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Abstract:  The RNS has been considered as an interesting area for researchers in recent year. This paper 

presents memoryless and area efficient RNS converters for moduli set with dynamic ranges up to 6n-bit. 

Residue number system (RNS) has mainly targeted parallelism and larger dynamic ranges. In this paper, we 

start from the moduli sets {2n
, 2

n 
- 1, 2

n 
+ 1, 2

n
 – 2

(n+1)/2
 + 1, 2

n 
+ 2

(n+1)/2
 + 1} with dynamic range of 5n-bit and 

propose vertical extension in order to improve the parallelism and increase the dynamic range. The vertical 

extension increase the value of the power of 2 modulus in the five-moduli set. The Chinese remainder theorem is 

applied in this paper to derive an efficient reverse converter. This paper also proposed a conventional binary to 
RNS representation called RNS Forward conversion. The RNS forward converter is more efficient in terms of 

area, delay and power. Synthesis results suggest that the proposed vertical extension in RNS reverse converter 

allow reducing the area-delay product in comparison with the related state-of-the-art. 
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I. Introduction 
The conventional 2‟s complement number system imposes a fundamental limitation on power-

performance efficiency as a result of sequential carry propagation. The residue number system (RNS) breaks 

this limitation by portioning operation into parallel independent components resulting in fast and power 
efficient hardware. The arithmetic operations such as addition, subtraction, and multiplication, can be carried 

out independently and concurrently in several residue channels more efficiently than in the conventional 2‟s 

complement binary system. The adoption of the RNS has provided significant efficiency for different types of 

Digital signal processing (DSP) applications such as filtering, computation of the discrete cosine transform and 

cryptography. 

The general structure of RNS based processor is shown in Fig 1. It includes both forward as well as 

reverse converter. 

Fig. 1 General Architecture of RNS-based processor 

 

The process of converting the data from binary to residue number system representation is called forward 

conversion. The forward converter is an efficient converter in terms of area, delay and power. On the other 

hand, the reverse conversion involves the conversion of the data from RNS representation to conventional 

binary representation. The design of RNS reverse converter is the most important step for any successful RNS. 
In this paper, we focus on a vertically extended area efficient RNS converter and a conventional forward 

converter and their comparison on the basic of area, delay and power.   

The algorithm for reverse conversion are mainly based on the Chinese Remainder Theorem (CRT), on the 

mixed-radix conversion (MRC), and on what has more recently been called the New Chinese Remainder 

Theorems (New CRTs) [1]. 

The rest of the paper is organized as follows. The RNS Reverse converter is proposed in first section. The 

proposed vertical extension to the original moduli set is presented in second section. A conventional forward 

           Processing Unit   

 

 

 

2 

              Input                                                                                 .                                                                     Output  

                                                                                          .                                                                                  

              

 

Fig. 1. General structure of an RNS-based Processor 
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converter for binary to RNS representation in third section. The proposed reverse converters compared with the 

related state-of –the-art in the fourth section. The physical design using SOC Encounter in fifth section. Finally, 

the conclusions are presented in sixth section 

 

II. RNS Reverse Converter 
Reverse conversion from RNS to binary representation is based on either Chinese Remainder theorem 

(CRT) or Mixed Radix Conversion method. The MRC is a sequential approach while CRT can be implemented 

in parallel. In this paper, Chinese remainder theorem is proposed to represent RNS to binary conversion.  The 
mathematical representation of the CRT is given in the section 3. 

 

1.2 Selection of moduli set 

The choice of the moduli set is of key importance in order to obtain balanced moduli sets that exploit 

parallelism for the Dynamic Ranges (DR) required by the application [1]. The design of reverse converters for 

these moduli sets is a fundamental issue, because it is a complex and slow operation that has to combine the 

values of all the residues in order to achieve the equivalent binary representation of the number. 

Moduli sets that have been proposed to setup RNS can be classified according to the number of residues and 

their Dynamic Ranges (DR). Most of the converters for DR around 3n-bit employ moduli of the forms 2n, 2n + 1 

and 2n – 1. There are some applications such as cryptography, for which the level of parallelism and the DR 

provided by the three-moduli set are not enough. For those cases, sets with one additional modulus and larger 

DR have been proposed, as for example the four-moduli sets with a DR of about 4n-bit: {2
n
, 2

n 
- 1, 2

n 
+ 1, 2

n+1 
+ 

1} [2],  {2
n
, 2

n 
- 1, 2

n 
+ 1, 2

n+1 
- 1} [2]. 

 

Proposals for DR of 5n-bit can also be found, some of them vertical extensions of the three moduli sets {2n, 2n + 

1, and 2n – 1} [2], and four-moduli sets {2n, 2n - 1, 2n + 1, 2n+1 + 1} [2],  {2n, 2n - 1, 2n + 1, 2n+1 – 1} [1]. In the 

same direction, of further exploring the vertical extension, the 6n-bit DR moduli sets were recently proposed. In 

this paper, moduli sets with DR up to 6n-bit is proposed by vertically extending the original moduli set, which 

is an uncovered task in the related state of the art. 

 

Fig. 2 General architecture of reverse converter

III. Vertical Extension of the Five-Moduli Set 
Vertical extension for moduli sets has been proposed to increase the dynamic range of the given 

moduli sets. The vertical extension increases the value of 2n modulus by adding some positive integer β in the 

five moduli set [1].  In order to have a more balanced computation performance and area cost, the value of the 

exponent of the power of two modulus can be increased by adding an integer positive parameter to it, leading to 

the five moduli set {2
n+β

, 2
n 

- 1, 2
n 
+ 1, 2

n
 – 2

(n+1)/2
 + 1, 2

n 
+ 2

(n+1)/2
 + 1}, with n an odd integer and n≥5.  

To show that this moduli set is composed of co-prime numbers, we only have to show that the modulus 

2
n+β is co-prime with the remaining moduli. This makes the moduli set balanced and leads to simple 

multiplicative inverses. Naturally, we can apply both the vertical and horizontal extensions, leading to the six-

moduli sets. The horizontal extensions of the moduli sets lead to more balanced moduli sets, but the 

introduction of an additional modulus in the set implies more complex reverse converters. This paper proposed 

the concept of vertical extension only. 
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3.1 Proposed Reverse Conversion with Vertical Extension 
The extension of the power of two modulus herein proposed adds a parameter β to the exponent, 

leading to the five moduli set {2
n+β

, 2
n 

- 1, 2
n 

+ 1, 2
n
 – 2

(n+1)/2
 + 1, 2

n 
+ 2

(n+1)/2
 + 1}, with „n‟ an odd integer and 

n≥5. The proposed architecture for the vertically extended five moduli set is shown in Fig 3 [1]. 

To simplify the presentation of the methods and the description of the architectures herein proposed we adopt 

the notation followed in [1]. 

• For an n-bit array of a generic values αi, bits are referred from the Most Significant Bit (MSB) to the Least 

Significant Bit (LSB) as αi(n-1)…… αi0. 
• Ri denote the residue for mi, for which the n-bit array representation is ri(n-1),…..,ri0. 

• The symbol || operates the concatenation of the binary representation of two numbers. 

With the dynamic range equal to the product of the moduli for the defined set M, mi
^ representing the 

multiplicative inverse of mi with respect to the modulus, which are required to decode the RNS 

representation into binary by using Chinese Remainder theorem (CRT) [1].       

The binary representation of the residue numbers is denoted by symbol X, which is mathematically represented 

as    

 

It is important to emphasize that the multiplicative inverses consist of a single term for the particular case β = 0, 

which simplifies the computation of X/2n and leads to the simple architecture presented in [1]. Each 

multiplicative inverse contains only one term, hence the architecture will have the same level of complexity as 

the one presented in [1]. 

 

 

Fig. 4 Proposed RNS reverse converter with vertical extension 
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IV. RNS Forward Conversion 
The forward conversion stage is of paramount importance as it is considered as an overhead in the 

overall RNS. Choosing the most appropriate scheme depends heavily on the used moduli set. Forward 

converters are usually classified based on the used moduli into two categories. The first category includes 

forward converters based on arbitrary moduli-sets. These converters are usually built using look-up tables. The 

second category includes forward converters based on special moduli-sets. The use of special moduli-sets 

simplifies the forward conversion algorithms and architectures. The special moduli-set converters are usually 

realized using pure combinational logic.  
We present here some of the available architectures for forward conversion from binary to RNS 

representation. First, we present forward converters based on arbitrary moduli-sets. Then, we present forward 

conversion based on the special moduli-set  [5]. We show how the complexity of the 

overall design is minimized which reduces the overhead introduced by the forward converter. Finally, we 

provide an architecture for implementing the modulo addition that are used in the realization of all forward 

converters.  

A typical architecture for the implementation of a forward converter from binary to RNS 

representation for the special moduli-  is shown in Fig. 5 The design of modulo 

adders is briefly described in the next section. The modulo adder shown in the above Fig.4 is the basic 

arithmetic unit in RNS operation and converters. Therefore, the performance the modulo adder is very 

important for the conventional binary to RNS representation.  

The modulo adder is one of the basic arithmetic units in RNS operations and converters. The 
performance of the modulo adder is very critical in the design of forward converters from binary to RNS 

representation. It is a conventional binary adder that can have different forms such as ripple-carry adder (RCA), 

carry save adder (CSA). In this paper we used carry save adder to perform modulo operation. 

 

 

Fig. 5 Proposed RNS forward converter 

 

V. Results and Comparison
The Architectures of the proposed RNS converters are modelled using Verilog HDL and simulation 

and synthesis is done using the Cadence NCLaunch and RTL compiler tools respectively. 

The Synthesis results for the proposed reverse converter are obtained using the 45nm tsmc standard cell library. 

The obtained results and comparison with the related state-of-the-art are depicted in Table1, showing the 

obtained area, delay, and power consumption for the achieved dynamic ranges such as 5n-bit and 6n-bit.  

The Synthesis results suggest that the proposed vertical extensions allow reducing the area-delay-product up to 

4.67 times in comparison with the related state-of-the-art.The Synthesis results for the proposed conventional 

RNS forward converter for 45nm Tsmc standard cell library are depicted in Table2, showing the obtained area, 

delay, and power in comparison of RNS reverse converter.  
The Synthesis Results suggest that the conventional binary to RNS representation is more area, delay 

and power efficient than the complex RNS reverse conversion. The proposed Forward converter is allowed to 

reduce the area-delay product up to 2 times in comparison of proposed reverse converter. 

The final chip layout with the specifications of area, density and cells is shown in Fig. 6. The timing reports 

shown in Table 3 suggest that there is no setup and hold time violations in the design after the detailed 

placement and routing. 
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Table1 
Constraints Reverse converter [2] Proposed Reverse Converter 

Area (um
2
) 2253 648 

Delay (ns) 2.099 1.565 

Power (nW) 0.261 0.0518 

Area-delay product 4729.047 1014.12 

Power-Delay product 0.547 0.081 

                                                                                                                                                                 

                                                                                    Table2 
Constraints Proposed Reverse Converter Proposed Forward Converter 

Area (um
2
) 648 635 

Delay (ns) 1.565 0.889 

Power nW) 0.0518 0.048 

Area-Delay Product 1014.12 564.515 

Power-Delay Product 0.081 0.042 

 

Table 3 
Setup mode ALL In2Out 

WNS 0.017 0.017 

TNS 0.000 0.000 

Violating Paths 0 0 

All Paths 20 20 

 

 
 

Fig. 6 Chip Layout

VI. Conclusion 
In this paper two different approaches for residue number system (RNS) representation were proposed. 

First, a reverse converter for RNS to conventional binary representation. In this approach a balanced five 

moduli set is vertically extended to improve the parallelism and dynamic range of the design.  

Synthesis results suggest that the proposed vertical extension allows improving the conversion efficiency or 

area-delay product by up to 4.67 times. Secondly, a conventional forward converter was proposed for binary to 

RNS representation. Synthesis results also suggest that the conventional binary to RNS representation is more 

area, delay and power efficient than the complex RNS reverse conversion. Simulation and synthesis of the 
design is done successfully using the Cadence NCLaunch and RTL compiler respectively. 

Placement and routing of the design is done at 45nmTsmc technology library. The timing reports at 

each and every step of design are observed and if any violations occurred they are removed using optimization 

technique. The density of the layout after detailed routing is finally reported as 100%. 
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