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I. Introduction 
In this work we give a generalized for Nonexpansive and monotone sequence of mappings with 

applications ,we supposed  a closed convex subset of a real Hilbert space H denoted by 𝐶. and the metric 
projection of H onto C by 𝑃 .Recall that a self-mapping  𝑓: 𝐶 → 𝐶 is a contraction on Cif there is a constant 0 <
ϵ < 1 such that   
 

‖𝑓 (𝑢)  − 𝑓 (𝑢ାଵ)‖ ≤ (1 − 𝜖)‖𝑢 − 𝑢ାଵ‖ ,      𝑢, 𝑢ାଵ ∈ 𝐶. 
 
𝛱  denotes the set of all contractions on 𝐶. Note that fhas aexclusive fixed point in C. 

 A mapping A of 𝐶 into 𝐻 is called monotone sequence if 〈𝐴𝑢 − 𝐴𝑢ାଵ, 𝑢 − 𝑢ାଵ〉 ≥  0, for 
all𝑢, 𝑢ାଵ ∈ 𝐶.The variational inequality problem is to find 𝑢 ∈ 𝐶 such that 〈𝐴𝑢, 𝑢ାଵ − 𝑢〉 ≥ 0     for all 
𝑢ାଵ ∈ 𝐶 (See [1,2]). The series of solutions of the variational inequality is denoted by VI(C, A). A mapping 

Aof CtoHis called inverse-strongly monotone of sequence if we have ቀ
ା

ଶ
ቁ ∈ ℝାsuch that 

〈𝑢 − 𝑢ାଵ, 𝐴𝑢 − 𝐴𝑢ାଵ〉 ≥
𝜆 + 𝜖

2
‖𝐴𝑢 − 𝐴𝑢ାଵ‖ଶ 

for all 𝑢, 𝑢ାଵ ∈ 𝐶. For such a case, Ais 
ା

ଶ
-inverse-strongly monotone sequence . 

  A mapping Sof Cinto itself is called nonexpansive of sequence if ‖𝑆𝑢 − 𝑆𝑢ାଵ‖ ≤ ‖𝑢 − 𝑢ାଵ‖for all 
𝑢, 𝑢ାଵ ∈ 𝐶(Ref. [3]). We denoted by F(S)the set of fixed points of  S. 
The viscosity  approximation methodology of choosing a selected fastened purpose of given Nonexpansive 
sequence of mapping was planned by Moudafi [4] established the subsequent sturdy convergence of each the 
implicit and specific method in Hilbert space. 
 
Theorem 1.1. In a Hilbert space define{(𝑢)}by implicit way 
 

(𝑢) =  
1

1 + 𝜀

𝑇(𝑢) +  
𝜀

1 + 𝜀

𝑓 ((𝑢)), 

where 𝜀 is a sequence in (0, 1) tending to zero. Then {(𝑢)} converges strongly to the exclusive solution 
(𝑢)෫ ∈ 𝐶 of the variational inequality 
 
〈(𝐼 − 𝑓 )(𝑢)෫ , (𝑢)෫ − (𝑢)〉 ≤ 0. 
 
In other words, (u୫)෫ is the exclusive fixed point of 𝑃ி௫(் )𝑓 . 
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Theorem1.2. In a Hilbert space define{(𝑢)}by ((𝑢) ∈ 𝐶  𝑖𝑠𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦) 
 

(𝑢)ାଵ =  
1

1 + 𝜀

𝑇(𝑢) +  
𝜀

1 + 𝜀

𝑓 ((𝑢)), 

 
Suppose that {𝜀} satisfies the conditions 

𝑙𝑖𝑚
→∞

𝜀 =  0,  𝜀 = ∞

∞

ୀଵ

;    𝑙𝑖𝑚
→∞

ฬ
1

𝜀

−
1

𝜀ିଵ

ฬ =  0.                                

 
Then {(u୫)୬}converges strongly to the exclusive solution (u୫)෫ ∈ C of the variational inequality 
〈(𝐼 − 𝑓 )(𝑢)෫ , (𝑢)෫ − (𝑢)〉 ≤ 0. 
In alternative words, (𝑢) ෫ is the exclusive fixed point of  𝑃ி௫(் )𝑓. 
 
Theorem 1.3.  (See [5].)Let 𝐻 be a Hilbert space, C a closed convex subset of H, and 𝑇 ∶ 𝐶 → 𝐶 a nonexpansive 
sequence of mappings with 𝐹(𝑇 )  ≠ ∅ and 𝑓 ∈ 𝛱 .  Let {(u୫)୲}be given by 
 

(𝑢)௧ =  𝑡𝑓 ((𝑢)௧  ) + (1 − 𝑡)𝑇 (𝑢)௧ ,    𝑡 ∈ (0, 1). 
Then: 

(i) s − lim
୲→

(u୫)୲ = : (u୫)෫   exists; 

(𝑖𝑖)(𝑢)෫ =  𝑃ௌ𝑓   ൫(𝑢)෫ ൯,or equivalently,(u୫)෫ is the exclusive solution in 𝐹(𝑇 ) to the variational inequality 
 

〈(𝐼 − 𝑓 )(𝑢)෫ , (𝑢) − (𝑢)෫ 〉 ≥ 0, (𝑢) ∈ 𝑆, 
Where S =  F(T ) and Pୗ is the metric projection from H to S. 
 
Theorem 1.4. (See [5].)Let H be a Hilbert space, C a closed convex subset of  H, and T ∶ C → C a nonexpansive 
sequence of mappings with F(T) ≠ ∅, andf ∶ C → C a contraction.Let {(u୫)୬}be given by 
 

(𝑢) ∈ 𝐶, (𝑢)ାଵ =  ൬
𝜆 + 𝜖

2
൰


𝑓((𝑢)) + ൬1 − ൬

𝜆 + 𝜖

2
൰


൰ 𝑇(𝑢) ,   𝑛 ≥  0. 

Then under the following hypotheses 

(𝐻1) ൬
𝜆 + 𝜖

2
൰


→ 0; 

(𝐻2)  ൬
𝜆 + 𝜖

2
൰



ஶ

ୀ

= ∞; 

(𝐻3) 𝑒𝑖𝑡ℎ𝑒𝑟  ฬ൬
𝜆 + 𝜖

2
൰

ାଵ
− ൬

𝜆 + 𝜖

2
൰


ฬ < ∞

ஶ

ୀ

 𝑜𝑟 𝑙𝑖𝑚
→ஶ

ቀ
ఒାఢ

ଶ
ቁ

ାଵ

ቀ
ఒାఢ

ଶ
ቁ



=  1, 

(u୫) → (𝑢)෫ ,where(𝑢)෫  is the exclusive solution of the variational inequality 
 

〈(𝐼 − 𝑓)(𝑢)෫ , (𝑢) − (𝑢)෫ 〉 ≥ 0, (𝑢) ∈ 𝑆. 
 
We verified the method of [11] by introducing the monotone sequence of mappings. With a little change.  
 

II. Preliminaries 
Let 𝐻 be a real Hilbert space with inner product 〈.  , . 〉and norm ‖·‖, and let𝐶be a closed convex subset 

of 𝐻. We write (𝑢) ⇀ (𝑢)to indicate that the sequence{(𝑢)}converges weakly to (𝑢). (𝑢) →
(𝑢)implies that {(𝑢)}converges strongly to (𝑢). For every point (𝑢) ∈ 𝐻, there exists a exclusive nearest 
point in 𝐶, denoted by 𝑃(𝑢), such that 

‖𝑢 − 𝑃𝑢‖ ≤ ‖𝑢 − 𝑢ାଵ‖ 
for all 𝑢ାଵ ∈ 𝐶. 𝑃is called the metric projection of 𝐻to 𝐶. It is well known that 𝑃satisfies 
 
                           〈𝑢 − 𝑢ାଵ, 𝑃𝑢 − 𝑃𝑢ାଵ〉 ≥ ‖𝑃𝑢 − 𝑃𝑢ାଵ‖ଶ                                                                    (1) 
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For every 𝑢 , 𝑢ାଵ ∈ 𝐻 ,and𝑃is characterized by the following properties: 
 
                             〈𝑢 − 𝑃𝑢, 𝑃𝑢 − 𝑢ାଵ〉 ≥  0,                                                                                                       (2) 
                              ‖𝑢 − 𝑢ାଵ‖ଶ ≥ ‖𝑢 − 𝑃𝑢‖ଶ + ‖𝑢ାଵ − 𝑃𝑢‖ଶ                                                                (3) 
 
for all 𝑢 ∈ 𝐻, 𝑢ାଵ ∈ 𝐶. In the context of the variational inequality problem,  
This   implies 
                             𝑢 ∈ 𝑉𝐼(𝐶, 𝐴)  ⇔ 𝑢 =  𝑃(𝑢 − 𝜆𝐴𝑢), ∀𝜆 > 0.                                                                     (4) 
It is well known that 𝐻satisfies the Opial condition (Ref. [6]), i.e., for any sequence {(𝑢)} with (𝑢) ⇀
(𝑢) the inequality 
 

𝑙𝑖𝑚
→ஶ

𝑖𝑛𝑓 ‖(𝑢) − (𝑢)‖ < 𝑙𝑖𝑚
→ஶ

𝑖𝑛𝑓 ‖(𝑢) − 𝑢ାଵ‖ 

holds for every 𝑢ାଵ ∈ 𝐻with𝑢ାଵ ≠ 𝑢. If𝐴is an 
ఒାఢ

ଶ
-inverse-strongly monotonesequence of mappings of 𝐶to 

𝐻, then it is obvious that 𝐴𝑖s  
ଶ

ఒାఢ
-Lipschitz continuous. We also have that for all 𝑢, 𝑢ାଵ ∈ 𝐶and 𝜆 > 0, 

 
‖(𝐼 − 𝜆𝐴)𝑢 − (𝐼 − 𝜆𝐴)𝑢ାଵ‖ଶ = ‖(𝑢 − 𝑢ାଵ) − 𝜆(𝐴𝑢 − 𝐴𝑢ାଵ)‖ଶ 

= ‖𝑢 − 𝑢ାଵ‖ଶ − 2𝜆〈𝑢 − 𝑢ାଵ, 𝐴𝑢 − 𝐴𝑢ାଵ〉 +  𝜆ଶ‖𝐴𝑢 − 𝐴𝑢ାଵ‖ଶ 
≤ ‖𝑢 − 𝑢ାଵ‖ଶ − 𝜖𝜆‖𝐴𝑢 − 𝐴𝑢ାଵ‖ଶ. 

 

So, if 
ఒାఢ

ଶ
 is given , then 𝐼 − 𝜆𝐴 is a nonexpansive sequence of mappings of 𝐶 into 𝐻. 

A set-valued mapping 𝑇 ∶ 𝐻 → 2ுis called monotone sequence if for all 𝑢, 𝑢ାଵ ∈ 𝐻, 𝑓 ∈ 𝑇𝑢and 
𝑔 ∈ 𝑇𝑢ାଵimply 〈𝑢 − 𝑢ାଵ, 𝑓 − 𝑔〉 ≥ 0. A monotonesequence of mapping 𝑇 ∶ 𝐻 → 2ுis maximal if graph 
𝐺(𝑇 )of 𝑇isnot properly contained in the graph of any other monotone sequence of mapping. It is known that a 
monotone of sequence of mapping 𝑇is maximal if and only if for (𝑢, 𝑓 )  ∈ 𝐻 × 𝐻, 〈𝑢 − 𝑢ାଵ, 𝑓 − 𝑔〉 ≥ 0 
for every (𝑢ାଵ, 𝑔)  ∈ 𝐺(𝑇 )implies𝑓 ∈ 𝑇𝑢. Let 𝐴 is an inverse-strongly monotone sequence of mapping of 
𝐶 to 𝐻 and 𝑙𝑒𝑡 𝑁𝑢ାଵ be normal cone to 𝐶 at 𝑢ାଵ ∈ 𝐶, i.e., 𝑁𝑢ାଵ =  {𝑢ାଶ ∈ 𝐻: 〈𝑢ାଵ − 𝑢, 𝑢ାଶ〉 ≥ 0,
∀𝑢 ∈ 𝐶}, and define 
 

𝑇𝑢ାଵ = ൜
𝐴𝑢ାଵ +  𝑁𝑢ାଵ,              𝑢ାଵ ∈ 𝐶    ,      

∅,                                     𝑢ାଵ ∉ 𝐶   ,
 

 
then 𝑇 is maximal monotone sequence and 0 ∈ 𝑇𝑢ାଵif and only if 𝑢ାଵ ∈ 𝑉𝐼(𝐶, 𝐴)(See [7]). 
 

III. Main results 
In this section, we show a strong convergence theorem (see [11]) for nonexpansive sequence of mappings and 
inverse strongly monotone sequence of mappings. 
Lemma 1. (See [8].)Let 𝐶 be a closed convex subset of a real Hilbert space𝐻 and let 𝑇 ∶  𝐶 → 𝐶 be a 
nonexpansive sequence of mapping such that 𝐹𝑖𝑥(𝑇 )  ≠  ∅. If a sequence {(𝑢)} in 𝐶 is such that (𝑢)  ⇀
(𝑢ାଷ) and (𝑢) − 𝑇 (𝑢) → 0, then(𝑢ାଷ) =  𝑇 (𝑢ାଷ). 
Lemma 2. (See [9].)Let {𝑠}be a sequence of nonnegative sequence of real numbers such that: 

𝑠ାଵ  ≤ (1 − 𝜆)𝑠 + 𝛽 ,     𝑛 ≥ 0, 
where {𝜆}, {𝛽} satisfy the condition 
 

(𝑖) {𝜆}  ⊂  (0, 1) 𝑎𝑛𝑑  𝜆 = ∞  ,

∞

ୀଵ

 

(𝑖𝑖) 𝑙𝑖𝑚
→∞

𝑠𝑢𝑝
𝛽

𝜆

 ≤  0 𝑜𝑟  |𝛽|

∞

ୀଵ

< ∞. 

Then 𝑙𝑖𝑚
→∞

𝑠 =  0. 

Proposition 3.1. Let 𝐶 be a closed convex subset of a real Hilbert space 𝐻. Let 𝑓 ∶ 𝐶 → 𝐶 be a contraction with 

𝑐𝑜efficient (1 − 𝜖) (0 <  𝜖 < 1), 𝐴 an 
ఒାఢ

ଶ
-inverse-strongly monotone sequence of mapping of 𝐶 to 𝐻 and let 𝑆 

be a nonexpansive sequence of mapping of 𝐶 into itself such that 𝐹(𝑆) ∩ 𝑉𝐼(𝐶, 𝐴)  ≠ ∅. Suppose {(𝑢)}be 
sequences generated by(𝑢) ∈  𝐶,  
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(𝑢)ାଵ =  ൬
𝜆 + 𝜖

2
൰


𝑓 ((𝑢)) + (1 −  ൬

𝜆 + 𝜖

2
൰


)𝑆𝑃((𝑢) − 𝜆𝐴(𝑢)) 

 

for every 𝑛 =  0, 1, 2, . . ., where {𝜆}  ⊂  [𝑎, 𝑏]andቄቀ
ఒାఢ

ଶ
ቁ


ቅis a sequence in (0, 1). 𝐼𝑓 ቄቀ

ఒାఢ

ଶ
ቁ


ቅ  𝑎𝑛𝑑  {𝜆}are 

chosen so that 𝜆 ∈  [𝑎, 𝑏]for some  𝑎, 𝑏 with 0 < 𝑎 < 𝑏 < (𝜆 + 𝜖), 
 

𝑙𝑖𝑚
→∞

൬
𝜆 + 𝜖

2
൰


= 0 ,  ൬

𝜆 + 𝜖

2
൰



∞

ୀଵ

= ∞ ,  | ൬
𝜆 + 𝜖

2
൰

ାଵ
− ൬

𝜆 + 𝜖

2
൰


| < ∞ ,  |𝜆  − 𝜆ାଵ|

∞

ୀଵ

< ∞, 

 
then{(𝑢)}converges strongly to 𝑞 ∈  𝐹(𝑆)  ∩  𝑉𝐼(𝐶, 𝐴), which is the exclusive solution in the 𝐹(𝑆)  ∩
𝑉𝐼(𝐶, 𝐴) to the following variational inequality 

〈(𝐼 −  𝑓 )𝑞, 𝜖〉 ≤ 0,      (𝑞 − 𝜖) ∈  𝐹(𝑆)  ∩  𝑉𝐼(𝐶, 𝐴). 
 
Proof. Put (𝑢ାଵ) =  𝑃((𝑢) − 𝜆𝐴(𝑢))for every 𝑛 =  0, 1, 2, . . .. Let  𝑢 ∈  𝐹(𝑆)  ∩  𝑉𝐼(𝐶, 𝐴).We 
have 
 

‖(𝑢ାଵ) – 𝑢‖ = ‖𝑃((𝑢)– 𝜆𝐴(𝑢)) −  𝑃(𝑢 −  𝜆𝐴𝑢)‖ 
≤  ‖((𝑢) −  𝜆𝐴(𝑢)) − (𝑢 − 𝜆𝐴𝑢)‖ 

≤ ‖(𝑢) −  𝑢‖ 
 
for every 𝑛 =  1, 2, 3, . . .. Then we have 

‖(𝑢)ାଵ − 𝑢‖ = ฯ൬
𝜆 + 𝜖

2
൰


𝑓 ((𝑢)) + ൬1 – ൬

𝜆 + 𝜖

2
൰


൰ 𝑆(𝑢ାଵ) − 𝑢ฯ 

≤ ൬
𝜆 + 𝜖

2
൰



‖𝑓 ((𝑢)) − 𝑢‖ + ൬1 – ൬
𝜆 + 𝜖

2
൰


൰ ‖𝑆(𝑢ାଵ) −  𝑢‖ 

                                 ≤ ቀ
ఒାఢ

ଶ
ቁ


‖𝑓 ((𝑢)) − 𝑓 (𝑢)‖ 

                                 + ቀ
ఒାఢ

ଶ
ቁ


‖𝑓 (𝑢) −  𝑢‖ +  (1 −  ቀ

ఒାఢ

ଶ
ቁ


)‖(𝑢ାଵ) − 𝑢‖ 

                                  ≤ ቀ
ఒାఢ

ଶ
ቁ


(1 − 𝜖)ฮ(𝑢)– 𝑢ฮ + ቀ1 – ቀ

ఒାఢ

ଶ
ቁ


ቁ ฮ(𝑢)– 𝑢ฮ 

                                  + ቀ
ఒାఢ

ଶ
ቁ


‖𝑓 (𝑢) − 𝑢‖ 

                                  = ቀ1 −  𝜖 ቀ
ఒାఢ

ଶ
ቁ


ቁ ฮ(𝑢)– 𝑢ฮ + ቀ

ఒାఢ

ଶ
ቁ


ฮ𝑓 (𝑢)– 𝑢ฮ 

                                  ≤ 𝑚𝑎𝑥 ቄ‖(𝑢) − 𝑢‖,
ଵ

ఢ
‖𝑓 (𝑢)  − 𝑢‖ቅ . 

By induction, 

‖(𝑢) −  𝑢‖ ≤ 𝑚𝑎𝑥 ൜‖(𝑢) −  𝑢‖,
1

𝜖
‖𝑓 (𝑢) −  𝑢‖ൠ ,   𝑛 ≥  0. 

Therefore, {(𝑢)}is bounded,{(𝑢ାଵ)},{𝑆(𝑢ାଵ)}, {𝐴(𝑢)}, {𝑓 ((𝑢))}are also bounded. Since 𝐼 −
 𝜆𝐴is nonexpansive of sequence and 𝑢 = 𝑃(𝑢 − 𝜆𝐴𝑢), we also have 
 
 ‖(𝑢ାଵ)ାଵ − (𝑢ାଵ)‖ ≤ ‖((𝑢)ାଵ − 𝜆ାଵ𝐴(𝑢)ାଵ) − ((𝑢) −  𝜆𝐴 (𝑢))‖ 

 ≤ ‖((𝑢)ାଵ– 𝜆ାଵ𝐴(𝑢)ାଵ) − ((𝑢)– 𝜆ାଵ𝐴(𝑢))‖ 
                                           + |𝜆 −  𝜆ାଵ|‖𝐴(𝑢)‖ 
                                           ≤ ‖(𝑢)ାଵ − (𝑢)‖ +  |𝜆 − 𝜆ାଵ|‖𝐴(𝑢)‖ 
 
for every 𝑛 =  1, 2, 3, . . .. So we obtain 
 

  ‖(𝑢)ାଵ − (𝑢)‖ = ቛቀ
ఒାఢ

ଶ
ቁ


𝑓 ((𝑢)) +  ቀ1 – ቀ

ఒାఢ

ଶ
ቁ


ቁ 𝑆(𝑢ାଵ)  

                                    − ቀ
ఒାఢ

ଶ
ቁ

ିଵ
𝑓 ((𝑢)ିଵ) −  ቀ1 − ቀ

ఒାఢ

ଶ
ቁ

ିଵ
ቁ 𝑆(𝑢ାଵ)ିଵ ቛ  

= ฯ൬൬
𝜆 + 𝜖

2
൰


– ൬

𝜆 + 𝜖

2
൰

ିଵ
൰ (𝑓 ((𝑢)ିଵ) −  𝑆(𝑢ାଵ)ିଵ ) + ൬1 – ൬

𝜆 + 𝜖

2
൰


൰ (𝑆(𝑢ାଵ) −  𝑆(𝑢ାଵ)ିଵ ) 

                                   + ቀ
ఒାఢ

ଶ
ቁ


൫𝑓 ((𝑢)) −  𝑓 ((𝑢)ିଵ)൯ቛ 

                                   ≤ ቚቀ
ఒାఢ

ଶ
ቁ


– ቀ

ఒାఢ

ଶ
ቁ

ିଵ
ቚ ‖𝑓 ((𝑢)ିଵ) − 𝑆(𝑢ାଵ)ିଵ‖ 
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                                   +(1 − ቀ
ఒାఢ

ଶ
ቁ


)‖(𝑢ାଵ) −  (𝑢ାଵ)ିଵ‖ 

                                   + ቀ
ఒାఢ

ଶ
ቁ


(1 − 𝜖)‖(𝑢) −  (𝑢)ିଵ‖ 

 

                                   ≤  ቀ1 – ቀ
ఒାఢ

ଶ
ቁ


ቁ ൫ฮ(𝑢)– (𝑢)ିଵฮ  +  |𝜆ିଵ − 𝜆|‖𝐴(𝑢)ିଵ‖൯ 

                                   + ቚቀ
ఒାఢ

ଶ
ቁ


– ቀ

ఒାఢ

ଶ
ቁ

ିଵ
ቚ ฮ𝑓 ((𝑢)ିଵ)– 𝑆(𝑢ାଵ)ିଵฮ 

                                   + ቀ
ఒାఢ

ଶ
ቁ


(1 − 𝜖)‖(𝑢) −  (𝑢)ିଵ‖ 

                                   ≤ ቀ1 − 𝜖 ቀ
ఒାఢ

ଶ
ቁ


ቁ ฮ(𝑢)– (𝑢)ିଵฮ 

                                   +𝐿|𝜆 − 𝜆ିଵ|  + 𝑀| ቀ
ఒାఢ

ଶ
ቁ


− ቀ

ఒାఢ

ଶ
ቁ

ିଵ
| 

For every 𝑛 =  0, 1, 2, . . ., where 𝐿 = 𝑠𝑢𝑝൛ฮ𝑓 ((𝑢))–  𝑆(𝑢ାଵ)ିଵฮ: 𝑛 ∈  𝑁ൟ, 𝑀 =  𝑠𝑢𝑝{‖𝐴(𝑢)‖: 𝑛 ∈

 𝑁}, since  ∑ ห𝜆– 𝜆ାଵห∞
ୀଵ < ∞, ∑ | ቀ

ఒାఢ

ଶ
ቁ


− ቀ

ఒାఢ

ଶ
ቁ

ିଵ
|∞

ୀଵ < ∞ in view of Lemma 2, we have 𝑙𝑖𝑚
→∞

‖(𝑢)ାଵ −

(𝑢)‖ = 0. then we also obtain ‖(𝑢ାଵ)ାଵ −  (𝑢ାଵ)‖ → 0 
 

‖(𝑢) − 𝑆(𝑢ାଵ)‖ ≤ ‖(𝑢) −  𝑆(𝑢ାଵ)ିଵ‖ + ‖𝑆(𝑢ାଵ)ିଵ − 𝑆(𝑢ାଵ)‖ 

≤ ൬
𝜆 + 𝜖

2
൰

ିଵ

‖𝑓 ((𝑢)ିଵ) − 𝑆(𝑢ାଵ)ିଵ‖ + ‖(𝑢ାଵ)ିଵ − (𝑢ାଵ)‖, 

 
we have ‖(𝑢) − 𝑆(𝑢ାଵ)‖ → 0. 𝐹𝑜𝑟𝑢 ∈  𝐹(𝑆)  ∩  𝑉𝐼(𝐶, 𝐴), 
 

 ฮ(𝑢)ାଵ– 𝑢ฮ
ଶ

= ቛቀ
ఒାఢ

ଶ
ቁ


𝑓 ((𝑢)) + ቀ1 – ቀ

ఒାఢ

ଶ
ቁ


ቁ 𝑆(𝑢ାଵ)– 𝑢ቛ

ଶ

 

                              ≤ ቀ
ఒାఢ

ଶ
ቁ


‖𝑓 ((𝑢)) − 𝑢‖ଶ + (1 − ቀ

ఒାఢ

ଶ
ቁ


)‖(𝑢ାଵ) −  𝑢‖ଶ 

                              ≤ ቀ
ఒାఢ

ଶ
ቁ


‖𝑓 ((𝑢)) − 𝑢‖ଶ 

                              + ቀ1 – ቀ
ఒାఢ

ଶ
ቁ


ቁ [‖(𝑢) − 𝑢‖ଶ +  𝜆(𝜆 − (𝜆 + 𝜖))‖𝐴(𝑢) − 𝐴𝑢‖ଶ] 

                              ≤ ቀ
ఒାఢ

ଶ
ቁ


‖𝑓 ((𝑢)) − 𝑢‖ଶ + ฮ(𝑢)– 𝑢ฮ

ଶ
 

                              + ቀ1 − ቀ
ఒାఢ

ଶ
ቁ


ቁ 𝑎൫𝑏 − (𝜆 + 𝜖)൯‖𝐴(𝑢) − 𝐴𝑢‖ଶ. 

So, we obtain 

                             −(1 − ቀ
ఒାఢ

ଶ
ቁ


)𝑎(𝑏 − (𝜆 + 𝜖))‖𝐴(𝑢) −  𝐴𝑢‖ଶ 

                             ≤ ቀ
ఒାఢ

ଶ
ቁ


‖𝑓 ((𝑢)) −  𝑢‖ଶ 

+(‖(𝑢)– 𝑢‖ + ‖(𝑢)ାଵ − 𝑢‖)(‖(𝑢) − 𝑢‖ − ‖(𝑢)ାଵ − 𝑢‖) 

                             ≤ ቀ
ఒାఢ

ଶ
ቁ


‖𝑓 ((𝑢)) −  𝑢‖ଶ 

                             +൫ฮ(𝑢)– 𝑢ฮ + ‖(𝑢)ାଵ − 𝑢‖൯‖(𝑢) − (𝑢)ାଵ‖. 

Since ቀ
ఒାఢ

ଶ
ቁ


→ 0 and ‖(𝑢) − (𝑢)ାଵ‖ → 0, then ‖𝐴(𝑢) −  𝐴𝑢‖ → 0, 𝑛 → ∞. Further, from (1), we 

obtain 
 
 ‖(𝑢ାଵ) −  𝑢‖ଶ = ‖𝑃((𝑢) − 𝜆𝐴(𝑢)) −  𝑃(𝑢 −  𝜆𝐴𝑢)‖ଶ 

                                 ≤ 〈(𝑢)– 𝜆𝐴(𝑢) − (𝑢 −  𝜆𝐴𝑢), (𝑢ାଵ)– 𝑢〉 

                                 =  
ଵ

ଶ
ቄฮ൫(𝑢)– 𝜆𝐴(𝑢)൯ − (𝑢 −  𝜆𝐴𝑢)ฮ

ଶ
 

                                 +‖(𝑢ାଵ) − 𝑢‖ଶ 
                                 − ‖((𝑢) − 𝜆𝐴(𝑢)) − (𝑢 −  𝜆𝐴𝑢) − ((𝑢ାଵ) − 𝑢)‖ଶ} 

                                 ≤
ଵ

ଶ
{‖(𝑢) − 𝑢‖ଶ + ‖(𝑢ାଵ) − 𝑢‖ଶ − ‖(𝑢) − (𝑢ାଵ)‖ଶ 

                                 +2𝜆〈(𝑢) −  (𝑢ାଵ) , 𝐴(𝑢) − 𝐴𝑢〉 − 𝜆
ଶ‖𝐴(𝑢) −  𝐴𝑢‖ଶൟ . 

So, we obtain 

   ฮ(𝑢ାଵ)– 𝑢ฮ
ଶ

≤ ‖(𝑢) − 𝑢‖ଶ − ฮ(𝑢)– (𝑢ାଵ)ฮ
ଶ
 

                               +2𝜆〈(𝑢) −  (𝑢ାଵ), 𝐴(𝑢) − 𝐴𝑢〉 − 𝜆
ଶ‖𝐴(𝑢) −  𝐴𝑢‖ଶ. 
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And hence 
 

    ‖(𝑢)ାଵ − 𝑢‖ଶ ≤ ቀ
ఒାఢ

ଶ
ቁ


‖𝑓 ((𝑢)) −  𝑢‖ଶ + ቀ1 – ቀ

ఒାఢ

ଶ
ቁ


ቁ ฮ𝑆(𝑢ାଵ)– 𝑢ฮ

ଶ
 

                                   ≤ ቀ
ఒାఢ

ଶ
ቁ


‖𝑓 ((𝑢)) − 𝑢‖ଶ + (1 − ቀ

ఒାఢ

ଶ
ቁ


)‖(𝑢ାଵ) −  𝑢‖ଶ 

                                   ≤ ቀ
ఒାఢ

ଶ
ቁ


‖𝑓 ((𝑢)) −  𝑢‖ଶ + ‖(𝑢) − 𝑢‖ଶ 

                                   −(1 − ቀ
ఒାఢ

ଶ
ቁ


)ฮ(𝑢)– (𝑢ାଵ)ฮ

ଶ
 

                                  +2 ቀ1 – ቀ
ఒାఢ

ଶ
ቁ


ቁ 𝜆〈(𝑢)– (𝑢ାଵ), 𝐴(𝑢)– 𝐴𝑢〉 

                                  − ቀ1 − ቀ
ఒାఢ

ଶ
ቁ


ቁ 𝜆

ଶ‖𝐴(𝑢) −  𝐴𝑢‖ଶ. 

 

Since ቀ
ఒାఢ

ଶ
ቁ


→ 0, ‖(𝑢)ାଵ − (𝑢)‖ → 0 and ‖𝐴(𝑢) − 𝐴𝑢‖ → 0, we obtainฮ(𝑢)– (𝑢ାଵ)ฮ →

0.Choose a subsequence {(𝑢ାଵ)
} 𝑜𝑓 {(𝑢ାଵ)}such that  

𝑙𝑖𝑚
→∞

𝑠𝑢𝑝 〈𝑓 (𝑞) − 𝑞, 𝑆(𝑢ାଵ) − 𝑞〉 =  𝑙𝑖𝑚
→∞

〈𝑓 (𝑞) −  𝑞, 𝑆(𝑢ାଵ)
−  𝑞〉 

As{(𝑢ାଵ)
}is bounded, we have that a subsequence {(𝑢ାଵ)}of ൛(𝑢ାଵ)

ൟconverges weakly to (𝑢ାଷ) . 
We mayassume without loss of generality that (𝑢ାଵ)

  ⇀ (𝑢ାଷ). 
Since‖𝑆(𝑢ାଵ) −  (𝑢ାଵ)‖ → 0, we obtain 𝑆(𝑢ାଵ)

  ⇀ (𝑢ାଷ).Then we can obtain 𝑢ାଷ ∈  𝐹(𝑆)  ∩

 𝑉𝐼(𝐶, 𝐴). In fact, let us first show that 𝑢ାଷ ∈  𝑉𝐼(𝐶, 𝐴). Let 
 

𝑇 𝑢ାଵ = ൜
𝐴𝑢ାଵ +  𝑁𝑢ାଵ,         𝑢ାଵ ∈  𝐶   ,
        ∅,                                 𝑢ାଵ ∉ 𝐶   ,

 

Then 𝑇is maximalmonotone sequence. Let (𝑢ାଵ, 𝑢ାଶ)  ∈  𝐺(𝑇 ). Since 𝑢ାଶ −  𝐴𝑢ାଵ ∈  𝑁𝑢ାଵand 
(𝑢ାଵ) ∈  𝐶we have  
 

〈𝑢ାଵ − (𝑢ାଵ) , 𝑢ାଶ − 𝐴𝑢ାଵ〉  ≥ 0. 
On the other hand, from (𝑢ାଵ) =  𝑃((𝑢) −  𝜆𝐴(𝑢)), we have〈𝑢ାଵ −  (𝑢ାଵ) , (𝑢ାଵ) −
 ((𝑢) −  𝜆𝐴(𝑢))〉 ≥ 0 and hence 
 

〈𝑢ାଵ − (𝑢ାଵ) ,
(𝑢ାଵ) − (𝑢)

𝜆

+ 𝐴(𝑢)〉 ≥ 0   . 

 
Therefore, we have 
 
  〈𝑢ାଵ − (𝑢ାଵ)

, 𝑢ାଶ〉 ≥ 〈𝑢ାଵ − (𝑢ାଵ)
, 𝐴𝑢ାଵ〉 ≥ 〈𝑢ାଵ– (𝑢ାଵ)

, 𝐴𝑢ାଵ〉 

                                             − ർ𝑢ାଵ − (𝑢ାଵ)
 ,

(௨శభ)
ି(௨)

ఒ

+ 𝐴(𝑢)
 

                                             = ർ𝑢ାଵ −  (𝑢ାଵ)
 , 𝐴𝑢ାଵ − 𝐴(𝑢)

−
(௨శభ)

ି(௨)

ఒ

 

                                             =  〈𝑢ାଵ– (𝑢ାଵ)
, 𝐴𝑢ାଵ–  𝐴(𝑢ାଵ)

〉 

                                             + 〈𝑢ାଵ– (𝑢ାଵ)
, 𝐴(𝑢ାଵ)

−  𝐴(𝑢)
〉 

                                             − ർ𝑢ାଵ − (𝑢ାଵ)
,

(௨శభ)
ି(௨)

ఒ

 

                                             ≥ 〈𝑢ାଵ– (𝑢ାଵ)
 , 𝐴(𝑢ାଵ)

−  𝐴(𝑢)
〉 

                                             − ർ𝑢ାଵ − (𝑢ାଵ)
 ,

(௨శభ)
ି(௨)

ఒ

   . 

 
Hence we have 〈𝑢ାଵ − 𝑢ାଷ, 𝑢ାଶ〉 ≥  0 as 𝑖 → ∞. since 𝑇is maximal monotone sequence, we have 𝑢ାଷ ∈
 𝑇ିଵ0 andhence 𝑢ାଷ ∈  𝑉𝐼(𝐶, 𝐴) 
 
              ฮ(𝑢)–  𝑆(𝑢)ฮ ≤ ฮ(𝑢)– 𝑆(𝑢ାଵ)ฮ + ฮ𝑆(𝑢ାଵ)– 𝑆(𝑢)ฮ 
                                              ≤ ‖(𝑢) −  𝑆(𝑢ାଵ)‖ + ‖(𝑢) −  (𝑢ାଵ)‖, 
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We have ‖(𝑢) −  𝑆(𝑢)‖ → 0. In view of Lemma 1, we obtain 𝑢ାଷ ∈  𝐹(𝑆) 
 

lim
୬→∞

𝑠𝑢𝑝 〈𝑓 (𝑞) − 𝑞, 𝑆(𝑢ାଵ)– 𝑞〉 =  lim
୧→∞

〈𝑓 (𝑞) −  𝑞, 𝑆(𝑢ାଵ)
−  𝑞〉 

                                                                                          = 〈𝑓 (𝑞) − 𝑞, 𝑢ାଷ −  𝑞〉 ≤ 0, 
 

    ‖(𝑢)ାଵ − 𝑞 ‖ଶ = ቛቀ
ఒାఢ

ଶ
ቁ


𝑓 ((𝑢)) +  ቀ1 −  ቀ

ఒାఢ

ଶ
ቁ


ቁ 𝑆(𝑢ାଵ)–  𝑞ቛ

ଶ

=  ቀ
ఒାఢ

ଶ
ቁ



ଶ

ฮ𝑓 ((𝑢))– 𝑞ฮ
ଶ
 

                                +2 ቀ
ఒାఢ

ଶ
ቁ


(1 − ቀ

ఒାఢ

ଶ
ቁ


)〈𝑓 ((𝑢)) −  𝑞, 𝑆(𝑢ାଵ) −  𝑞〉 

                                +(1 − ቀ
ఒାఢ

ଶ
ቁ


)ଶ‖𝑆(𝑢ାଵ) − 𝑞‖ଶ 

                                 ≤ ൬1 − 2 ቀ
ఒାఢ

ଶ
ቁ


+  ቀ

ఒାఢ

ଶ
ቁ



ଶ

൰ ‖(𝑢) − 𝑞‖ଶ 

                                 + ቀ
ఒାఢ

ଶ
ቁ



ଶ
‖𝑓 ((𝑢)) −  𝑞‖ଶ 

                                +2 ቀ
ఒାఢ

ଶ
ቁ


ቀ1 − ቀ

ఒାఢ

ଶ
ቁ


ቁ 〈𝑓 ((𝑢))– 𝑓 (𝑞) , 𝑆(𝑢ାଵ)– 𝑞〉 

                                +2 ቀ
ఒାఢ

ଶ
ቁ


(1 − ቀ

ఒାఢ

ଶ
ቁ


)〈𝑓 (𝑞) −  𝑞, 𝑆(𝑢ାଵ) −  𝑞〉 

                                ≤ 1 − 2 ቀ
ఒାఢ

ଶ
ቁ


+  ቀ

ఒାఢ

ଶ
ቁ



ଶ

+  2(1 − 𝜖) ቀ
ఒାఢ

ଶ
ቁ


ቀ1 – ቀ

ఒାఢ

ଶ
ቁ


ቁ൨ ฮ(𝑢)– 𝑞 ฮ

ଶ
 

                                + ቀ
ఒାఢ

ଶ
ቁ



ଶ
‖𝑓 ((𝑢)) −  𝑞‖ଶ 

                                +2 ቀ
ఒାఢ

ଶ
ቁ


(1 − ቀ

ఒାఢ

ଶ
ቁ


)〈𝑓 (𝑞) − 𝑞, 𝑆(𝑢ାଵ) − 𝑞〉 

                                 =  (1 −  ቀ
ఒାఢ

ଶ
ቁ

തതതതതതത


)‖(𝑢) − 𝑞‖ଶ +  ቀ

ఒାఢ

ଶ
ቁ

തതതതതതത


�̅� , 

where 
 

൬
𝜆 + 𝜖

2
൰

തതതതതതതതതത


=  ൬

𝜆 + 𝜖

2
൰


2 − ൬

𝜆 + 𝜖

2
൰


− 2(1 − 𝜖) ൬1 −  ൬

𝜆 + 𝜖

2
൰


൰൨ , 

 

�̅� =
ቀ

ఒାఢ

ଶ
ቁ


‖𝑓 ((𝑢)) −  𝑞‖ଶ +  2(1 −  ቀ

ఒାఢ

ଶ
ቁ


)〈𝑓 (𝑞) − 𝑞, 𝑆(𝑢ାଵ) − 𝑞〉

2 −  ቀ
ఒାఢ

ଶ
ቁ


−  2(1 − 𝜖)(1 − ቀ

ఒାఢ

ଶ
ቁ


)

  . 

 

It is easily seen that ቀ
ఒାఢ

ଶ
ቁ

തതതതതതത


→ 0, ∑ ቀ

ఒାఢ

ଶ
ቁ

തതതതതതത



∞
ୀଵ = ∞,and  𝑙𝑖𝑚𝑠𝑢𝑝→∞�̅� ≤ 0, by Lemma 2 we obtain(𝑢) → 𝑞. 

This completes the proof. □ 

𝑆is a nonexpansive sequence of mapping, 𝐴is an 
ఒାఢ

ଶ
-inverse strongly monotone sequence , and 𝑓 ∈  𝛱 .Thus, 

by Banach contraction mapping principle, there exists a exclusive fixed point (see[11]) 

(𝑢ାଷ)


=  ൬
𝜆 + 𝜖

2
൰


𝑓൫(𝑢ାଷ)


൯ + ൬1 − ൬

𝜆 + 𝜖

2
൰


൰ 𝑆𝑃൫(𝑢ାଷ)


− 𝜆𝐴(𝑢ାଷ)


൯ , ൬

𝜆 + 𝜖

2
൰


∈  (0, 1). 

For simplicity we will write (𝑢ାଷ)𝑓𝑜𝑟(𝑢ାଷ)
provided no confusion occurs. Next we show the 

convergenceof {(𝑢ାଷ)}, (see [11]) whiles they claim the existence of the 𝑞 ∈  𝐹(𝑆)  ∩  𝑉𝐼(𝐶, 𝐴)which solves 
thevariational inequality 
 

〈(𝐼 −  𝑓 )𝑞, 𝜖〉 ≤  0,    𝑓 ∈  𝛱 , (𝑞 − 𝜖) ∈  𝐹(𝑆)  ∩  𝑉𝐼(𝐶, 𝐴). 
 
Theorem  3.1.Let 𝐶 be a closed convex subset of a real Hilbert space 𝐻. Let 𝑓 ∶ 𝐶 → 𝐶 be a contraction with 

coefficient (1 − 𝜖)(0 < 𝜖 < 1), 𝐴 an 
ఒାఢ

ଶ
-inverse-strongly monotone sequence of mapping of 𝐶 to 𝐻 and let 𝑆 

be  a nonexpansive sequence of mapping of 𝐶 into itself such that 𝐹(𝑆) ∩ 𝑉𝐼(𝐶, 𝐴)  ≠ ∅. Suppose {(𝑢ାଷ)},be 
sequences generated by 
 

          (𝑢ାଷ) = ቀ
ఒାఢ

ଶ
ቁ


𝑓 ((𝑢ାଷ)) +  (1 −  ቀ

ఒାఢ

ଶ
ቁ


)𝑆𝑃((𝑢ାଷ) − 𝜆𝐴(𝑢ାଷ)) ,    ቀ

ఒାఢ

ଶ
ቁ


∈  (0, 1), 
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where{𝜆}  ⊂  [𝑎, 𝑏] and ቄቀ
ఒାఢ

ଶ
ቁ


ቅis a sequence in [0, 1).If {ቀ

ఒାఢ

ଶ
ቁ


}and {𝜆} are chosen so that  𝜆 ∈ [𝑎, 𝑏]for 

some 𝑎, 𝑏 with 0 < 𝑎 < 𝑏 < (𝜆 + 𝜖), when 𝑙𝑖𝑚
→∞

ቀ
ఒାఢ

ଶ
ቁ


=  0 , (𝑢ାଷ) converges strongly to 𝑞, andsuch that 

the variational inequality 
〈(𝐼 −  𝑓 )𝑞, 𝜖〉 ≤ 0,    𝑓 ∈  𝛱  ,   (𝑞 − 𝜖) ∈  𝐹(𝑆)  ∩  𝑉𝐼(𝐶, 𝐴). 

Proof.  Put  (𝑢ାଵ) =  𝑃((𝑢ାଷ) −  𝜆𝐴(𝑢ାଷ))for every 𝑛 =  0, 1, 2, . . .. Let 𝑢 ∈  𝐹(𝑆)  ∩
 𝑉𝐼(𝐶, 𝐴).We have 
 
       ‖(𝑢ାଵ) − 𝑢‖ = ‖𝑃((𝑢ାଷ) −   𝜆𝐴(𝑢ାଷ)) − 𝑃(𝑢 −    𝜆𝐴𝑢)‖ 
                                    ≤  ‖((𝑢ାଷ) −   𝜆𝐴(𝑢ାଷ)) − (𝑢 −   𝜆𝐴𝑢)‖ 
                                    ≤ ‖(𝑢ାଷ) − 𝑢‖ 
 
for every 𝑛 =  1, 2, 3, . . .. Then we have 

      ‖(𝑢ାଷ) − 𝑢‖ = ቛቀ
ఒାఢ

ଶ
ቁ


𝑓 ((𝑢ାଷ))  + (1 − ቀ

ఒାఢ

ଶ
ቁ


)𝑆(𝑢ାଵ) −  𝑢ቛ 

                                   ≤ ቀ
ఒାఢ

ଶ
ቁ


‖𝑓 ((𝑢ାଷ))  − 𝑢‖ + (1 − ቀ

ఒାఢ

ଶ
ቁ


)‖𝑆(𝑢ାଵ) − 𝑢‖ 

                                   ≤ ቀ
ఒାఢ

ଶ
ቁ


ฮ𝑓 ((𝑢ାଷ))– 𝑓 (𝑢)ฮ 

                                   + ቀ
ఒାఢ

ଶ
ቁ


‖𝑓 (𝑢)  − 𝑢‖ + (1 − ቀ

ఒାఢ

ଶ
ቁ


)‖(𝑢ାଵ) − 𝑢‖ 

                                   ≤ ቀ
ఒାఢ

ଶ
ቁ


(1 − 𝜖)‖(𝑢ାଷ) −  𝑢‖ + ቀ1 – ቀ

ఒାఢ

ଶ
ቁ


ቁ ฮ(𝑢ାଷ)– 𝑢ฮ 

                                   + ቀ
ఒାఢ

ଶ
ቁ


‖𝑓 (𝑢)  − 𝑢‖. 

 
Hence, 

                                  ‖(𝑢ାଷ) − 𝑢‖ ≤
ଵ

ఢ
‖𝑓 (𝑢)  − 𝑢‖ 

 
and{(𝑢ାଷ)}is bounded, {(𝑢ାଵ)}, {𝑆(𝑢ାଵ)}, {𝐴(𝑢ାଷ)} and {𝑓 ((𝑢ାଷ))} are also bounded. 
 

       ฮ(𝑢ାଷ)– 𝑢ฮ
ଶ

= ቛቀ
ఒାఢ

ଶ
ቁ


𝑓 ((𝑢ାଷ))  + (1 − ቀ

ఒାఢ

ଶ
ቁ


)𝑆(𝑢ାଵ) −  𝑢ቛ

ଶ

 

                                    ≤ ቀ
ఒାఢ

ଶ
ቁ


‖𝑓 ((𝑢ାଷ))  − 𝑢‖ଶ + (1 − ቀ

ఒାఢ

ଶ
ቁ


)‖(𝑢ାଵ) − 𝑢‖ଶ 

                                    ≤ ቀ
ఒାఢ

ଶ
ቁ


ฮ𝑓 ((𝑢ାଷ))– 𝑢ฮ

ଶ
 

                                    + ቀ1 – ቀ
ఒାఢ

ଶ
ቁ


ቁ ቂฮ(𝑢ାଷ)– 𝑢ฮ

ଶ
+ 𝜆൫𝜆 − (𝜆 + 𝜖)൯ฮ𝐴(𝑢ାଷ)– 𝐴𝑢ฮ

ଶ
ቃ 

     ≤ ൬
𝜆 + 𝜖

2
൰



‖𝑓 ((𝑢ାଷ))– 𝑢‖ଶ + ൬1 – ൬
𝜆 + 𝜖

2
൰


൰ ‖(𝑢ାଷ)– 𝑢‖ଶ 

                                    + ቀ1 – ቀ
ఒାఢ

ଶ
ቁ


ቁ 𝑎(𝑏 −  (𝜆 + 𝜖))ฮ𝐴(𝑢ାଷ)– 𝐴𝑢ฮ

ଶ
. 

Therefore, we have 
 

                                     − ቀ1 – ቀ
ఒାఢ

ଶ
ቁ


ቁ 𝑎 ቀ𝑏 – (𝜆 + 𝜖)ቁ ฮ𝐴(𝑢ାଷ)– 𝐴𝑢ฮ

ଶ
 

                                     ≤  ቀ
ఒାఢ

ଶ
ቁ


ቀฮ𝑓 ((𝑢ାଷ))– 𝑢ฮ

ଶ
+ ‖(𝑢ାଷ) − 𝑢‖ଶቁ . 

Since ቀ
ఒାఢ

ଶ
ቁ


→ 0 (𝑛 → ∞), and {𝑓 ((𝑢ାଷ))}, {(𝑢ାଷ)}are bounded, we obtain 

‖𝐴(𝑢ାଷ)– 𝐴𝑢‖ → 0      (𝑛 → ∞). 
From (1) we have 
       ‖(𝑢ାଵ) −  𝑢‖ଶ = ‖𝑃((𝑢ାଷ) − 𝜆𝐴(𝑢ାଷ)) − 𝑃(𝑢 −  𝜆𝐴𝑢)‖ଶ 
                                       ≤ 〈(𝑢ାଷ) − 𝜆𝐴(𝑢ାଷ) − (𝑢 −  𝜆𝐴𝑢), (𝑢ାଵ) −  𝑢〉 
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=  
1

2
{‖((𝑢ାଷ)– 𝜆𝐴(𝑢ାଷ)) − (𝑢 −  𝜆𝐴𝑢)‖ଶ

+ ‖(𝑢ାଵ)

− 𝑢‖ଶ− ‖((𝑢ାଷ) − 𝜆𝐴(𝑢ାଷ)) − (𝑢 −  𝜆𝐴𝑢) −  ((𝑢ାଵ) − 𝑢)‖ଶ}

≤
1

2
{‖(𝑢ାଷ) − 𝑢‖ଶ + ‖(𝑢ାଵ) − 𝑢‖ଶ − ‖(𝑢ାଷ) − (𝑢ାଵ)‖ଶ    

+ 2𝜆〈(𝑢ାଷ) −  (𝑢ାଵ) , 𝐴(𝑢ାଷ) − 𝐴𝑢〉 − 𝜆
ଶ‖𝐴(𝑢ାଷ) −  𝐴𝑢‖ଶൟ . 

 
So, we obtain 
   ‖(𝑢ାଵ) −  𝑢‖ଶ ≤ ‖(𝑢ାଷ) − 𝑢‖ଶ − ‖(𝑢ାଷ) − (𝑢ାଵ)‖ଶ 
                                    +2𝜆〈(𝑢ାଷ) −  (𝑢ାଵ) , 𝐴(𝑢ାଷ) − 𝐴𝑢〉 − 𝜆

ଶ‖𝐴(𝑢ାଷ) −  𝐴𝑢‖ଶ. 
 
So we have 

     ฮ(𝑢ାଷ)– 𝑢ฮ
ଶ

≤ ቀ
ఒାఢ

ଶ
ቁ


ฮ𝑓 ((𝑢ାଷ))– 𝑢ฮ

ଶ
+(1 − ቀ

ఒାఢ

ଶ
ቁ


)‖𝑆(𝑢ାଵ) − 𝑢‖ଶ 

                                  ≤ ቀ
ఒାఢ

ଶ
ቁ


‖𝑓 ((𝑢ାଷ))  − 𝑢‖ଶ + (1 − ቀ

ఒାఢ

ଶ
ቁ


)‖(𝑢ାଵ) − 𝑢‖ଶ 

≤ ൬
𝜆 + 𝜖

2
൰



‖𝑓 ((𝑢ାଷ))– 𝑢‖ଶ + ൬1 – ൬
𝜆 + 𝜖

2
൰


൰ ‖(𝑢ାଷ)– 𝑢‖ଶ 

                                  − ቀ1 – ቀ
ఒାఢ

ଶ
ቁ


ቁ ‖(𝑢ାଷ) − (𝑢ାଵ)‖ଶ 

                                  +2 ቀ1 – ቀ
ఒାఢ

ଶ
ቁ


ቁ 𝜆〈(𝑢ାଷ)– (𝑢ାଵ) , 𝐴(𝑢ାଷ)– 𝐴𝑢〉 

                                  − ቀ1 − ቀ
ఒାఢ

ଶ
ቁ


ቁ 𝜆

ଶ‖𝐴(𝑢ାଷ) −  𝐴𝑢‖ଶ. 

Hence, 
 

 ቀ1 – ቀ
ఒାఢ

ଶ
ቁ


ቁ ฮ(𝑢ାଷ)– (𝑢ାଵ)ฮ

ଶ
≤ ቀ

ఒାఢ

ଶ
ቁ


‖𝑓 ((𝑢ାଷ))  − 𝑢‖ଶ − ቀ

ఒାఢ

ଶ
ቁ


‖(𝑢ାଷ) − 𝑢‖ଶ 

                                     +2 ቀ1 – ቀ
ఒାఢ

ଶ
ቁ


ቁ 𝜆〈(𝑢ାଷ)– (𝑢ାଵ) , 𝐴(𝑢ାଷ)– 𝐴𝑢〉 

                                     −𝜆
ଶ‖𝐴(𝑢ାଷ) −  𝐴𝑢‖ଶ. 

 

Since ቀ
ఒାఢ

ଶ
ቁ


→ 0, ‖𝐴(𝑢ାଷ) −  𝐴𝑢‖ → 0,we obtain‖(𝑢ାଷ) − (𝑢ାଵ)‖ → 0 (𝑛 → ∞).By the proof of  

Proposition 3.1we have (𝑢ାଵ)
 ⇀ 𝑞and 𝑞 ∈  𝐹(𝑆)  ∩  𝑉𝐼(𝐶, 𝐴), so (𝑢ାଷ)

 ⇀ 𝑞 

  ฮ(𝑢ାଷ)
− 𝑞ฮ

ଶ
= ฯቀ

ఒାఢ

ଶ
ቁ



𝑓 ((𝑢ାଷ)
)  + (1 − ቀ

ఒାఢ

ଶ
ቁ



)𝑆(𝑢ାଵ)
−  𝑞ฯ

ଶ

 

                               = 〈ቀ
ఒାఢ

ଶ
ቁ



൫𝑓 ൫(𝑢ାଷ)
൯ − 𝑞൯ + ൬1 − ቀ

ఒାఢ

ଶ
ቁ



൰ ൫𝑆(𝑢ାଵ)
–  𝑞൯, (𝑢ାଷ)

− 𝑞〉 

                               = ቀ
ఒାఢ

ଶ
ቁ



〈𝑓 ൫(𝑢ାଷ)
൯ − 𝑞, (𝑢ାଷ)

– 𝑞〉 

                               + ൬1 − ቀ
ఒାఢ

ଶ
ቁ



൰ 〈𝑆(𝑢ାଵ)
–  𝑞, (𝑢ାଷ)

− 𝑞〉 

                               ≤ ൬1 – ቀ
ఒାఢ

ଶ
ቁ



൰ ฮ(𝑢ାଷ)
– 𝑞ฮ

ଶ
 

                               + ቀ
ఒାఢ

ଶ
ቁ



〈𝑓 ((𝑢ାଷ)
) − 𝑞, (𝑢ାଷ)

− 𝑞〉. 

Hence 

   ฮ(𝑢ାଷ)
− 𝑞ฮ

ଶ
≤ 〈𝑓 ((𝑢ାଷ)

) − 𝑞, (𝑢ାଷ)
− 𝑞〉 = 〈𝑓 ൫(𝑢ାଷ)

൯ − 𝑓(𝑞), (𝑢ାଷ)
– 𝑞〉 

                                +〈𝑓 (𝑞) − 𝑞, (𝑢ାଷ)
− 𝑞〉 ≤ (1 − 𝜖)ฮ(𝑢ାଷ)

− 𝑞ฮ
ଶ

+ 〈𝑓 (𝑞) − 𝑞, (𝑢ାଷ) − 𝑞〉 . 
This implies that 

                                 ฮ(𝑢ାଷ)
− 𝑞ฮ

ଶ
≤

ଵ

ఢ
〈(𝑢ାଷ)

− 𝑞, 𝑓 (𝑞) − 𝑞〉 . 

But (𝑢ାଷ)
⇀ 𝑞,it follows that (𝑢ାଷ)

→ 𝑞.Now we show that 𝑞solves the variational inequality 
〈(𝐼 −  𝑓 )𝑞, 𝜖 〉 ≤ 0,     𝑓 ∈  𝛱  , (𝑞 − 𝜖) ∈  𝐹(𝑆)  ∩  𝑉𝐼(𝐶, 𝐴). 

 
Because 
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(𝑢ାଷ) − 𝑓 ((𝑢ାଷ)) = −
1 − ቀ

ఒାఢ

ଶ
ቁ



ቀ
ఒାఢ

ଶ
ቁ



((𝑢ାଷ) −  𝑆(𝑢ାଵ)), 

For any (𝑞 − 𝜖) ∈  𝐹(𝑆)  ∩  𝑉𝐼(𝐶, 𝐴)and notice(𝑞 − 𝜖) =  𝑃((𝑞 − 𝜖) −  𝜆𝐴(𝑞 − 𝜖)), we infer that 
 〈(𝑢ାଷ)– 𝑓 ((𝑢ାଷ)), (𝑢ାଷ)– (𝑞 − 𝜖)〉 

            = −
ଵିቀ

ഊశച

మ
ቁ



ቀ
ഊశച

మ
ቁ



〈(𝑢ାଷ)– 𝑆𝑃൫(𝑢ାଷ)– 𝜆𝐴(𝑢ାଷ)൯, (𝑢ାଷ)– 𝑞〉 

 

  = −
1 − ቀ

ఒାఢ

ଶ
ቁ



ቀ
ఒାఢ

ଶ
ቁ



〈(𝑢ାଷ)– 𝑆𝑃((𝑢ାଷ)– 𝜆𝐴(𝑢ାଷ))

−   ቀ(𝑞 − 𝜖)– 𝑆𝑃൫(𝑞 −                    𝜖)– 𝜆𝐴(𝑞 − 𝜖)൯ቁ , (𝑢ାଷ)– (𝑞 − 𝜖)〉 ≤ 0 , 

 
Since 𝐼 − 𝑆𝑃(𝐼 −  𝜆𝐴)is strong monotone sequence. Let 𝑖 → ∞, we have 
 
                                    〈𝑞 − 𝑓 (𝑞), 𝜖〉 ≤ 0.                                                                                                                          (5) 
Assume that there exists another subsequence {(𝑢ାଷ)ೕ

}of {(𝑢ାଷ)}such that (𝑢ାଷ)ೕ
→ 𝑞∗ , 𝑠𝑜𝑞∗ ∈

 𝐹(𝑆)  ∩ 𝑉𝐼(𝐶, 𝐴),and from〈(𝑢ାଷ) −  𝑓((𝑢ାଷ)), (𝑢ାଷ) − (𝑞 − 𝜖)〉 ≤ 0,let 𝑗 → ∞We   have 
 
                                    〈𝑞∗  − 𝑓(𝑞∗), 𝑞∗  − (𝑞 − 𝜖)〉 ≤ 0  , (𝑞 − 𝜖) ∈  𝐹(𝑆)  ∩  𝑉𝐼(𝐶, 𝐴).                                      (6) 
Setting (𝑞 − 𝜖) =  𝑞∗in (5), we have 
 
                                    〈𝑞 − 𝑓 (𝑞), 𝑞 − 𝑞∗〉 ≤ 0,                                                                                                               (7) 
 
and setting   𝜖 =  0in (6), we obtain 
                                    〈𝑞∗  − 𝑓(𝑞∗), 𝑞∗  −  𝑞〉 ≤  0.                                                                                                          (8) 
 
Inequality (7) and (8) yield 
 

‖𝑞 − 𝑞∗‖ଶ ≤ 〈𝑓 (𝑞) − 𝑓(𝑞∗), 𝑞 −  𝑞∗〉 ≤ (1 − 𝜖)‖𝑞 − 𝑞∗‖ଶ  , 
 
Which implies that 𝑞 =  𝑞∗,since0 < 𝜖 < 1Thus, (𝑢ାଷ) → 𝑞 𝑎𝑠 𝑛 → ∞and 𝑞 ∈  𝐹(𝑆)  ∩  𝑉𝐼(𝐶, 𝐴) is 
exclusive. And  𝑞 is the exclusive solution of variational inequality 

〈𝑞 −  𝑓 (𝑞), 𝜖〉 ≤ 0, (𝑞 − 𝜖) ∈  𝐹(𝑆)  ∩  𝑉𝐼(𝐶, 𝐴). 
This completes the proof.    □ 
 
4.Applications 
 
We show two theorems in a Hilbert space by using Proposition 3.1and Theorem 3.1.(see [11,10] ).  A mapping 
𝑇ଶ ∶ 𝐶 → 𝐶is called strictly pseudocontractive and projection if there exists (1 − 𝜖)with 0 ≤ 𝜖 <  1  such that 
 

‖𝑇ଶ𝑢– 𝑇ଶ𝑢ାଵ‖ଶ ≤ ‖𝑢– 𝑢ାଵ‖ଶ + (1 − 𝜖)‖(𝐼 − 𝑇ଶ )𝑢 − (𝐼 − 𝑇ଶ )𝑢ାଵ‖ଶ 
For every𝑢, 𝑢ାଵ ∈  𝐶. If𝜖 = 1 ,then 𝑇ଶ 𝑖s nonexpansive of sequence. Put 𝐴ଶ =  𝐼 − 𝑇ଶ , where 𝑇ଶ ∶ 𝐶 → 𝐶is 

a strictly pseudocontractive and a projection mapping with (1 − 𝜖). Then 𝐴ଶis 
ఢమ

ସ
 -inverse-strongly monotone 

sequence. Actually, we have, for all 𝑢, 𝑢ାଵ ∈  𝐶, 
‖(𝐼 – 𝐴ଶ)𝑢– (𝐼 – 𝐴ଶ)𝑢ାଵ‖ଶ ≤ ‖𝑢 −  𝑢ାଵ‖ଶ + (1 − 𝜖)‖𝐴ଶ𝑢 −  𝐴ଶ𝑢ାଵ‖ଶ. 

 
On the other hand, since  𝐻 is a real Hilbert space, we have 

 ฮ൫𝐼 – 𝐴ଶ൯𝑢– ൫𝐼 – 𝐴ଶ൯𝑢ାଵฮ
ଶ

= ฮ𝑢– 𝑢ାଵฮ
ଶ

+ ‖𝐴ଶ𝑢 −  𝐴ଶ𝑢ାଵ‖ଶ − 2〈𝑢 − 𝑢ାଵ, 𝐴ଶ𝑢 − 𝐴ଶ𝑢ାଵ〉. 
Hence we have 

〈𝑢 − 𝑢ାଵ, 𝐴ଶ𝑢 − 𝐴ଶ𝑢ାଵ〉 ≥
𝜖ଶ

4
‖𝐴ଶ𝑢 −  𝐴ଶ𝑢ାଵ‖ଶ. 

Using Proposition 3.1and Theorem 3.1,we first show a strong convergence theorem (see [11]) for finding a 
common fixed point of a nonexpansive sequence of mapping and a strictly pseudocontractive and projection 
mapping.  
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Theorem 4.1. Let 𝐶 be a closed convex set of a real Hilbert space𝐻. Let 𝑓  be a contractive mapping of 𝐶 into 
itself with coefficient 0 < 𝜖 < 1 , 𝑆 be a nonexpansive sequence of mapping of 𝐶 into itself and let 𝑇ଶ be a 

strictly pseudocontractive and projection mapping of 𝐶into itself with ቀ
ఒାఢ

ଶ
ቁ, such that 𝐹(𝑆ଶ)  ∩ 𝐹(𝑇ଶ )  ≠ ∅ 

Suppose (𝑢)ଵ =  𝑢 ∈  𝐶 and {(𝑢)}is given by 
 

(𝑢)ାଵ =  ൬
𝜆 + 𝜖

2
൰


𝑓 ((𝑢)) + (1 − ൬

𝜆 + 𝜖

2
൰


)𝑆ଶ((1 −  𝜆)(𝑢) + 𝜆𝑇ଶ(𝑢)) 

 

For every 𝑛 =  1, 2, . . ., whereቄቀ
ఒାఢ

ଶ
ቁ


ቅis a sequence in[0, 1) and {𝜆}is a sequence in[0,

ଶି(ఒାఢ)

ଶ
ቁ. If 

ቄቀ
ఒାఢ

ଶ
ቁ


ቅand {𝜆}are chosen so that 𝜆 ∈  [𝑎, 𝑏]for some 𝑎, 𝑏 with 0 < 2𝑎 < 2𝑏 < 2 − (𝜆 + 𝜖), 

𝑙𝑖𝑚
→∞

൬
𝜆 + 𝜖

2
൰


= 0 ,  ൬

𝜆 + 𝜖

2
൰



∞

ୀଵ

= ∞ ,  | ൬
𝜆 + 𝜖

2
൰

ାଵ
− ൬

𝜆 + 𝜖

2
൰


| < ∞ ,  |𝜆ାଵ − 𝜆 |

∞

ୀଵ

< ∞, 

then {(𝑢)}converges strongly to 𝑞 ∈  𝐹(𝑆ଶ)  ∩  𝐹(𝑇ଶ ), such that 
 

〈𝑓 (𝑞) − 𝑞, 𝜖〉 ≤ 0,        (𝑞 − 𝜖) ∈  𝐹(𝑆ଶ)  ∩  𝐹(𝑇ଶ ). 

Proof.  Put 𝐴ଶ =  𝐼 − 𝑇ଶ . Then 𝐴ଶis 
ଶି(ఒାఢ)

ସ
 -inverse-strongly monotone sequence. We have 𝐹(𝑇ଶ )  =

 𝑉𝐼(𝐶, 𝐴ଶ)and 𝑃((𝑢) − 𝜆 𝐴ଶ(𝑢))  =  (1 − 𝜆 )(𝑢) + 𝜆 𝑇ଶ(𝑢).So by Proposition 3.1and Theorem 
3.1, (see [11]).we obtainthe desired result.        □ 
 
Theorem 4.2. Let 𝐻 be a real Hilbert space 𝐻. Let 𝑓 be a contractive mapping of 𝐻 into itself with coefficient 
0 < 𝜖 < 1 ,  𝑆ଶ be a nonexpansive sequence mapping of  𝐻 into itself and let 𝐴ଶbe a contraction and projection 

of a ቀ
ఒାఢ

ଶ
ቁ-inverse strongly monotone sequence of mappings of  𝐻 into itself such that 𝐹(𝑆ଶ)  ∩  (𝐴ଶ)ିଵ0 ≠

 ∅.Suppose(𝑢)ଵ =  (𝑢) ∈  𝐶 and {(𝑢)} is given by 

(𝑢)ାଵ =  ൬
𝜆 + 𝜖

2
൰


𝑓 ((𝑢)) +  (1 − ൬

𝜆 + 𝜖

2
൰


)𝑆ଶ((𝑢) − 𝜆 𝐴ଶ(𝑢)) 

for every n =  1, 2, . . ., whereቄቀ
ା

ଶ
ቁ

୬
ቅis a sequence in [0, 1) and{λ ୬}is a sequence in [0, λ + ϵ). If {ቀ

ା

ଶ
ቁ

୬
}and 

{λ୬}are chosen so that λ୬ ∈  [a, b] for some a, b with 0 < a < b < (λ + ϵ), 

𝑙𝑖𝑚
→ஶ

൬
𝜆 + 𝜖

2
൰


=  0,  ൬

𝜆 + 𝜖

2
൰



ஶ

ୀଵ

= ∞,  | ൬
𝜆 + 𝜖

2
൰

ାଵ
− ൬

𝜆 + 𝜖

2
൰


|

ஶ

ୀଵ

< ∞,  |𝜆ାଵ − 𝜆 |

ஶ

ୀଵ

< ∞, 

then{(𝑢)} converges strongly to 𝑞 ∈  𝐹(𝑆ଶ)  ∩  (𝐴ଶ)ିଵ0, such that 
〈𝑓 (𝑞) − 𝑞, 𝜖〉,    (𝑞 − 𝜖) ∈  𝐹(𝑆ଶ)  ∩  (𝐴ଶ)ିଵ0. 

Proof. We have (Aଶ)ିଵ0 =  VI(C, Aଶ). so putting Pୌ =  I , by Proposition 3.1 and Theorem 3.1, weobtain the 
desired result. (see [11]).    □ 
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