9)

2 2 2 2
for n =1,2,3,.... Therefore, recurrence (1.6) holds for all integer n.

As {V,.} is a fifth order recurrence sequence (difference equation), it’s characteristic equation is

<

-zt -2t —z-2=(z-(z*+2+ 2 +z+1)=0. (1.
The roots a, 3,7,d and A of Equation (1.7) are given by:
a=2,

V25 +10.
—_—1,
1

/275 +
‘ (\,”’5—1) _ N 2\.: - 10i

g§=2(vVs-1)+

W | s

g ri

W |

vV=2v5+ 102.

4 T
V=2v5+10
Tt.

5 1, ~
d=—(Vo+1)+
4(_\/ )

1
A= —Z(\f’3+1‘; i

DOI: 10.9790/5728-1702010123 www.iosrjournals.org 4 | Page



A Note on Fifth Order JacobsthalNumbers

Note that we have the following identities:

a+8+v+5+A = 1,
ad+ar+ay+S8A+ab+ 87+ A7+ 80 +A+76 = -1,

aSA+adv+ary+aSd+ard+ 8y +ayd +8A+ B8y + 8 = 1,
aSdy+alAd +advd ~aryd+ Ay = -1

a8yér = 2.

The first few generalized fifth order Jacobsthal numbers with positive subscript and negative subscript are

given in the following Table 1.

Table 1. A few generalized fifth order Jacohsthal numbers

n Va |

0 Vo

1 Vi v-v-1lwn-1v-1in

2 Va e-thi—-a-1e—1iV

3 Va h-tnh-vn-1n-1iv

4 Vi e L ) CE S e

5 Wo+Vi+Va+Va+ 1V, R R e A

6 2Vp + 3V + 2V, + 215 + 2V Av, - Zvi-Zw, - By, - By,

7 4Vo +4V; + 5V, + 415 + 41 En-En-Zn-Zw-2v,

8 8Vp + 8V; +8Va + 915 + 8V, Wy, -Zvi-Zy-2n-2

9 16Vp + 16V; + 1613 + 1615 + 17V} Lv-Zh-Eva- ml, 31»‘4
10 34V, +33V3 +3312 +33V5+33V, 2Ly, - v - v -2y -2y
11 66V, +67Vy +66V; +66V;+66V, 2oLy, — 1987y, 1087y, _ 1087y, _ 1087y,

1057

12132V +132) + 133V, + 132V3 + 132V, 3932V5 — 3982V; — 3051V2 — 3032Ve — 0ecVa

13 264V, + 264V + 264V + 265V + 2641, 1135y, — 198y, — 1087y, _ 1051y,

105 ‘4

Now we define six special case of the sequence {V,.}. Fifth-order Jacohsthal sequence {J,:. }nZD-. fifth

order Jacobsthal-Lucas sequence {j,(‘s)},,-)o modified fifth order Jacobsthal sequence {K':s)},,m, fifth order

Jacobsthal Perrin sequence {Qn )}n >0 , adjusted fifth order Jacobsthal sequence {S..1 },a -9 and modified fifth

order Jacobsthal-Lucas sequence {Rn -},.,20 are defined, respectively, by the fifth order recurrence relations

J(S)

3]
%

Jo

J(‘”

n

IE + I8, + 78, + 58, 4259, (1.8)
0,57 = 1,75 =1,7" =1,7" =1

3 5 (s (5) ¢ \
it il i+ il 2 (1.9)

= 2,j =1, =5, =10, =20,
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kX, = KO+ KDL+ EE + KD kD, (1.10)
E® = 3K =1K" =3 K =10,k =20,

( ( sy (5) ¢ 5 { \

Qf—‘o)-s = Q&:s)4 - Qisia L Q,la:)-z + in)-l - 2Q£:)= (111}

) ) (
'(JS) = 3 Q(S =0, ngj L Q:ng 8, Q:” .\

g8y = 88+ 5+ 880 +58 +250, (112)
s = 0,58 =15 =158 =2 5% =

RE. = RS, +RE. 4+ RE, +RE) +2RE) (1.13)
RY = 5 RY=1,RY =3 RY =7R’ =19.

The sequences {Jn )},,>o, {J(n}n;o {K. l"’)},,Zo, Q"s)}“>o‘ {S(s‘},oo and {Rs. )},,>o can be extended to neg-
ative subscripts by defining

1

I = _%Jf()n—ﬂ - 5J(_"'(],,_2) 2‘7 Sy = I+ 2Jl‘?"'°‘ K
g = ‘%iﬁ:)n-n %j@n-z} ;’(?n-e' ;’-sl\"-“ ) ;’-')"-5' e
KE = ‘5K(_58n_u QKI-S()r—z) 2Kl—5(\n—3) 2K(-stln-“ ¥ %K(:()“‘“’ L=

(_5,', = —-_Q(_s()n_u — EQ(_&(?"-:} cx lQ(—&i}n—a) = %Q(—S«]n—é) Q_(,,_sy (1.17)
g = _%s(—S{}n—I) —% ) = 25‘-53"—3) _%SE,’)“-“ L 231‘5“"'5" KR
RY) = _%ngn—l) D %R{f()m-z) X %R(-s()n—an gRt—s()n-A) x ;R(—s«]n—sl’ {19

for n=1,2,3, ... respectively. Therefore. recurrences (1.8)-(1.13) hold for all integer n.

In the rest of the paper. for easy writing, we drop the superscripts and write Jy,, Jn, K, @n. Sn and
R, for J, ,{;5),)}{’), 'ﬂs},Qﬂs), ) and R, respectively. Note that J, and j, are the sequences A226310,

A226311 in [23], respectively.

Next, we present the first few values of the fifth order Jacobsthal, fifth order Jacobsthal-Lucas. modified
fifth order Jacobsthal . fifth order Jacobsthal Perrin, adjusted fifth order Jacobsthal and modified fifth order

Jacobsthal-Lucas numbers with positive and negative subscripts:
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Table 2. The first few values of the special fifth order numbers with positive and negative subscripts.

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13
® 0 1 1 1 1 4 9 17 33 65 132 265 529 1057
J(S) -1 0 1 3 ael peed i@ 31 95 _ 83 _545 _ 33 991
-n 2 3 Ej 16 32 73 127 256 312 1023 2048
j}zs) 2 1 5 10 20 40 77 157 314 628 1256 2509 5021 10042
(5} 1 1 1 11 13 13 13 13 37 397 397 397 397
J—n 2 ry - 73 Te 37 rEy 128 256 55 To22 2033 309¢
’}.5) 3 1 3 10 20 40 T3 151 306 612 1224 2443 4887 9778
K©®) 3 2 13 _21 59 59 59  _453 _ 709 1851 1351 1851  __ 14333
-n 2 r 7 6 32 G} 125 256 512 1024 2045 3096 §192
',',5" 3 0 2 8 16 32 38 118 240 480 960 1914 3830 7664
(3) g - SRR, | N T ) 67 67 _ 445 _ 957 2115 2115 2115 _ 14269
-n 2 4 g 16 32 64 125 256 512 1024 2045 4096 F192
Slf) 0 1 1 2 4 8 17 33 66 132 264 529 1057 2114
(3) 1 1 1 1 1 31 33 33 33 33
S 0 0 0 3 - —F ~i T3 s i “me 31 1o
R},s} 5 1 3 7 15 36 63 127 253 511 1028 2047 4095 8191
R(i) 1 _3 _7 _15 129 _63 _ 127 _ 3255 _ 511 4097 _ 2047 _ 4095 _ §191
—n 2 3 g s 32 64 25 256 312 To024 2045 4096 F192
o0
Next, we give the ordinary generating function Y V,.z" of the sequence 1,.
n=0

oo
LeEMmMA 4. Suppose that fy, (z) = 3 V,a" is the ordinary generating function of the generalized fifth

n=0

oS
order Jacobsthal sequence {Vi}nzo. Then, > V,2™ is given by

n=0

_ Vet (Vi Vo) + (Vy=Vi=Vo)z' +(V;=Va—Vi=Vo)e +(V,~Va=Va=V1-Vo)z*

1—z—2? — 23 — g4 — 25

Proof. Taker=s=t=u=1,v=2inLemma 2. O

The previous Lemma gives the following results as particular examples.

COROLLARY 3. Generated functions of fifth erder Jacobsthal, fifth order Jacobsthal-Lucas. modified

fifth order Jacobsthal , fifth order Jacobsthal Perrin, adjusted fifth order Jacobsthal and modified fifth or-

der Jacobsthal-Lucas numbers are

o
E‘] 5 z—a — 22

T = 2 ?
o 1—x—2? — 2% — 2% — 228

! 2 —z+ 22>+ 227 + 2z2°
E ™ = 3
1—a—a?— 2% — 2% =225

ZK i 3 -2 —z* +32° +3z°
" l—z—2?— 2% — 2% — 225"

3—3x—2%+ 3x% - 3z*
50w

1—z—22 —a% —z%—2z2%’

- x
ZS,,:C o 2 3 E) 50
l—z—2°—2%—2% - 22°
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iRﬁx"— 5 — 4o — 3% — 22% —o*
T 1l—z—2a?—2% -2t - 228’

n=0

respectively.

We next give Binet formula of generalized fifth order Jacobsthal numbers {V,.} by the use of Theorems

1 and 3.

THEOREM 6. (Binet formula of generalized fifth order Jacobsthal numbers)

Vo Bl +- ___af (1.20)
" (a—8)a—7){a—38)a—-2) " (8—a)(8—7)(8—-68)(8—21) '
3 czY"
(y—a)(y=8)(v—38)(v—A)
csd” cs A"

=B -0 -7C-»  (-a)A-BA-N(A—0)
where
g = Vi—(B+7+0+A)Va+(BA+87+Av+ 88+ A0+,
—(8My + 8A8 + 878 + Av0)Vi + (8M6)Va
= Vea'+ (W1 —Vp)a® + (15 — 13 — Vp)a’

\

+HVa—Va— Vi = Vo)a+ (Va— Vs = Vo = Vi — Vp),

2 = Vi—(a+y+0+A)Va+(ad+ay+ad+Ay+A6+78)V2
—(ady +ald + o + Ay6)Vy + (aAvd) Vg
= WS+ (Vi -W)8" + (2 -1 - )8’

V=V =V —V)8+(Va-Va-Va-Vi— W),

g = Vi—(a+8+0+AVz+(a8+ar+8A+ad+ 56+ A8)1,
—(aB8A+ aB86 + aAd + SA)V; + (a8Ad) 1,
= W'+ -+ (V- -Vh'

+HVa—Va - Vi—Vo)y+ (Va = Vo= V2 = Vi — V),

s = Via—(la+3+y+2Vz+(a8+al+ay+ 382+ 8v+ 2V,
—(a8A +aly+ aly + 520)Vi + (@82 VW,
= Vot + (Vi —1p)6° + (Va — 1) — Vp)8?

+(Va=Va =W = Vo)b+ (Va= Vo= V2= 1Vi = Th),
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s Vi—(a+8+7+8)Va+(a8+ay+ad+ 8y + 86 +79)V;
—(a8y + aBé + ayé + 5v)Vi + (aBy0)V,
Vodd + (17 = Vp)A? + (V2 — V3 — Vp)A?

+(Va=Va—Vi—VoA+(Va—Va=Va—Wi —Vp).

Next, using Theorem 6, we present the Binet formulas of fifth order Jacobsthal, fifth order Jacobsthal-
Lucas, modified fifth order Jacobsthal . fifth order Jacobsthal Perrin, adjusted fifth order Jacobsthal and
modified fifth order Jacobhsthal-Lucas sequences.

COROLLARY 7. Binet formulas of fifth order Jacobsthal, fifth order Jacobsthal-Lucas, modified fifth order
Jacobsthal . fifth order Jacobsthal Perrin, adjusted fifth order Jacobsthal and medified fifth order Jacobsthal-

Lucas numbers are

(@® —a—2)a" (8° -8 =2)8"

= EeBe-Ne-0E-N  G-aE-ME-0E -
3 (¥ =y=-2" T (8° -5 —2)0"
(v=—a)y=8)y=38)(v=A) (B—a)d-8)(6—-1)(d-2)
B (A =a—2)x"
TA-a)A - -NMA -8y
. {a*+4a7+4a? +da+d)anl | (84 +45° +48° +45+4)57!
& @—B)a—Na-"3)a-2 = B-a)B-NE-3FE-N
(P Hay )y (60 4487 £ 487 48+ 4)8n!
T (r—a)r-8)r-8)(r=-A " (B-a)d-8)(E-1E-N)
(A* +42% + 427 +4x + 4)A™!
TR—R B - -0) ’
- (a* +2a% +6a® + 6a +6)a"!  (8*+25°+632+63+6)8"!
" (= 8)(a—7){a—13d){a-2A) (8—a)(8—7)(8-9d)(8—-A)
(V2P +673 467+ 6" (8% +26° + 687 + 65 +6)8""
=l =8 =8 —%) | (-a)8-8)-70E-A)
(AT 207+ 607 - 6A+6)A"
T (A-a)A=8)A-7)(Ar-9)°
0. = 2(a® + 3a® + 3a + 3)a™! 28 +38+33+3)8"

(a@—8)a—1)a—-¢)(a—2A)
2(7° +37 +3y + 3!

(8—a)(B8—7)(8—-38)(8—-A)
2(6° +35% + 35 + 3)o"!

-2 -8 -9 -
2N =3 433!
A=a)A-8)A-7)(a-48)’

(6—a)(d-2)(s—7)6-A)
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a“+3 ‘30+3
% = EoRE-E-9e-N T E-a-NFE-9G -V
..!n+3 6n+3
= -8 -0(1-N  (B-aE-8G-7F -2
/\n—J

(A=a)A=8)A-m(r=-¥)’
Rﬂ=an+3n+7n+6n+/\n

respectively.

Binet formulas of fifth order Jacobsthal, fifth order Jacobsthal-Lucas, modified fifth order Jacobsthal

, fifth order Jacobsthal Perrin, adjusted fifth order Jacobsthal and modified fifth order Jacobsthal-Lucas

numbers can be given in the following forms:

4 A oy
31 155

Jn = (6v/5 +5) + 2VZ\/ V5 + 5(6 + VB)i)8"

1 =/ o
+—(—fe\f€+ 5) + 2v2\/ V5 + 5(6 + VB)i)y"

+m((6v5 — 5) + 2v2\/ 5 — V3(V/5 — 6)i)6"

+m((6v5—51+2\/_\ 5—\/’( V5 + 6)i)A",

: 38 T
je = "+_(12(20 7v5) + \/ V5 + 5(111/2 + 3y/10):) 5

31 1240

lf— p—
—m(lz(?o TV5) — /5 + 5(1114/2 + 3/10)i )™

——(12(20 + TV3) + / (8 V3(1114/2 — 3,/10)i)6"

o
1 —
+ = (12(20 - TV/5) + /5 = VA(-111V2 + 3VT0)i)A",

37

K, = —a"+ 0@(13» +140) + V2y/ V5 + 5(73i + 69iv/5)) 8"

31° T4
P —
1240 ——(4(13V5 + 140) — v/ 2\ V5 + 5(73i + 69iv3))7"

1
T —13v/5 + 140) + v2y/ '5 — V/5(73i — 69iv/5))8"

1240(.1( 13\/_-—1-10)+\/_\/5—v5(—"3z+69w5)},\

Q. = 2 +—(8(80+3\/_)+10\/5\, V5 +5(11 + TV5)i) 8"

31 1240

-;-—J,s(so +3v3) — 10v’§\,"'\/5+ 5(11 4+ 7V5)i)y"
J—

1240(8(80 3v/3) + 10v2\/5 — v/5(11 — Tv/5)i)5"

1240(8(80 3v",—10v2\,5-v"( 11 + 7V5)i)A",
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T 1 S N o fail o5 4 AT n
Sn = Zra”+ o (4(=20+7V5) — VY V34 5(37i +iV5))8

1 _ ;i |
+ 420+ TVE) + VB VB + 5(3Ti + iVE) )y

TS o= i
o (420 + TVE) + VZy/ V5 + 5(21 — 19v/5)i)5

k. 12140(—4(20 +TV3) + V2 VB + 5(=21 +195)i)A",

R,=a"+38"++4"+d" + A"
2. Simson Formulas

There is a well-known Simson Identity (formula) for Fibonacci sequence {F,}, namely.
Fop1Foi —Fp=(-1)"

which was derived first by R. Simson in 1733 and it is now called as Cassini Identity (formula) as well. This
can be written in the form
Fot1 Fu
E, F.a

=(-1)".
The following Theorem gives generalization of this result to the generalized Pentanacci sequence {1#:}.

THEOREM 8 (Simson Formula of Generalized Pentanacci Numbers). For all integers n we have

Wots Ways Wass Wapr W, W, Wy W W; W,
Wiis Wayz Wayn Wa Wag Wy, W, Wy, W, W,
Wory Wapr Wa Waqg Waa |=2"|Wa Wi W, W.; W., | (2.1)
Wt Wa Wiy Way Waog W, W, W_; W_, W
Wo Wai Wiy Wag Wag Wo W_y W_, W_; W,

Proof. (2.1) is given in Soykan [26, Theorem 5]. O
A special case of the above theorem is the following Theorem which gives Simson formula of the gener-

alized fifth order Jacohsthal sequence {V,.}.

THEOREM 9 (Simson Formula of Generalized Fifth-Order Jacobsthal Numbers). For @ll integers n we

have
et Vars Voro Vapr Wi Vi Va2 WV W W
sz Vara Vana Voo Vo Vz Va2 Wi W V4
fntz Vot Vo Voo Voo |=2"V2 Wi Vo Vo Vo, | (2:2)
e Vao Voo Ve Vg Vi W Vo4 Vo Vg
Vo Voo Vaoa Vi Vs Vo Vo Voo Vg Vg

The previous Theorem gives the following results as particular examples.
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CoOROLLARY 10. Simson’s formulas of fifth order Jacobsthal, fifth order Jacobsthal-Lucas, modified fifth
order Jacobsthal . fifth order Jacobsthal Perrin. adjusted fifth order Jacobsthal and modified fifth order

Jacobsthal-Lucas are given as

Kn+l Kn

Sn+a
Sn+3
Snt2
Snt1
Sn
Rois Rnys
Royz BRuy2
Rtz Run
Rp41  R.
Ba: wlla=1

respectively.

Ints Intz Jntz Jnst
Jpnts JInzz Jnt1 Jn
Iny2 Jns1 JIn Jnaa
Jnr1 I Jnm1 Jnz
Jn  Jp—1 Ju—z2 Jn-z

In+da  Jnt3 Jn+2 Jngd
Jn+3z Jnt2 Jn+t Jn
Jn+2 Jn4l Jn Jne1
Jn+l Jn Jn—1 Jn-2
jn jn—l Jn—2 jn—?
Kn+-'l Kn.?? I{l’l+2 Kﬂ?l
Koory: Kisn ooy R
K,.. K,.1 K, K,

K—n—l Kn—2

Kn Kn—l I{n—" Kn—?

Snt+z3 Satr2 Spna
Sn+2 Snx1 Sk
Sp+1 Sn S
Sp Sp—1 Sp-a
Sn-1 Sp—2 Sn

Rpts Rpta
R.y1 Ry
AT 42 S
R.1 Rn-2
R -3

I
S
T2
In—3
Jn—a

In
jn—l
jn—2

jn-—?

Jn—a
K,
Ky
K2
K3
Kp—4

Qnss Qnis Qnyz Qnar @n
Qn+s Qn+z Quy1  Qn
Qrsz Qn+1 Qn  Qn-
Qrsr Qn  @Qn-1 @Qn-—2
Qn Qn-1 Qn-z2 Qn-s

Qn—l
Qn_n | =1595 x 2"
Qu—.?
Qn—d

Sn
Sn—1
-1 Sp-2
Sp-3
-3 S

R,
R,y
R._»
R._3
Rn—a

=11 x 2*?

= 1539 x 2777

= 17057 x 2°~*

P 2!’!—1

-4

= 120125 x 2"~
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3. Some Identities

In this section, we ohtain some identities of fifth order Jacobsthal, fifth order Jacobsthal-Lucas, modified
fifth order Jacobsthal, fifth order Jacobsthal Perrin. adjusted fifth order Jacobsthal and modified fifth order

Jacobsthal-Lucas numbers. First. we can give a few basic relations between {J,.} and {j.}.

LEMMa 11. The following equalities are true:

57Jn = —Yn+a +10jniz +29jns2 — Yjns1 — 28)n, (3.1)
570 = jntz+ 20jns2 — 18jns1 — 3Tjn — 18jn1,
57Jp = 21jn+2 — 1jnt1 —36jn — 1Tjn—1 + 2jn-2,
57J, = 4jnt1—19jn +4jn—1 + 232 +42jn—3,
570, = —11jn+8jn—1 4 2Tjn—2 +46jp—3 + 8jn—4,
and
22§, = —TIpis+41Jp5—130p12 +23Jpsy — Iy,
1 = 17Jaga — 10J052 +8Jnsr — 4T — Tdns,
jn = TTpts+ 250541 + 137, + 10,1 + 34T,
11§, = 32Jp41 +20J, + 17Ty + 41,y + 147, _3,
11, = 52J, +49J,1 +73J,—2 +46J,,_5+ 11J,_4.

Proof. Note that all the identities hold for all integers n. We prove (3.1). To show (3.1}, writing
Ip =@ X Jpea + 0 X juyg+C X Junra +d X jut1+€ X Jn

and solving the system of equations

Jo = aXja+bXjz+exja+dxji+exjo
Ji = aXjs+bxjg+exjz+dxXjatexj
Jp = axXje+bxjs+exja+dx jzt+exja
J3 = aXjr+bXxjeg+exjs+dxjit+exjs
Js = aXjg+bXxjr+exje+dxXjs+exjs
we find that a = —%,b= ;—g,c=%,d= —%,e = —%. The other equalities can be proved similarly. O

Note that all the identities in the above Lemma can be proved by induction as well.

Secondly, we present a few basic relations between {J,} and {S,}.
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LEMMA 12. The following equalities are true:

2J, = Sn+4 T Sﬂ+3 - 3Sn+2 + Sn+1 =+ 357::
I = = n+2 T Sr.d—l & 2Sn + Gp-1,
Jn = Sn e Sn-2 - 2371-3;
and

115, = 3Jr.+4_5Jn+3+4Jﬂ—:-2 _2Jn+1 + 2J,,
115, = _2Jn-,—3 + 7Jn-—2 + Jnt1 + 5J, +6J._1,
118, = dJpin —Jps:1 +3J+4J1 — 4,0,
118, = 4J,.1+8J,+9J—1 + Jp—n2 +10J,,_3,
115, = 12J,+13J,1+3Jpn+14J,_3+8J,_4.

Thirdly, we give a few basic relations between {J,} and {R,}.

LEMmMa 13. The following equalities are true:

4805J, = 319R, .4+ T1Rn+5 —425R 42 — 1417R, o — 518R,.

4805J,, = 390R, .3 —106R,.» —1098R,1 —199R, +638R, 1,

4805J,, = 284R, ., —T08R,.;+191R, + 1028R,,_1 + 7TS0R,,_,.
4805J, = -—424R,.1+473R,+1312R,_1 + 1064R,,_; + 568R,,_3.
4805J, = bH1R, +888R,_1 +640R,_, + 144R,, 5 — 848R, 4,
and
44R, = —9TJ,q+191J, 5 — Joia +127J, 11 + 1157,
2R, = 4TJp13—49J,22+15T541 +9J, — 97,1,
11R, = —Ja42+31J521+28J, —25J,_1 +4TJ5_1,
11R, = 30J,41+27J, —26J,_1 +46J,_2 —2J,_3,
11R, = 57J,+4J,1+76J,_0+28J,_5+60J,,_4.

Next, we present a few basic relations between {j.} and {S,.}.
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LEMMA 14. The following equalities are true:

4jn = Bnta+ Sntz+ Snra + Sps1 — 115,
2jn = Spt3+ Spsa+Sp+1—35,+ S,
ju = Susz+Sast— 25, +Sucy +Saa,
jn = 28mi1—S5n 42501 +25, s+ 25,3,
Jn = Sp+4S,_1 +45,_2+45,3+45,-4,
and
37S: = Jnt+a+tJn+3 +Jnt2 +in+1 — 18]n,
O ST NP | RORNEY | PRI | (WEC (O
375, = 4jntz+4jns1 —15)n +4jn-1 +4jn-2,
578, = 8jn+1 —11Jn +8jn—1+8jn—2 +8jn-3,
B7G, R A ST A AR 4

Now, we give a few basic relations between {j.} and {R,}.
LEMmMa 13. The following equalities are true:

4805j, = —581Rniy+ 90TRyrs+ 1000R, 4y + 1186R,,.; + 1558R,,,
4805j, = 326R,.5+ 419R,.2 +605R,41 + 97TTR, — 1162R,_;,
4805j, = T45R,42+ 931R,.q + 1303R,, — 836R,_1 + 652R,_»,
4805j, = 1676R,.; + 2048R, — 91R,_1 + 1397R,_, + 1490R,,_5,

4805j,, = 3724R, +1585R, 1+ 3073R._» + 3166R,_5 + 3352R,._4.

and

114R, = 4ljnis+3jntz — 3Djns2 — 263jnt1 + 79)n,
STRy = juist Sips— MLjapy+ 605s + 41y,
5TRy, = 25jns2 —89jns1 +82), +63j,—1 +44j,_a,
57TRn = —64jps1+107jn +88jn_t +69jn2 + 50j,—g,
STR, = 43§, 4 2M4jn_1+ 5jaz = 14jo_3 = 128jna.

Next, we present a few basic relations between {S,.} and {R.}.
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LEMmMaA 16. The following equalities are true:

48055, = 29TRn.y—199R, .3 — 230R,.2 — 292R,41 — 416R,,,
48055, = 98R,.5+67Ru42+5Rne1 — 119R, +594R, 1,
48055, = 165Rnis+103R,.1 — 21R, + 692R,_; + 196R,_,,

48055, = 268R,.,+144R,.+85TR,_1+ 361 x R,,_» +330R,_3,

48055, = 412R, +1125R,_; +629R,_» + 598 x R,,_53+ 536 x R,_4,
and
8Rn = —T75nia+Snsa+9Snss+578ms1 — 158y,
AR, w SR8 S i WG S TS B,
Y TP - RN (1. N, LT e [ e
R, = 55,1 —45,—35:-1—25,_2— Sn_3,
R, = S5,+25,.1+35,—2+45,-3+105,_4.

Note that we also can give some other identities which related to {K,} and {@Q.}. For example, we have
8K,

8Q.

<138, 14 + 19855+ 19945 4+ 198,11 — 218,

I

—185, 14 + 195,43 + 195,42 + 195,11 — 295,.

4. Linear Sums

4.1. Sums of Terms with Positive Subscripts: The following proposition presents some formulas

of generalized fifth order Jacobsthal numbers with positive subscripts.

PROPOSITION 17. Forn = 0 we have the following formulas:
(a): Thoo Vi = 2(Viss — Visa — 2WVpsa — 3Vosy — Vi + Vo + 213 + 3V5).
(b): Theo Var = %(—Van +5Vapna1 + 11Va, + 2Vo, 1 + 8Vap_n + Vi — 315 + 4V, — 217 + T14).
(€): Tiimg Vanst = 55 (4Vanan + 10Vanss + Vap + TVano1 — 2Vang — 4V3 + 515 — V2 + 8V3 + 203).

Proof. Take r=1,8=1,¢ =1,u=1,v =2, in Theorem 2.1 in [23].
From the last proposition, we have the following corollary which gives sum formulas of fifth order

Jacobsthal numbers (take V, = J, with J, =0, /1 =1, /b, =1 J3=1,J;,=1)}.

COROLLARY 18. Forn = 0, we have the following formulas:
(2): o Ik = F(Jnss — Jnsg — 2Jnsa — 3Tns + 2).
(b): Tpeo Jak = T5(—Jan+2 + 5J2n41 + 112 + 2J25—1 + 8J2n—2 — 2).
(C): Z::O J3k+1 = %(4;]2,,,4).2 + 105,09 + Jop + TJ2pn—1 — 2J2pn — 8)
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Taking V), = jn withjp =2.j1 =1,j2 = 3, j3 = 10, j4 = 20 in the last proposition, we have the following

corollary which presents sum formulas of fifth order Jacobsthal-Lucas numbers.

COROLLARY 19. Forn = 0, we have the following formulas:
(3): ok = §(in+s = jnts = Zintz = Bjnt1 = 7).
(b): Thg ok = 35(—jan+z + 5jans1 + 11jan + 2jan—1 + Sjan—a + 2).
(c): Yhegjoms1 = 1—15-(4j2n+2 + 10j2n41 + Jan + Tjan—1 — 2jan—2 — 23).

From the last proposition, we have the following corollary which gives sum formulas of modified fifth

order Jacohsthal numbers (take V,, = K, with Ko =3,K1 =1, K; =3,K; = 10, Ky = 20).

COROLLARY 20. Forn = 0, we have the following formulas:
(a): Z::O (e = %(Kn-é-& = Kn+3 - 2Kn+2 N 3Kn+1 7 6)
(b): Ypeg Ko = 'i%(—K'.’n—’.' +5K3ps1 + 11Kay + 2Kap 1 + 8K _a +1).
(c): Yheg Kawt1 = %(411’%.-_-2 +10K2n11 + Kap + TKap—1 — 2K5,,—2 — 19).

Taking V,, = @ with @ = 3.Q1 = 0,Q2 = 2,@Q3 = 8,Q4 = 16 in the last proposition, we have the

following corollary which presents sum formulas of fifth order Jacobsthal Perrin numbers.

COROLLARY 21. Forn = 0, we have the following formulas:
(a): z:=o Qr = %(Qn—‘s = Qn+3 — 2Qn+2 — 3Qn+1 — 3).
(b): 3 reg Q= 11—5(—an+2 +5Qan+1 +11Q25 +2Q2n—1 + 8Q2n—2 + 5).
(€): Xpeo Qaut1 = 1_15'(4Q2n+2 +10Q2n+1 + Q2 + TQ2n—1 — 2Q2n—2 — 20).

From the last proposition, we have the following corollary which gives sum formulas of adjusted fifth

order Jacobsthal numbers {take V,, =5, with S, =0.5=1,5,=1,83=2,5; =4).

COROLLARY 22. Forn = 0, adjusted fifth order Jacobsthal numbers have the following properties:
(a): Ypeo Sk = +(Sn+s — Snts — 25p42 — 3Sp+1 — 1).
(b): Z:____o Sap = 11—5(—53”.;.3 + 5Sgn.r1 + 1183, + 255,171 +853,—2 — 4:|.
(€): Xpco Sak+1 = 75(4S2nt2 + 1082041 + Son + TS2n—1 — 25202 + 1).

Taking V,, = R, with Ry =5 R; = 1,R;, = 3,R; = 7, R4 = 15 in the last proposition, we have the

following corollary which presents sum formulas of modified fifth order Jacobsthal-Lucas numbers.

COROLLARY 23. Forn = 0, modified fifth order Jacobsthal-Lucas numbers have the following properties:
(a): YXpeo Bu= %(Rn+s —Ry43—2Rp:2 —3Rp41 +9).
(b): Ypeo Rak = 15(—Ran+2 + 3Rans1 + 11Ra, + 2Ran_y + SRap—2 + 25).
(€): Yoo Rak+1 = 15(4R2ns2 + 10R2n 41 + Rap + TRyn—1 — 2R3_2 — 10).
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4.2, Sums of Terms with Negative Subscripts. The following proposition presents some formulas

of generalized fifth order Jacobsthal numbers with negative subscripts.

PROPOSITION 24. Forn = 1, we have the following formulas:
(2): Yopey Ver = %(—V-n-u + Vonta + 2V +3Von + Va — V2 — 217 — 314).
(b): Yr_q Vo2 = %(—4\‘-’_%_3 +3V apra = Vooni1 +8V0, +2V 5,1 — Vi +315 -4V, +2V; =T,
(c): z:=1 Vioogs1 = -{%(V_:n.-g =5V aps2+4V 0,01 — 2V, —8V_ g1 +4V5 =515+ V5 — 8V —214).

Proof. Take r =1,8=1,t=1,u=1,v =2 in Theorem 3.1 in [28].
From the last proposition, we have the following corollary which gives sum formulas of fifth order

Jacobsthal numbers (take V, = J,, with Jp, =0,/ =1,/ =1,/ =1 J;=1).

CORGCLLARY 25. Forn = 1, fifth order Jacobsthal numbers have the following properties.
(a): Ypag It = %(—J_,,,4 +J 2+ 2d e +3J_, - 2).
(b): TpayJ-2= 11—5(—4J_.g,,+3 +5J_gpsn — Joopr1 + 8T 2 +2J 3,1+ 2).
(€): Yhot J-2kt1 = 15(J—2ns3 — 5 ant2 + 47 _2n41 — 220 —8J_2n—1 — 8).

Taking V; = j, with jp =2, j1 =1, j2 = 3, j3 = 10, j; = 20 in the last proposition. we have the following

corollary which presents sum formulas of fifth order Jacobsthal-Lucas numbers.

COROLLARY 26. Forn = 1, fifth order Jacobsthal-Lucas numbers have the following properties.
(a): E::l J—k= %(-j—nﬂ +i-nta+2j—ns1+3jn + 7).
(b): Sneyd—2i = 75(—4j—2n+3 + dj—2nt2 — jozn+1 + 8j—zn + 2j—an—1 — 2).
(€): Th_qj—2ks1 = vg(j-tn+a — Dj—ns2 +4j_ans1 — 2j—2s — 8j_an—1 + 23).

From the last proposition, we have the following corollary which gives sum formulas of modified fifth

order Jacohsthal numbers (take V,, = K, with Ky =3, Ky =1, K, =3, K; =10, Ky = 20).

COROLLARY 27. Forn = 1, modified fifth order Jacobsthal numbers have the following properties.
(a): Yooy Kok = $(—K-pta+ K_pni2+2K_p41+3K_,, +6).
(b): Yooy K-z = 15(—4K _3n43 + 5K _2n42 — K_2n41 + 8K 3 + 2K 301 — 1).
(€): Ypey Kozps1 = :—S(K—:n—a — 3K 242+ 4K _3p01 — 2K 2, —8K_2,1 +19).

Taking V;, = @Q» with Qo =3.@1 = 0,Q2 = 2,@Q3 = 8,Q4 = 16 in the last proposition, we have the

following corollary which presents sum formulas of fifth order Jacobsthal Perrin numbers.

COROLLARY 28. Forn = 1, fifth order Jacobsthal Perrin numbers have the following properties.

(@) The1 Q-k= %(_Q—n*-# + Q-n+2+2Q-n+1 +3Q-n +3).
(b): T Q-2c = % (—4Q-20+7 +5Q-2n22 — Q—2ns1 + 8Q—2n + 2Q—-2n—1 — 5).

i

(€): Tro1@-26+1 = 5(Q-2n+9 — 5Q—2n+2 + 4Q 2041 — 2Q—2 — 8Q—_20—1 + 20).
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From the last proposition, we have the following corollary which gives sum formulas of adjusted fifth

order Jacobsthal numbers (take V,, = S, with §p, =0,5;=1,8,=1,8;=2,5; =4).

COROLLARY 29. Forn = 1, adjusted fifth order Jacobstha! numbers have the following properties:
(2): Yooy 8-k = F(—S-nta+S-ns2 +25_ns1 +35_, +1).
(b): 3 pe18-2= %(—45_-_»,,,3 + 55 _2p42 — S—apse1 +85 2, + 253,31 +4).
(€): Xhoy S-2it1 = 12 (S-2nia — 35 2ns2 +4S 2011 — 25 20 —85_2a_1—1) .

Taking V,, = R, with Ry = 5,R; = 1,R, = 3, R = 7T,R4 = 15 in the last proposition, we have the

following corollary which presents sum formulas of modified fifth order Jacobsthal-Lucas numbers.

COROLLARY 30. Forn = 1, modified fifth order Jacobsthal-Lucas numbers have the following properties:
(a): Ypei Bk =t(—R_pts+ Ropi2+ 2R i1 +3R_, — 5).
(b): Yooi Boae = & (—4R_ 2,13+ 53R 2522 — R_ani1 + SR + 2R 3,1 — 25).
(c): Z:=1 R_sp41 = 'il?(R—'.’rHJ —93R_an+2 +4R 221 — 2R_2, —8R_3,_1 + 10).

4.3. A Sum Formula. The formula in the following proposition can be used to calculate the sum of

the generalized fixth order Jacohsthal sequence.

PROFOSITION 31. For all integers m and j with S3, — 352 — 353, 5 + 253, + 352, + 65, — 6 x 2™ x
(S_pm — 1} — 6 #0, we have

S A+ T o
S Vinktj = —5— (4.1)
k=0 g

where

A = 6Vntam+j + 6(1 = R \Winntam=; + 3(RE, — Ram — 2R + 2)Vinnsm+j + Vinpemej X 2™ — 6 x
2™ X (R — 1) Vinnats,

Uy = —6Vame; — 6(1 — Ry )Vamsj — 3(R3, — Ram — 2R + 2)Vine; — 6V s x 2™ + (BRI, — 3RZ —
3RomRm + 2R3 + 3R2m + 6R,, — 6)V],

Q=R? —3R: — 3R, Ry + 2R3, +3Rs,, + 6R,, —6 x 2™ x (R_,, — 1) — 6.

Proof. Taker =1,s=1,t=1,u=1,v =2 and R, = H, in Soykan [27, Theorem 13.]. O
Note that (4.1) can be written in the following form:

= % A+ ‘I"_»
2 Vo = 0

k=1 =

where
Wy = —6V5ms; —6(1 —R,,,)V-_pm.;.,- —3(R,’n —Rom — 2R +2) Vot — OV s j X 2" +6 X 2™ X (R — 1) Vi

As special cases of the above proposition, we have the following identities.

CORCLLARY 32. The following identities hold:

(1) m=1,j=0.
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(2): oo Ik = (Jnss — Jns1 + 305 + 24,1 + 2).
(b): Ypeodk = 3(ints — jnt1 + 3jn + 2jn-1—7)-
(€): Xieo Ki = 3(Kn+g — Knt1 + 3K, + 2K, — 6).
(d): Thoo @k = $(Q@n+3 — Qi1 +3Qn +2Qn—1 —5).
(€): T Su=L(Suss = Guri+ 39, + 281 —1).
(£): Tpoo Bk = 2{(Rusg — Rpa1 + 3R, +2Rnq +5).
(2) m=-1,j=0.
(a): Shoodk=5(-Tope1—4J_y1—-8J_p2—2J_,. 3-2).
(b): Tico ik = 5 (=jon+1 = 4jon-1 = 3jn-2 = 2jn-3 +17).
(o) Th s R L (R iy AR oy = BB gy W5
(d): Xhoo Q- = 3 (—Q-n+1 —4Q—n—1 —3Q-n—2 — 2Q—n—3 + 20).
(€): 0y Hyem LGy A8 o o 8oy BB 5 1)
(£): T Row=1(Rupyr —4Rupoy ~3Rogoy — 2R3 +20).
() m=23,5=1.
(a): Yopeo Jak+1 = %(J:?nﬂo —6J5n17 — 13T5n44 + 153041 + 8J5n—2 + 3).
(b): YpegJak+1 = 35 (jant10 — 6Jans7 — 13janss + 15jans1 + 8jan—2 — 38).
(o) S0 s Ry = (Koo~ 6 Kaupr— 18 Ko+ 18 Kan 1 b 8 Kgncy — 44):
(d): Ypeo Qar+1 = 35(Qan+10 — 6Qan+7 — 13Qan+s + 15Qan+1 + 8Qzn—2 — 30).
(e): Xh—o San+1 = %{Ssnﬂo — 65347 — 135344 + 1553, 21 + 853,-2 + 6).
(£): koo Rans1 = §1§(R6n+10 —6Rzno7 — 13Rg, 04 + 13R5,21 = SR3n—n — 45).
) T o
(a): Trco J-ak—1 = sp(—T-ant2+6J_zn1 — 22J_3n_s — 15J_gpn_7 — 8J_gn_10 — 13).
(b): Yoo i-ak—1 = 35(—j-ant+2+ 6j-sn-1—22j_3n—a — 15j_3n—7 — 8j_gn—10 + 13).
(6): iy Kogney = h(Rignssrt 0K gnet — 20K gucie = 18K g — 8K guge+ 99):
(d): Yoo @-32—1 = 75(—Q-gn+2 + 6Q—3n—1 — 22Q_3n—s — 15Q—35n—7 — 8Q—3n—10 + 30).
(€): Xhp S—sk—1 = 35(—S-an+2 + 65 3,1 —225_gn—4 — 155_gp—7 — 8S_gn—10 + 9).
(£f): Yoo R-ak—1 = Z(—R_gns2+6R_3n1 — 22R_3,_4 — 15R_3,_7 — 8R_3._10 — 15).
(5) m=4, j=-2.
(@) S, Tiscamaks (10— 06Ty 1 16Ty - S oy BT g 160
(b): oo jek—2 = 5o5(4jan+10 — 36janse — 116j4nta + 124j4n— + 64j4.—g — 70).
() 0 Finom g B s 10 = D0 R = 116K gisps £ 1R a1 OA K s ge— 75
(d): Theo Qek—2 = 555 (4Qan+10 — 56Qun<6 — 116Qun+2 + 124Quan—2 + 64Qun—s — 295).
(€): Ty Stn-2 = 525(45n+10 — 565tns6 — 11656n43 + 12454n—3 + 64540 + 20).
(f): Xhoo Ran—2= g—(lu,'(4R¢n+1o — 36Ryns6 — 116Rypvn + 124Ry,, o + 64Ry, s — 305).
(6) m=—4, j=—2.
(a): ons Jian=a= ’71—5(14']47:—2 —16J4n—14 — J—sn+2 — 46J_gn—6 — 31T _4n—10 — 40).
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(b): X pegl-tk—2= %(14.)'4»-2 —16j4n—14 — j—an+2 — 46j—sn—6 — 31j—sn—10 + 35).

(€): Xhoo K—sk—2 = 5 (14Ksn_2 — 16K4_14 — K_sns2 — 46K _sn_¢ — 31K _y4n_10 + 125).
(d): Yhoo Q-se—2 = 75(14Qun—2 — 16Qun—14 — Q—sns2 — 46Q_sn—6 — 31Q_sn—10 + 130).
(€): Xhoo S—si—2 = 5(14S4n—2 — 1684n_14 — S_ans2 — 465_4n—6 — 315_4n_10 — 5).

(£): Yooy Rujog= —,-1—5(1434»:—2 —16Ryn—1a — R_gns2 —46R_4 6 — 31R_4, 10 + 20).

Lsk=0

5. Matrices Related with Generalized Fifth-Order Jacohsthal Numbers

We define the square matrix A of order 5 as:

(1

1 11
10 0 0 0
A= 01 0 0 0
0 0 1 00
\00010)

auch that det A = 2. We also define

and

[ Sii1 Sa4+8ai+8ms+2% 3 SatSui4+28 2 Sa+2S.4 29 )
B B ¥ ¥ s Wd Bl WOy B A MO BB

Sact Boca ¥ 8o+ Guitt 2t Bast8s+28nua Saiat26uz as
Sas Saz+ 8o+ Sas+28 ¢ SoatSaut25. 5 Saat25us 253

\ Sn-3 Sn-s+Sn-s+Sn6+25-7 SnstSn—s+25-6 Sa-st25n-s 25.-s |

( Va1 Va+Vaaa +Va o +2V 5 Va+ Va1 +2Ve_2 Va +2Va 2V, \
Vo Ve +Vaa+Vasa+2Vy Vioi+Vaa+2Vhs Va1 +2V,_2 2V,
Vact Vo + Vo s+ Vs +2V, 5 Vaa+ Vo +2Vy Vaoa+2V3 2V,

/=2 Va—g +Vaa+ Vs +2Vhe Vag+Vas+2Vhs Va3 +2V_s 2V,_3

\ Voo Vaca+Vas +Vas+2War Vaoa+Vas +2Wae Vaa+2Vas 2y ,

THEOREM 33. For all integer m,n = 0, we have

(a):

(b):

(c):

Proof.

B, =A"
CLA"™ = A™C,
Crim = CrnBpy = B, Ch,.

Taker=1,s=1,t=1,u=1v=2and S, =G, in Soykan [27, Theorem 16.. O

THEOREM 34. For all integers m,n, we have

- "rnsm+] F "'r'.—l(sm +8m-1+Sm—2+ 2Sm—3)

";z +m

Vi (Bt Bt + 23+ Vi g( s + 2Fin1) + IV a8
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Proof. Taker=1,s=1,t=1,u=1,v =2 and S; = G,, in Soykan [27, Theorem 17.]. O
CORCLLARY 35. For all integers m,n, we have

v oo s ileraibon Wy A g Aoyl BB o)
+Jpr-2(Sm + Somt + 28m-2) + Fua(Sm + 28rm—1) + 2Jn—a5m,
Jnim = jnSmi1+ jn—1(Sm + Sm-1+ Sm—2 +25m-3)
+in—2(Sm + Sm—1 + 25m-2) + jn-3(Sm + 25m-1) + 2jn—-15m,
R . JORLL -0 SO - MR SO N,
FEn—2(Sm + Spe1 + 28 m—2) + Ky 3(Sm + 25m-1) + 2K, _45m,
Qrim = QnSm+1+ Qn-1(Sm+Sm—1+ Sm—2 +25mn-3)
+Qn—2(Sm + Sme1 +25m—2) + Qn-3(Sm +25m-1) + 2Qn—15m,
' OO - SRR 01 SO0 . S OO DRV - O
+55—3(Son + St + 2n—2) + Sn—9(Sm + 29 1) + 252 —iSm,
Roii = RnSmii+Rp_1(Sm+ Sm—1+ Sm—2+25m_3)

+Ru—2(sm = Om-1T 2Sm—2) = Rn—?(sm + 285, —l) + 2Rn—4sm-
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