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Abstract:. In this paper, we prove a fixed point theorem in fuzzy metric spaces using logical inequality. Our
result generalizes and extends the result of Vishal Gupta et al. [13]. We justify our result by a suitable example.
Some applications are also submitted in support of our results.
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I. Introduction

The concept of fuzzy sets was introduced by Zadeh [1] in 1965. Kramosil and Michalek [2] introduced
the concept of fuzzy metric space in 1975, which can be regarded as a generalization of the statistical metric
space. Clearly this work plays an essential role for the construction of fixed point theory in fuzzy metric spaces.
Subsequently, in 1988, M. Grabiec [4] defined G-complete fuzzy metric space and extended the complete fuzzy
metric spaces. Following Grabiec’s work, many authors introduce and generalize the different types of fuzzy
contractive mappings and investigate some fixed point theorem in fuzzy metric space. In 1994, George and
Veeramani [3] modified the notion of Mcomplete fuzzy metric space with the help of continuous t-norms. A
number of fixed point theorem have been obtained by various authors in fuzzy metric spaces by using the
concept of implicit relations, compatible maps, weakly compatible maps, R-weakly compatible maps.

* 2Corresponding author

Vishal Gupta et al. [13] proved some fixed point theorems in fuzzy metric spaces through
rational inequality and gave some applications also in 2013.

In 2019, Lukman Zicky et al. [12] described the concept of a fuzzy metric is developed based
on fuzzy concepts. This fuzzy metric is then applied to convergence problems and fixed point
problems, it was concluded that some properties in ordinary metric still apply to fuzzy metric.

1. Preliminaries
Now, we begin with some basic concepts.
Definition2.1.(Zadeh[1]).LetXbeanyset. AfuzzysetAinXisafunctionwithdomainXandvaluesin[0,1].
Definition2.2.(SchweizerandSklar[8]).Abinaryoperation= :[0,1]x[0,1]—[0,1]iscalledacontinuoustriangularnorm
(inshort,continuoust-norm)ifitsatisfiesthefollowingconditions:
(TN-1)+ iscommutativeandassociative. (TN-2)* iscontinuous.
(TN-3)a+ 1=aforeveryace [0,1].
(TN-4)a+ b<c* dwhenevera<candb<dforallab,c,de [0,1].
Definition2.3.(GeorgeandVeeramani[3]). Afuzzymetricspaceisanorderedtriple(X,M,+ )suchthatXisa
nonemptyset,* definedacontinuoust-normandMisafuzzysetonXxXx(0,00),satisfyingthefollowing
conditions,forallx,y,ze X,s,t>0:
(FM-1) M(x,y,t) >0,
(FM-2)M(x,y,t)=1iffx=y, (FM-3)M(x,y,t)=M(y,x,t),
(FM-4) (M(x,y,t) * M(y,z,8)) < M(x,z,t + ),
(FM-5) M(X,y,* ) : (0,00) — (0,1] is left continuous.
Definition2.4.(M.Grabiec[4]).Let(X,M,* )isafuzzymetricspacethenasequence{xn} € Xissaidtobe
convergenttoapointx€ Xiflimn—ooM(xn,x,t)=1forallt>0.
Definition 2.5. (M. Grabiec [4]). Let (X,M,* ) is a fuzzy metric space then a sequence
{xn} € Xis called to a Cauchy sequence if limn—coM(xn+p,xn,t) = 1 for all t >0 and p >0.
Definition2.6.(M.Grabiec[4]).Let(X,M,* )isafuzzymetricspacethenafuzzymetricspaceinwhichevery
Cauchysequenceisconvergentiscalledcomplete.
Lemma 2.7. (M.Grabiec [4]). For all, X,y € X,M(x,y,.) is non-decreasing.
Lemma2.8.(S.N.Mishraetal.[11]). Ifthereexistke (0,1)suchthatM(x,y,kt)>M(x,y,t)forallx,y€ Xandt
€ (0,0), then x =y.
The objective of this work is to prove a fixed point theorem in fuzzy metric spaces using rational
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inequality. We furnish an example to validate our result. Some applications are also given.

I11. Mainresult
In this section, we establish fixed point theorem in fuzzy metric spaces.
Theorem 3.1. Let (X,M,* ) be a complete fuzzy metric space and f: X — X be a mapping satisfying.

Myl (3.1)
M fi k)2 3.0) (32)

M(y. fy. )1 + M(x, fx,t)]
(14 M(z,y,t) Mz, y.t)})

M(x, fe, t)[1+ M(y, fy.1)]
(14 M(x, fx,t)] ‘
M(x, fx,t), M(y, fy.1)}), 33)

and

Where

Az, y.t) = a(min{

+ (1 = a)(min{

forall x,y € X,a € [0,1] and k € (0,1), then f has a unique fixed point.

Proof: Let x € X be any arbitrary point in X. Let us consider a sequence {xn} in X such that fxn = xn+1 for all
n

€ N. Firstly we will show that {Xn} is a Cauchy sequence. Let x = xn—1 and y = xn put in (3.2), we get

.‘V‘X1‘{, X, E) = -%'1&!, g)?./(xx -1, Xx, f) (3 4)

since M (@, [0, t)[1 + M(2ns, f ]
; d LSy, -+ 1 (-’In vJidn ’) \
AMzpoy, o0, t) = a(min T .l\/('.r,, l“’_”.l!)] l M(zpoy, 20, t)})
’ " ) .\I(.r,, |.f.l',, 1’)[] -+ .‘l(.l',,.f.l',,.,)j
+ (1 = a)(1 = a)(min{ T+ Mz fons D) :
M(xn-1, fTn-1:t)s M(Zp, Tps1,1)})
= a(min{M(x,. 2041, 1), M(xy_1.2,,1)})
. M(zpoy, T, t)[1 4+ M(xp, Tpsr. t))]
+ (1 — a)(min{ 1+ M(@ny, 2 1)] :
M(xp—y,xp.t). M(xy, Tppy. 1) }). (33
We shall consider the following cases:
Case(i)-1f
mang : . M(ZTp=1,Tn,t)

1+ M(@n-1, . t)]

M(zp—y.xp. 1)1 + M(2n, Tpsr,t)]
M(zy, Tns1,t)} = ‘
[(@n, Tnsrs )} 14+ M(zy—y,zn, )]

then

M(z,—1:Zn: M(zy, Trs1s
min{M(x,, Tns1.t), M(zp_y, 20, 1)} > M(@n-1. 2n, ){1 + M(a ' 1, 8)]
[l + .‘I(_.l',, 1yLns ’)J ) (36)

We shall embellish that this case is not possible. For this reason, we consider the following
sub-cases:

Case(i)a. Suppose that, min{M(xn,xn+1,t),M(Xn—1,Xn,t)} = M(Xn,xn+1,t), that is,

M(Xn—1,Xn,t) > M(xn,Xn+1,t), (3.7)
furthermore, from (3.6), we observe that
Mz, 21, t) > L1, Tn O[L+ M(20s g, )]
, (3.8) 1+ Mx,_y, x,.1)]

by a simple calculation, we derive from the above that M(xn,xn+1,t) > M(xn—1,xn,t). Which contradicts
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the assumption (3.7).

Case(i)b. Assume that, min{M(xn,Xxn+1,t),M(Xn—1,Xn,t)} = M(Xn,Xn+1,t), that is,
M(Xn—1,Xn,t) < M(xn,Xn+1,t), (3.9)
then again from (3.6), we have

M{xp_ 1,20, )14+ M(2p, 20g1,t)]

-_1 + Mxp_1, Ty, H , (3.10)

by a simple calculation, we derive from the above that M(xn,xn+1,t) < M(Xn—1,xn,t). Which contradicts
the assumption (3.9). Hence case (i) does not occur.

Case(ii). If min{M(xn,xn+1,t),M(Xn—1,xn,t)} = M(Xn,Xn+1,t), from (3.5)

Mxn—1,Xn,t) = aM(xn,Xn+1,t) + (1 — ®)(M(xn,xn+1,t) = M(Xn,Xn+1,t), thus we have

M(xn,xn+1,kt) > M(xn,Xn+1,t).

Since by Lemma 2.8, this implies that xn = xn+1, therefore sequence {xn} is a Cauchy sequence.

Case(iii). If min{M(xn,xn+1,t),M(Xn—1,Xn,t)} = M(Xn—1,Xn,t), from (3.5),

Mxn—1,Xn,t) = aM(xn—1,Xn,t)+(1—a)M(xn—1,Xn,t) = M(Xn—1,Xn,t). Now by simple induction, for all n, and t >0,

M(x,, vpiy, kt) 2 M(x, x,, = ), G.11)

Mz, x,,t) =

noyw for any positive integer s we have / /
My Tngast) 2 M(Tn, Tng1o=) ¥ M(Tpir1.Tagas =) * 0 % M(Tpip-1:Tnsps =)
S S

S

t
> M(x,xy, =

takinglimitn—>andusing(3.1)wegst

{ {
) M(x, x,, :F) %% M(x, 2y, :F)

Limn—edixn Xyz5 01 (3.12)
This ifnpliés that sequence l{x-n} is a Cafuchy sequenEé. Since Z)?,M,*) is a-comblete fuzz'y metric space.
Then sequence {xn} is a convergent in it. Let {xn} convergence to
yE€ XMDO)
M(u, fu,t) > M(u,xp41.1) * M(xpsq. fu,t)
M(fx,, fu,t)= M(u, fr,..t)

A

R
2,\(.r,,.u.ﬂ)*.\l(u..l.,.;.l). 6.13)

e t M (u, fu, =)+ M(z,, foa. ) t
; d W, fu, 5z )14 + M\&y, JFn, 55)]
Az, u, _)_/T) = a(min{ i ‘L M _7'[)] = Mz, u. ‘__)I]})
(2, fon, 55)[1 + M(u. fu, 57)]

14+ M(z,, fz,, EIE )]

M
+ (1 — a)(min{

{

t
Mz,. f.r", 71\ ). M (u. fll. ')Z.)} )y (.14)

onmakingn — o andby (3.1) and (3.14),

If 1,then. Therefore, by equation (3.15) and using definition 2.3, then wegetuisafixedpointoff.

(3.15)
I M, [, j} < | then AMu, u, #] M (u, fu. ﬁ]

Miu, fu,t) = M(u, fu, ;T} # M{(u, x40, 1)

Hencefromequation(3.15),wehave

(3.16)

as n — oo in (3.16) and using (3.1) and Lemma 2.8, we get fu = u.

For uniqueness, Let u,v € X are two fixed point of f, then fu = u and fv = v. Consider
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, (3.16) 1> M(v,u.t) = M(fu, fu.t) = Mv,u, ;j

M(u, fu, )1+ M(v, fv, 1) t
1 :.‘U’(e'.u.I_ = Mwu )b
M(v, fv, )1+ M(u, fu, ;)
L+ M(v, fv,
M, u, £)[1+ M(v, v, )
1+ M(v,u, 1)
M(v, v, £)[1+ M(u,u, §)
1+ M(v,v, )

. t .
Mo, u, .I.'] = a(min{

+ (1= a)(min{ .J:"{r'._f;t%].H(u._f'u.%}}}

alming

Miv, u, LLJ}J

t t
+ (1 — a)(min{ M (v, v, E}. M (e, u, E]}]

1+ o A+

= a(min{ M u.%]””l‘r'”'i}}}-l_“ — a)(min{ = 1,1}
. 2 t .2

=ﬂ|:_”i'f”{m..-‘ll.lr[l'.l'.l'.E]'}} f [1 E'I](Hi'”.'{ﬁ.l.l}j

:n{_m."n{lil.l}] (1 n]llinma{i.l.l}_‘.l

=a(min{l,1}) + (1 — a}(min{1,1,1})

where =afl)+ (1 —a)(l)
=1 (3.17)

Thereforebyusing(3.17),1>M(v,u,t)>1,thisimpliesthatM(v,u,t)=1,wehavev=u.Thereexistsunique
fixedpointoff. Thiscompletestheproofofthetheorem.

Remark 3.2. For o = 1, we get theorem 4.1 of Gupta et al. [13].

Remark 3.3. For o = 0, we get the following corollary.

Corollary3.4.Let(X,M,* )beacompletefuzzymetricspaceandf:X—XbeamappingsatisfyingM(x,y,t)=
landM(fx, fy, kt)>A(x,y,t),

where

Mz, fo, )1 + M(y. fy.
, Az, g 1) = min{— [{ " ‘3\-”:' ;-.F-{.?}jm 1)

M (x, fr,t), M(y, fy.t)}

forall x,y € X,a € [0,1],k € (0,1). Then f has a unique fixed point.
N = {llg li} M

. min{zy}+1 . .
'LF[J » M '”I o maz{z,yh+l ,|II [,],] _III(%]
Example3.5.Let(X,M,* )beacompletefuzzymetricspace,let  is
afuzzysetonXxXx(0,0)definedas and
! . I [
N3l =3
forallx,y€ X,a€ [0,1] ke (0,1). Thenfhasauniquefixedpoint.
Mz .l'j_f} _ munfey}+l _ min{aon i "7
Solution.Letke (0.1)andte (0.00).aiven 1 ' ! rreee {2, ) ; mar{r.u}t+;
M1, 5,t) = M(5.1,8) = §
1 1 2
Mil, = ¢ Mi=,1,¢
( 3 ) (310 =73
1 1 1 b
'”[g'_-;'” _H[:;.ﬂ_.rj 9

M(1.1,¢) = .1:(;;. ;.r} = .U'.‘.l,}- .i-l’J
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:1’

and ift=1,5 =1, then we observe that
LM Er}*‘lfﬁlj ]5.-1!{I,%.r+.~.-
ML L O*M(31,8) < M(3. 1.t +5
i..”l[% l.1)* M{(1 % ]g _.1;(1L %.r+.~.-

Wewillconsiderthefollowingcases:

)implies _:*%‘5 %
)implies E*% < E
)implies . ;:* _: < ﬁ
(i) For'r LU = 3 We have "
M3, f3. 01+ M(1, f1.1)] 1
[ f1, f= Lf} = a(min{ “ ML) ,.H(LE.T}}}
ML fLE[L+ M(L, 1) (.
+ (1 — a)(min{ [T ML 710 ..-U{l.,f].ﬂ,.‘lfii.fi_f]}]
> a(min{l, i—:}j +(1 - r:]lfmm{g.%, 1}
> 1,Ya € [0,1].
. 1
(i) For” LV = 3 wehave
| U[— —I[l-l—\fljl! 1
M(f1, f=.kt) = a - M(1, =,
(f d ) (min{ “_|_ M(LL.0)] ( 3 )}
M1, fL[1+ M(%, f1¢ 1.1
+ (1 — a)(min{ E: +.‘[f{] f]rl';L ]f'* )]..U{l,_f]_?‘_‘],.U[—i.f?i"]}]
68 2 204
= = S
i ”””{lSU d}']+“ ”“”{gr; T }}
> ¢ i + (1 —a)-.Va € [0,1].
(i) For” = 2°¥ = 5 We have
i ML fLg
] {f f— kt) > a :mrr{ a[fli Illfrl f_:”r_‘ ]],.1I{§.%,rj}]|
LIS+ ML, Lt 1
+ (1 —n}(mm{ _l-—.U[.-;.f%.f]I] M(=, f=.1). ”[.'_-;'f_ )
16 & 17 8
= ”I:ﬁ]] + 11 —n]f_]—a. lﬁj
> 1,Ya € [0,1]

Thus, all conditions of theorem 3.1 are satlsfled Hence f has a unique fixed point.

1V. Application
In this section, we give applications related to our result. Let us
for all t >0, be a non-decreasing and continuous function, for
each  .Whichshowsthat¢(t)=0ifft=0.

[0,00) as (t) = ‘j;;;[lr]ffF
€>0,p0(e) >0

define y : [0,00) —
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Theorem4.1.Let(X,M,* )beacompletefuzzymetricspaceandf:X— XbeamappingsatisfyingM(x,y,t)=1
and where

[T syt > [ () di

LL] 1]

My, fy, )1+ M(x, fz, t)]

14+ Mz, y,t)

Mz, fz,1)[1 4+ My, fy.t)]
1+ M(x, fz,t)]

Az, y,t) = a(min{ My, )}

(1 — a)(min{ Mz, faxt), My, fu,t)}). (4.1)

forallx,ye X,a€[0,1],ke (0,1)andd(t)€ y.Thenfhasauniquefixedpoint. Proof. By taking ¢(t) = 1 and applying
Theorem 3.1, we obtain the result. Remark4.2.Fora=1,wegetthefollowingcorollary.
Corollary4.3.Let(X,M,* )beacompletefuzzymetricspaceandf:X—XbeamappingsatisfyingM(x,y,t)= land

q- Fe Fu ity STERT ;
Wl “ﬁ. LI -_|r_-_|.|' .I‘.-{Ir :||"||l|r __"-:, j(;:‘d- -...--' I_r_'{.ll ].|',H
.‘“rl:‘{,f I,FI{.I'.!}'[]. |‘ .“r[.l'. I,IF.I'. ?Il:

M,y t) = min{ [L+ M(z.3,0)]

My t)}

forall x,y € X,a € [0,1],k € (0,1). Then f has a unique fixed point.
Remark 4.4. For 0. = 0, we get the following corollary.
Corollary4.5.Let(X,M,* )beacompletefuzzymetricspaceandf:X—XbeamappingsatisfyingM(x,y,t)=1

and where
M e, Fy ) YT
IN p(t)dt = [ p(t)dt

Mz, fe, t)[1 + My, fy.t)]
1+ M(x, fz,t)]

AMa,y,t) = min{ Mz, fe, ), My, fy.t)}

forallx,ye X,a€ [0,1],ke (0,1).Thenfhasauniquefixedpoint.
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