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Abstract: In this study, forced convection heat transfer of nanoliquids is done using both single-phase and 

mixture-phase models and the results are compared with experimental results. The governing equations of the 

study here are discretized using the finite volume method. Hybrid differencing scheme is used to calculate the 

face values of the control volumes. A code is written using SIMPLER algorithm and then solved using the 

MATLAB engine. The mixture-phase model studied here, considers two slip mechanisms between nanoparticle 

and base-fluid, namely Brownian diffusion and thermophoresis. Al2O3-water nanofluid is used for the study of 

nanofluid and the study shows significant increase in convective heat transfer coefficient while the mixture-

phase model demonstrates slightly lower values than the single-phase model. The study is done with various 

nanoparticle concentrations and Reynolds numbers. With increasing particle concentration and Reynolds 

number, the convective heat transfer coefficient increases and as well as the shear stress. For low 

concentrations of the nanoparticle, Nusselt number is slightly lower than the base fluid and as the concentration 

increases, the Nusselt number also rises higher than the base fluid. 

Keywords - Nanofluid, single-phase, mixture-phase, convective heat transfer, shear stress, nanoparticle 

volume fraction.  
 

I.   Introduction 
 Conventional heat transfer fluids, such as water, engine oil, ethylene glycol etc. have very limited 

convective heat transfer coefficient. Maxwell [1] showed the possibility of increasing thermal conductivity of a 

mixture by introducing more solid particles in a fluid. Following the Maxwell’s work, numerous theoretical [2-

3] and experimental studies [4-5] were done with suspended solid particles in fluids and gases. These mixtures 

demonstrate a considerable increase of heat transfer coefficient. Because of the technological developments of 

the recent years, nano-sized particles are now being used with fluids which are called nanofluids. 

 Choi [6] studied the enhancement of thermal conductivity enhancement by suspending nanoparticles. 

Nanofluid is a mixture of fluid and very fine sized particles of size in the range of 1-100nm. Early researchers 

have worked mostly on determination of effective thermal conductivity and viscosity of nanofluids [7-10]. 

Masuda et al. [11] reported an increase in thermal conductivity of liquid suspensions of γ-Al2O3, SiO2 and TiO2 

nanoparticles. Lee et al. [12] studied the thermal conductivity enhancement of various metal oxide suspensions. 

They found that the thermal conductivity of the nanofluids may increase by about 20% more than the base fluid 

for a very little volume fraction of nanoparticles (say 1-5%). These enhancements depend mainly on the 

nanoparticle size and form, volume concentration, thermal properties of both constituents etc. Correlations were 

developed for effective conductivity and viscosity for various nanofluids as a function of base fluid properties 

and volume fraction of nanoparticles. Das et al. [13] experimentally studied the temperature dependence of 

thermal conductivity of nanofluids. Kakaç et al.[14] summarized the important published articles on forced 

convection heat transfer of nanofluids. Research works on fluid flow and convective heat transfer of nanofluids 

in forced and free convection flows were reviewed by [15-17]. 

 Numerical works on nanofluids are performed using two models: the single-phase model and the two-

phase model. In the single-phase model, the basic hypothesis is that the nanofluid behaves like a single-phase 

fluid with enhanced thermo-physical properties due to the inclusion of nanoparticles. Maїga et al. [18] 

investigated the laminar forced convection flow of nanofluids considering a system of uniformly heated tube 

and another system of parallel, coaxial and heated disks. Among the two nanofluids studied, Ethylene Glycol–

Al2O3nanofluid appears to offer a better heat transfer enhancement than water–Al2O3nanofluid. Demir et al. [19] 

studied forced convection flows of nanofluidsusing TiO2–water and Al2O3–water nanofluids in a horizontal tube 

with constant wall temperature. In the two-phase model, different factors resulting from nanoparticle immersion 

such as gravity, Brownian diffusion, thermophoresis, sedimentation, dispersion etc. are considered. Two-phase 

models can be Eulerian-Eulerian, Eulerian-Lagrangian, mixture model etc. [20-22].Behzadmehr et al. [20] used 

a two-phase mixture model to investigate the turbulent convection with nanofluids in a circular tube. They found 

two-phase results are more precise than the homogenous modeling (single-phase) by comparing the results with 
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experimental ones. Bianco et al. [21]studied forced convection of nanofluids in a circular pipe using both single 

and mixture model. They found a maximum difference of 11% in the average heat transfer coefficient between 

the single and two phase model. Kalteh et al. [22, 23] studied the forced convection heat transfer of nanofluids. 

Buongiorno [24] theoretically developed a mixture model by considering slip mechanisms that can produce a 

relative velocity between the nanoparticles and the base fluid. The slip mechanisms considered were inertia, 

Brownian diffusion, diffusiophoresis, thermophoresis, fluid drainage, Magnus effect, and gravity. Brownian 

diffusion and thermophoresis were the only important slip mechanisms in nanofluids and based on the result, 

Buongiorno proposed a two-component four-equation non-homogeneous equilibrium model for nanofluids. 

Allahyari et al. [25] investigated the mixed convection of alumina-water nanofluid in an inclined tube which is 

heated at the top half surface.Sidik et al. [26] studied the thermal performance of fins cooled either by water or 

alumina-water nanofluid in a channel by lattice Boltzmann method. 

 Wen and Ding [27] had performed an experimental study of the convection heat transfer of nanofluids 

in the entrance region under laminar flow conditions. They found considerable enhancement of convection heat 

transfer and it was much higher than that of solely for the enhancement of thermal conduction. Heris et al. [28] 

studied the convective heat transfer of alumina-water nanofluid. They found much higher heat transfer 

coefficient than the prediction of single phase correlation. Aqueous suspensions of TiO2 and CNT nanofluids 

were studied experimentally by [29, 30] to investigate the heat transfer and flow behaviors. Significant 

enhancement of the convective heat transfer was observed which depends on the Reynolds number, CNT 

concentration and the pH value. Chen et al. [31] studied the heat transfer and flow behaviors of aqueous 

suspensions of titanate nanotubes. They found much higher convective heat transfer coefficient, which is not 

merely for the enhancement of thermal conductivity. Moraveji and Esmaeili [32] did comparison between 

single-phase and two-phases CFD modeling of laminar forced convection flow of nanofluids in a circular tube 

under constant heat flux.  

 Nanofluids are fluids with immersed nanoparticles in it. It demonstrates much higher convective heat 

transfer coefficient than conventional working fluids. The present article studies the forced convection heat 

transfer of nanofluids using both single-phase and mixture-phase models of nanofluids. For the mixture model, 

the study uses the one given by Boungiorno [24]. The study focuses on the variation of convective heat transfer 

coefficient, Nusselt number, wall shear stress etc. with Reynolds number for various nanoparticle volume 

fractions. The study also discusses the volume fraction distribution of the nanoparticles.  

 

II.   Mathematical Modeling 

 Fluid flow and Heat transfer consists of continuity, momentum and energy equations. Some 

assumptions are made to simplify the governing equations. The assumptions are as following: 1. 

Incompressible flow   2. Axi-symmetric study   3. Steady-state flow  4. No external forces   5. Dilute solution 

( )  6. Temperature independent properties. 

2.1. Governing equations: 

 The governing equations of the mixture model are different than the single-phase model. The 

governing equations of the single-phase model are: 

Continuity equation: 

 
Momentum equation: 

 
Energy equation: 

 
The governing equations of the mixture model contain equations (1) and (2) of the single-phase model. The 

energy equation of the mixture model is as following: 

Energy equation: 

 
The two additional terms on the right side of equation (4) comes due to the heat transfer by virtue of 

nanoparticle diffusion. In the equation, is the heat capacity of the nanofluid and  is the heat 

capacity of the nanoparticle.  

The mixture model includes another equation which is the nanoparticle continuity equation. The equation is as 

following: 

Continuity equation for nanoparticle: 
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Here, DB represents the Brownian diffusion coefficient, given by the Einstein-Stokes’s equation, and DT 

represents the thermophoretic diffusion coefficient of the nanoparticles. 

 

 
here, kB is the Boltzmann constant, dnp is particle diameter, k and knp are the conductivities of the base fluid and 

nanoparticle respectively. 

 

2.2. Boundary Conditions: 

 A circular tube of length 1.5 m and inner diameter of 13.5 mm is taken for the study. The fluid is 

assumed to have a uniform axial velocity V0, and temperature T0 (=293 K) profiles at the tube inlet section. At 

the exit section, the fully developed conditions are applied, which means all axial derivatives are zero. On the 

tube wall, no-slip and uniform heat flux boundary conditions are applied. For the mixture model, boundary 

conditions are also needed for the nanoparticle volume fraction. At inlet, uniform volume fraction and at wall, 

zero nanoparticle mass flux boundary conditions are applied. At outlet, axial derivative of volume fraction is 

assumed zero. The different thermo-physical properties are calculated at temperature T0. Both the flow and 

thermal fields are assumed axi-symmetric. 

 

2.3. Thermo-Physical Properties  

 The thermo-physical properties used in this study are calculated using the following equations.  

The nanofluid density is the average of the nanoparticle and base fluid densities: 

 
where, the subscripts nf, p and bf refer to the nanofluids, nanoparticles and base fluid respectively. 

The effective specific heat of nanofluid can be calculated by the following equation as reported in [9, 18]. 

 
Different researchers have studied to calculate the effective viscosity of different nanofluids [11, 12]. Nguyen 

et al. [33] proposed the following correlation for Al2O3-water nanofluid as given in equation (8). 

 
Various correlations by different researchers can be found for the effective conductivity of different nanofluids 

[9, 11, 28]. The thermal conductivity given by Pak and Cho [9] for Al2O3-water nanofluid is used in this study 

which can be correlated as follows: 

 
 

Table 1: Thermo-physical properties of Al2O3 and water 

Thermo-physical Properties Al2O3 Water 

 
3880 998.2 

 
733 4182 

 
--- 9.93e-4 

 
36 0.597 

 

 

III.   Numerical Modeling 

 In this study, finite volume method is used to discretise the governing equations of single-phase and 

mixture models of the nanofluid. For discretizing, the physical space is divided into many small sub-domains 

which are called control volumes or cells. The shape of the cells is taken rectangular which is known as 

structured grids. The partial differential equations are recast on these cells and approximated by the nodal 

values or central values of the control volumes. Hybrid differencing scheme is used to calculate the cell face 

values from the cell node values. Staggered grids are used during the storing of the variables. Iterative solution 

strategy of SIMPLER algorithm is used to deal with non-linearity and pressure-velocity linkage of the flow 
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equations. Grid independence test is performed and 160 and 80 nodes in the axial and radial direction are found 

satisfactory for the study. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig 1:  Flowchart of SIMPLER algorithm 

The following equations are used to calculate the various parameters: 

Wall shear stress:                                

Average wall shear stress:                 

Local convective coefficient:             

Average convective coefficient:             

Local Nusselt number:                            

Average Nusselt number:                       

Average velocity:                                    
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Bulk temperature:                                   

3.1. Code Validation: 
 The nanofluid study is done by writing a code using FVM method. To validate the code, Nusselt 

numbers calculated from pure water flow is compared with the Nusselt number correlation for constant wall 

heat flux given by Shah and London [34]. The two results are plotted in Fig. 1. The two plots are almost 

identical with present results slightly higher in the developing flow region and it gradually decreases to slightly 

lower values in the fully developed region than the Shah and London [34] results. The above trend of variation 

of the present results can be attributed to the use of temperature independent properties. The Shah and London 

correlation is given by equation (10). 

 

where,   
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Fig. 2: Code validation of nanofluid study 

 

IV.   Results and Discussions 
 Simulation for nanofluidflow in the circular tube is carried out with nanoparticle volume fraction, 

 at three different Reynolds numbers of 200, 400 and 600. A uniform heat flux of 

2500 W/m
2 

is considered during the study. Change of different parameters like convective heat transfer 

coefficient, Nusselt number, shear stress etc. are investigated for nanoparticle immersion to the base fluid.  

 Fig. 3(a) shows the profiles of axial velocity along pipe radius at different length sections for pure 

water at Reynolds number of 200. The plot shows that for z/L=0.2 and 0.3, the two graphs almost coincide i.e. 

the flow is fully developed at z/L=0.2. Fig. 3(b) shows the axial velocity profiles for various nanoparticle 

concentration at z/L=0.3 for the mixture model. The velocity profiles are fully developed and are nearly 

identical with very small increase near the wall. The velocity of the mixture model slightly increases near the 

wall because of the reduced viscosity near the wall. The viscosity reduces near the wall because of the reduced 

nanoparticle concentration near the wall. 
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Fig. 3: Axial velocity profiles (a) at various locations for pure water, (b) at z/L=0.3 for various nanoparticle 

volume concentration. 

 

 Dimensionless temperature is plotted along pipe radius in Fig. 4(a) at various locations along the axial 

direction at Re=200. Thermal entrance length is larger length than the hydrodynamic entrance length. The plots 

for z/L=0.4, 0.7, and 1.0 are almost identical, meaning a thermally fully developed flow. Fig. 4(b) shows the 

dimensionless temperature at outlet for various volume concentrations. The plots are almost identical. With the 

increase of volume concentration, Prandtl number increases only slightly. As a result, not much variation is seen 

in the plots of dimensionless temperature. 
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Fig. 4: Dimensionless temperature (a) at various locations for pure water, (b) at z/L=1.0 for various volume 

concentration. 

  

 The local convective heat transfer coefficient is plotted in Fig. 5(a) for various nanoparticle 

concentrations at Re=200. The S-P and M-P stands for single-phase and mixture-phase respectively. The plots 

show an increasing convective heat transfer coefficient with increasing particle concentration. The single-phase 

and the mixture-phase models provide almost same results for most of the pipe length. Towards the end of the 

pipe, the difference between the single-phase and mixture-phase model increases whereas mixture-phase model 

provides lower values. At the exit section, the increment is 15% for single-phase model and 13% for mixture-

phase model for nanoparticle volume fraction of 2%. For volume fraction of 4%, the increment is 31% for 

single-phase and 26% for mixture-phase model. The mixture model shows lower increment in heat transfer 

coefficients than the single-phase model. This is because the nanoparticle volume fraction reduces near the wall 

and as a result thermal conductivity gets reduced near the wall. Because of the reduced particle concentration, 

velocity increases slightly near the wall but not enough to compensate for the reduced conductivity. Also, the 

two additional terms in the right side of mixture-phase energy equation is very small to make noticeable 

difference in the convective coefficient. Fig. 5(b) and Fig. 5(c) show the plots of local convective heat transfer 

coefficient for Reynolds numbers of 400 and 600. It is seen that the plots have shown almost similar trend of 

Fig. 5(a). Finally, the average convective heat transfer coefficient for various nanoparticle concentration and 

Reynolds number is plotted in Fig. 5(d). The figure shows that the convective coefficient increases with 

Reynolds number and nanoparticle volume fraction. The difference in the convective coefficient of single-phase 

and mixture-phase decreases with the Reynolds number. The average convective coefficient increases by about 

35% for 4% volume fraction of nanofluid found by single-phase model of study. 
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Fig. 5:convective heat transfer coefficient for various volume fractions at (a)Re=200 (b) Re=400  (c) Re=600 (d) 

different nanoparticle volume fractions at different Re 

 

 The local Nusselt numbers are plotted in Fig. 6(a), Fig. 6(b) and Fig. 6(c) for Reynolds numbers of 200, 

400 and 600 respectively. All these graphs have the same trend as that of the convective heat transfer 

coefficient. The Nusselt numbers of different nanofluids depend on the nanofluid model and the nanoparticle 

concentration. Fig. 6(a) shows that, for mixture model study, the Nusselt number is higher in the entrance region 

and it falls below the Nusselt number of base fluid in the developed region. The single-phase model gives 

slightly higher Nusselt number than the base fluid in all sections of the pipe. 
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Fig. 6: Local Nusselt number for various volume fractions at (a)Re=200 (b) Re=400  (c) Re=600  (d) different 

nanoparticle volume fractions at different Re 

 

The average Nusselt number is plotted in Fig. 6(d) for various nanoparticle volume fractions at different 

Reynolds numbers. The variation of average Nusselt number is very small with the nanoparticle volume 

percentages. For 2% volume fraction of nanoparticle, the mixture-phase model gives slightly lower average 

Nusselt number while the single-phase model gives slightly higher average Nusselt number than the base fluid. 

For 4% volume fraction, both the single-phase and mixture-phase model gives higher average Nusselt number 

than the base fluid. 

 The local shear stress is plotted for different volume concentration at Reynolds number of 200, 400 and 

600 in Fig. 7(a), Fig. 7(b) and Fig. 7(c) respectively. The plots show that the stress drastically drops to an almost 

constant value near the inlet section. The shear stress is almost constant at later sections of the pipe. The shear 

stress increases with nanoparticle volume fraction and the relative increment with respect to base fluid is higher 

for 4% volume fraction than 2% volume fraction of nanoparticles. The mixture-phase model gives lower values 

of shear stress than the single-phase model as the viscosity near the wall reduces in the mixture-phase model. 

The average shear stress is plotted in Fig. 7(d) for various volume fractions at different Reynolds numbers. The 

average shear stress increases with Reynolds number at an almost constant rate. The average shear stress 

increases by 40% and 140% than the base fluid for 2% and 4% volume fraction of nanoparticles for single-phase 

study. For mixture-phase study, the increment is 35% and 124% for 2% and 4% volume fraction of 

nanoparticles respectively. As both the velocity and effective viscosity of the nanofluid increases with the 

nanoparticle volume fraction, the relative increment of wall shear stress increases with the increase in 

nanoparticle volume fraction as found in Fig. 7(d). 
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Fig. 7: Local shear stress for various volume fractions at (a) Re=200 (b) Re=200  (c)Re=200 (d) different 

nanoparticle volume fractions at different Re 

 

 The various average values of convective heat transfer coefficient, Nusselt number, wall shear stress 

etc. are given in table 2 for different volume fractions at different Reynolds numbers.The radial distribution of 

the nanoparticle volume fractions at inlet, middle and outlet section of the pipe are plotted in Fig. 8(a). The 

nanoparticle volume fraction reduces near the wall as the length of the tube increases and it is lowest near the 

outlet wall. The figure also shows that the volume fraction slightly increases near the axis of the pipe. Fig. 8(b) 

shows the distribution of nanoparticle volume fraction for different Reynolds number at the outlet section. It 

shows that the volume fraction near the wall is lowest for Re=200 and the value increases as the Reynolds 

number increases to 600. So, with higher Reynolds number, the nanoparticle distribution becomes more 

uniform. Both the figures are plotted for a volume fraction of 4%. 

 

Table 2: Various average values of convective coefficient, Nusselt number and shear stress 

Reynolds 

number 
Nanoparticle volume fraction 

Convective 

coefficient, hav 

(W/m2K) 

Nusselt number, 

Nuav 

Shear stress, s 

av*103 

(N/m2) 

Re=200 

  =0.00 233.9 5.29 9.54 

=0.02 
Single-phase 270.4 5.32 13.34 

Mixture-phase 266.9 5.25 12.87 

=0.04 
Single-phase 313.8 5.46 22.88 

Mixture-phase 307.0 5.34 21.35 

Re=400 

  =0.00 270.5 6.12 19.40 

=0.02 
Single-phase 313.3 6.16 27.12 

Mixture-phase 310.3 6.11 26.46 

=0.04 
Single-phase 367.0 6.39 46.52 

Mixture-phase 361.4 6.29 44.39 

Re=600 

=0.00 300.8 6.80 29.57 

=0.02 
Single-phase 348.4 6.85 41.33 

Mixture-phase 345.4 6.79 40.57 

=0.04 
Single-phase 409.1 7.12 70.89 

Mixture-phase 403.9 7.03 68.49 
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Fig. 8: Nanoparticle volume fraction at (a) different positions for Re=400 (b) at various Reynolds number 

 

 In Fig. 9, convective coefficient ratios from the present study are compared with the experimental 

results given by Heris et al. [28]. In the figure, convective coefficient ratio of nanofluid and base fluid are 

plotted against Peclet number. The nanofluid volume fraction is taken as 2.5%. The experimental convective 

coefficient ratio initially decreases and then increases with the Peclet number. The convective coefficient ratio 

found from single-phase study remains almost constant with Peclet number with very slight reduction with the 

increase of Peclet number. The convective coefficient ratio from the mixture-phase model slightly increases 

with the Peclet number. While the results from the single-phase and mixture-phase models are very close, these 

values are lower than the results reported by Heris et al. [28].  

Peclet number, Pe

2400 2600 2800 3000 3200 3400

h
n

f/
h

b
f

1.00

1.05

1.10

1.15

1.20

1.25

1.30

Single-phase

Mixture-phase

Experimental [38]

 
Fig. 9: Comparison of convective heat transfer coefficient ratio of nanofluid and base fluid for different study 

models. 
 

 As the numerical study model of nanofluids is still in its development, researchers have considered this 

range of deviation acceptable for the nanofluid study and implemented the results in calculation of the thermal 

performance of various heat exchanging devices. Based on the available nanofluid numerical models, the 

current results can be considered satisfactory for numerical study of nanofluids.  

 

V.   Conclusions 
 In the present study, the hydrodynamic and thermal behaviors of Al2O3-water nanofluid are studied in a 

circular tube by using single-phase and mixture-phase models. The following conclusions can be made from the 

study of Al2O3-water nanofluid. 

 Convective heat transfer coefficient increases significantly with nanoparticle volume fraction for the 

same Reynolds number. The increment is higher for single-phase model than the mixture-phase model 

of Buongiorno [24]. The convective coefficient also increases with the Reynolds number.  

 Nusselt number varies slightly with the nanoparticle volume fraction for the same Reynolds number. 

For lower values of volume fraction, the mixture-phase model gives slightly lower values of Nusselt 

number than the base fluid, while for higher volume fraction, Nusselt number is higher than the base 
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fluid. The single-phase study demonstrates slightly higher Nusselt number than base fluid both for 

lower and higher volume fraction. Nusselt number also increases with the Reynolds number. 

 The wall shear stress increases with the nanoparticle volume fraction. The increment rate tends to 

increase towards higher volume fraction of nanoparticle. The mixture-phase model gives lower values 

of shear stress than the single-phase model.  

The mixture-phase model gives the nanoparticle distribution in the flow domain. Nanoparticle concentration 

tends to reduce near the wall and the reduction increases towards the outlet section. The reduced volume 

fraction near the wall inevitably causes the reduced heat transfer coefficient than that found by the single-phase 

model. 
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