IOSR Journal of Mathematics (IOSR-JM)
ISSN: 2278-5728. Volume 3, Issue 1 (Sep-Oct. 2012), PP 46-52
www.iosrjournals.org

On The Fractional Derivative Formulae Involving the Product of
A General Class Of Polynomials And The Multivariable a-
Function

Yashwant Singh', Harmendra Kumar Mandia®
'Department of Mathematics, Government College, Kaladera, Jaipur (Rajasthan), India
2 Department of Mathematics, Seth Motilal (P.G.) College, Jhunjhunu, Rajasthan, India

Abstract: In the present paper, we obtain three fractional derivative formulae (FDF). The first involves the
product of a general class of polynomials and the multivariable A -function. The second of a general class of
polynomials and two multivariable A -functions and has been obtained with the help of the generalized Leibnitz
rule for fractional derivatives. The last FDF also involves the product of a general class of polynomials and the
multivariable A -function but it is obtained by the application of the first FDF twice and it involves two
independent variables instead of one. Two polynomials and the functions involved in all our fractional

S
derivative formulae as well as their arguments which are of the type X”l_[(xti +a; )g' are quite general in
t=1
nature. These formulae, besides being of very general character have been put in a compact form avoiding the
occurrence of infinite series and thus making them useful in applications. Our findings provide interesting
unifications and extensions of a number of (new and known) results. For the sake of illustration, we give here
exact references to the results to the results (in essence) of six research papers [3,4,12,13,14,15] that follow as
particular cases of our findings. In the end, we record a new fractional derivative formula involving the product
of the Hermite polynomials and the product of I different Whittakar functions as a simple special case of our
first formula.
Key words: Reimann-Liouville and Erdelyi-Kober fractional operatore, Fractional derivative formulae,

General class of polynomials, Multivariable A -function, Generalized Leibnitz rule.

l. Introduction
We shall define the fractional integrals and derivatives of a function f (X) ([12], pp.528-529) (see also

[7,8,10]) as follows:
Let &, and y be complex numbers. The fractional integral (Re(«) > 0) and derivative (Re(e) <0of a

function f (x) defined on (0, %0) is given by

x e F » t
I(x—t)“ F(oﬁﬁ—y;a;l—;)f (t)dt, (Re(ax)>0,
0

I'(a)
q
:Flgiq‘/j’q"’q f (x), (Re(r)<0,0<Re(ar)+0<1;0=1,2,3,...),

1527 (x) = 6

Where F is the gauss hypergeometric function.
The operator A includes both the Riemann-Liouville and Erdelyi-Kober fractional operators as follows:
The Riemann-Liouville operator

1
I'(a)

RE“7 £ (x)= E[(x—t)‘“ f (t)dt, (Re(er)>0, @)

Rox () =1 4
—ng‘;” f (%), (Re(r)<0,0<Re(ar)+0<1;0=1,2,3,...),

dx The Erdelyi-Kober operator

—a—y X
X 7

T ! (x—t)* 7 f (t)dt, Re(a) >0, @3)

Also, Sr:“[x] occurring in the sequel denotes the general class of polynomials introduced by Srivastava
([13],p.1, eq. (1))

Eox TO) =177 (x) =
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sm[x]_[gﬂf( Ve p ¥ n=012,. @)
" 0 k!

Where mis an arbitrary positive integer and the coefficients A, (n,k > 0) are arbitrary constants, real or

complex. On suitably specializing the coefficients Amk,S:][X] yields a number of known polynomials as its

special cases. These include, among others, the Hermite polynomials, the Jacobi polynomials, the Leguerre
polynomials, the Bessel polynomials, the gould-Hopper polynomials, the Brafman polynomials and several
others ([18],pp.158-161).

The multivariable A -function introduced by Gautam et.al. [2] will be define and represent it in the following
manner :

[ ’ ] qun((pnl11 q?)) pr qr

(a-,A-,...,A- ) (a a) (a() (r)) .
[Zly---,zr 17 1 Jlp- jp 1()
1

(058 B{")1q:(0} g 05" B, o)

(S)--& ()W (S)s-eyS,) 23, ..y 2,0 dS,...AS, (5)
Where r
-
Hr(b(" - BYs, )Hr(l a® +a’s,)
#(s)=—1 = Vie1,2,...,r) ©)
T rla-op+47s) [ r(at-ats)
j=m;+ j=n+
Hr(l—aj +2Agi>sijnr[bj ) B;Dsij
w(s,...,S,) = : ()
H F(a —ZA(')S j 11 F(l by, +ZB(')SJ
j=n+1 j=m+1
a}i), j(i),a}i), J-(')(I =1,...,r)are positive numbers, a(') b(') a;,b;(i=1...,r)are complex numbers and
here m;,n,, p,,q,(i=1,..., r) are non-negative integers where 0<m, <¢;,0<n, < p,. Here (i)denotes

the numbers of dashes. The contours L, in the complex S; -plane is of the Mellin-Barnes type which runs from

—Wooto +Woowith indentations, if necessary, to ensure that all the poles of F(b}i) —ﬂj(i)si )(J =1..., mi)

r
are separated from those of F(l— a; + Za}')si j( j=1.., n, ) .
i=1
For further details and asymptotic expansion of the A -function one can refer by Gautam et.al. [2].
In what follows, the multivariable A -function defined by [2] will be represented in the contracted notation:

m,ni(my, g ) (me e )
Ap@(pl'%):---:(pr,qr) [211---’ Zr]

Or simply by A[Zl,...zr].

1. Main Results
2.1 Fractional Derivative Formula 1:

lg;ﬂ,y{xpﬁ(xnmi)"‘gsg‘;i {ex H(x +a)m}

i=1

U > t v U > t -
Al z,x (x +ai) poey X (x +ai)
]

j=1 j=1
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mlkl...(—nl)mtkt
ko i kL.k!

gl glghrri g i

[n/m] - [n/m] (—p.)
j— s 7[5’ 1 ' (t)
=o..al* X" Ak Ak

zoy . zgor; S X
_un ’ VOO
AM,N+s+2:M1,n1:...:Mr,N,:l,O:...:l,O oy 1ozgag S OXT

o 14
P+s+2,Q+s+2:F’1,Ql:...:Pr,Qr:M o _Xl
s

-1 ts
ag X

. . 0,..,0
(=B=7=p=Akg == AR Uy ool et ),(l+01+7]1k1+...+7]l(t)k1 RV l:j .....

(—a—y—p—ﬂlk1—...—ﬂ1kt;ul,...,ur,t1,...,ts),(l+al—77ik1+...+771(t)kt;Vi,...,v1 .
1+ o, + 1K+ 170KV, V7 g, 0 H(c07), i (e, 747)
S sl S t? Vg1t N 1 S—l j? Jl,P1 ’ j /g 1P

(1+GS -k +"-+’7s(t)kt;V;,-..,v§”,uj:
S

Y r r . 0,1,..., 0,1 (8)
(18 q (02,0, ©2e D)

Provided that
(i) Re(ar) >0, the quantities t,,...,t., 277, A7 ooy Afereos A U, Ve, Vo, U VL v e all
positive (some of them may however decrease to zero provided that the resulting integral has a meaning),

r d®
. ) J
(i) Re(p)+i§=1 “ili?s'ﬂi Re —5]“) +1>0

Also the number occurring below the line at any place on the right-hand side of (8) and throughout the paper

o..,01..,101%..:01
indicates the total number of zeros/ones/pairs covered by it. Thus , ,

would mean r

r r r
zeros/r ones/r pairs, and so on.
2.2 Fractional Derivative Formula 2:
s t S (i)
a, By P t Gi m; A t; U
52 b TT0¢ +a) TTS e TT(X +ar)” |
i= j=1 i=1
> t v > t -
Al z,x* (x' +ai) peeny X (xi +0‘i)
j=1 j=1
il s—1 . _y(rd) " s—1 . _y(ren)
* rt i ! r+r i !
A*|z, X H(x +ai) v 2, X H(x +ai)
j=1 j=1
o [m/m] [n/m] (-n) (-n,)

— 0y Ts PP -B mk N T mk p (t)
“aparR Ty Y Ly () A,
=0 k=0 k-0 Lok !

elkl . 'etk' afikl+"'+771(‘)kt . _ag;k1+---+ﬂgt)kt Xﬂikl"'"-‘*'ﬂtkt

AM JN+N+25+3My,N;2 M ,N,1,0:..1,0:M 1 N, g5 M N 32,05...,1,0

0,1..:01 0,1..:01
P+P+25+3,0+Q+25+3R Qi P Q=== iPrag Qratso Prae Qe i
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Zoy . zgag X
: " 0.0 (o 0., OJ
Zra{vl) , 0(7\/£r)xur [aj Aj 1o Oy ’T+25*1)1,P( Ky == AKe Up .Uy '11""'t5'7r+s—1 ,
1y . 0,..,0 0,..,0_ 0,..0.
“ ;X [bi?ﬂrj vvvvv ﬂﬁj”vmlp(‘ﬂvﬁvuru ----- ur+rvtlv""ts—ljv[ﬂ_l_pv o U ur+r't1""vts—1)v
agx's
7V(r+l) W(r1) .
Zoaog O 15 S
’ () e
Zepag T gt XU
_aflxll
'as’lx‘H
0,..,0 0,..,0
Ky == A sUp ey Up et —— 1- Ak == Ak Up e Uty ety ,—— |,
(7311 Akg iUy lip Sr+slj( Auky == 2K U U Sr+s—1)
0,..,0, (rs1 (m) 0,..,0
17U e Up g oty et g || o i———=v; " L T =
(ﬂ 7 recoll sl]( e o2
0,..,0
a— Ky == Ak U e Up et ——— L+17,Ky ot )kv v()l j .....
( 7=Ak Ak U Uty Sr+—)( Th* n 10 74252
0,. vO 0...,0 (r+1) (r+r) 01 40
a- ; Upig s Up oty et g || oy ==y ™ L, v e
( YPHS Urg rer 4 51)( 0’1r51 1T
0...0 0,...,.0 0,...,0
Loy +gk+An$k Vg VD ”](h NI O SRV L j .....
( RGN s1 rrs 1) AT "r425-1
(l o, 1 V(r+l)’__vvgzr)'0 ----- 0 lj (bj 0,..,0 ﬂj(r+1) ..... ﬁ(r+r) 0, OJ
s-2 r+s s-1 Jig
(1+Js+ﬂskl+ Ok, ) Q0 j’(aj @), 0.... 0) ,(a‘j;o ..... 0’a§r+1) IIIII ol 0.... 0]
7+2s5-1 7+25-1) r+s "s1 1A

0.0
(aj;Aj,..., Al )’ij{L,P (c;.7; )1,3 (€, ))m ;

(128)) ;...;(d}”,a}”)mr;—(0’1);';;(0’1);

(C§r+l) , 7}r+1) )LPP1 ;".;(Cgrﬂ) ’ }/J(I'+T) )l .

- ©)
(d (r+1) 5_(”1)) (0,D,...,(0,)

i 9
Here A*[Z

: ";(d}rw)lgj(rn) )LQW : —)
z

1Qru

r+l,...,Zm]stalnds for the following multivariable A-function of 7 complex variables

z

r+17°0 Sryre

A[Z . Z ]= Imllvn,‘:(mwl'nr+l):"':(mr+1’nr+r)
1 Vo p.q :( pr+1'qr+1):"':( pr+r'qr+1)

! (r) A(rl) | (r+1) o oalr+r) | (r47)

A s A (6571 e 2T M
! (r) A (r+l)  o(r+1) oy (rer) o(r+7)

(05,858} g (401 g (00 g

I:Zr+l""' Zr+r

The function occurring on the right hand side of (9) is the A -function of I +2S+ 7 —1lvariables provided that

(i) Re(ex) >0, the quantities
O] ' ® ' (r) (r) (r+1) (r+1) (r+7) (r+7)
1 8’21771’ //it L "’/11775’ 2177 u V "VS'ur’Vl ""’VS ’ur+1’vl L ’VSl ul’+l”vl L ’VSl
are aII positive (some of them may however decrease to zero provided that the resulting integral has a meaning),
r+c @
i - mi 4 >
(i) Re(p)+;u']£?g'ﬂ, Re 5 +1>0

2.1 Fractional Derivative Formula 3:

AT {Xpyp'ﬁ(xti +a, )Ui (yt'i +ﬂi)gl' S:;j [eszj yg’li[(xti +¢, ) g (y +ﬁ) “’}
i=1 j=1

j= i=1

(v +ﬂ)””“)}

-

S V_(r)

A zlx“ly”ili[(x" +a, )% (v" +ﬁi)7wg e 2 ] (X )
i i
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/] [n‘/ml](_nl)mlkl ( t)mtk1A11 AS)
k !k ! A

_ sy P=B\p'-B
=a)..al B BTy ZZ
k,=0 k=0
ke Vk, o+ 4Ok, ok Vk, kK Ak A ik
ell e 7711 771 _aﬂsl s tﬂfll T1 __ﬁsfsl +75 txﬂll*' )Ittygll Stk

- *Vv — A *W‘ U .
yoy . 250 sﬁgwl---ﬂs sxty

AM N42SHEMy 1M NL0.10 | 2 I L S eyt
P+25+4,Q+5+2:P, Q. P, Qr01 01 af1><‘1 '
a’lzxts
ﬂiflyt'l
:ﬂ;ly"s
(r) 0,...,0 [ ko G
(a] Ay A s JLP{ Jky Ak Uy e tsj
(bj Bj...B{" O'é"’o)lo{ﬂ P=Aakg ==K Uy Uy = b tsj
) 0 q 00 ( (6, 7)
1+o,+nk +..+n. 7K Vg, VL1 25—1) J,J/J)lp, S 75 ),
0,..,0 0,..,0
(t) (r) (r) X
1+o nsk + +775 kt'v eer V, 2 ! bl’ﬂl’ ’ﬁl !
S o

—B—y—p—Igkg ==Kl e 0’;”0,t1 ..... ts],(l+o-1+rh'k1+...+n1‘)k VR S il 0,210 4 Ous Oj .....

0 ..... 0 0,...,0
—a—y—p=Aki—. =AUy . st ](lﬂrl kgt 2k vy e ) Tsj ,,,,,

. 0,0, .
(P —ciky = =gk U Uy S e ts]

1 1 1 O,...,O ' f
B'=p'-ck -—gtkt:ull---,ur,T,tl,---,tsj

. 0,0,
—B'=r'=p'—ck——gikeU,U'y s L tsJ

(a 7' ="K G KU ey u',,%,t‘1 ..... ](l+o‘l+rlk1+ +rl( )k[wl ..... w“),%) .....
[l+01+rlk1+ Ak e W luj

l+o‘s—rsk1+ +ka W ..... W“t%}
S

(11)
b e (0,1),...,(0,1)
(d,,a)ml ..... (A, 57, o }
Provided that
(i) Re(ex) >0, the quantities

t ! t ' ' y ;
’s' s’ﬂlnl’ 2177()1"'1/11775’ /1177() U, V 'Vs’u V(r) "Vs(r)’glrl"'”gsz-s'wl’“"ws'\N:Er)""’

are aII positive (some of them may however decrease to zero provided that the resulting integral has a meaning),

C qo
(ii) Re(,o)+;uilgj1sl{ﬂ1i Re ﬁ +1>0
i= j
: ()
T H ]
And Re(p)+;ui]21§'9i Re —5]0) +1>0

Proof of (8): To prove the fractional derivative formula (FDF)1, we first express the product of a general class
of polynomials occurring on its left-hand side in the series form given by (4), replace the multivariable A -
function occurring theorem by its well known Mellin-Barnes contour integralgiven by (5), interchange the order

of summations, (51, o fr)—integrals and taking the fractional derivative operator inside (which is permissible
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under the conditions stated with (8)) and make a little simplification. Next, we express the terms

4 otk Ak g - g, ¢ o +1gk 44Ok Vi -~ g ) ) )
(X +a1) ,...,(XS +a) so obtained in terms of Mellin-

S
Bernes contour integral ([16]. P.18, eq. (2.6.4); p.10, eq.(2.1.1)). Now, interchanging the order of
(&aaren &y )and (&, &, )-integrals (which is also permissible under the conditions stated with (8)), and
evaluating the x-integral thus obtained by using the unknown formula ([10], p.16 Lemma 1)
b [Xq _ FA+2)T(1-B+y+41) o

ox F(1-B+A)T(l+a+y+4)

Re(1) > 0=max[0,Re(S—-y)]-1
And reinterpreting the multivariable Mellin-Barnes contour integral so obtained in terms of the A -function of

I + S variables, we easily arrive at the desired formula (8) after a little simplification.
Proof of (9): To prove FDF 2, we take

x-1 oi s-1 ’Vi(Hl) s—1 7Vi(r+r)
FOO=x"TT(x +a ) A% 2 X *TT(X" +a) " vz X T (X + 1)

i1 i=1 i-1
And

g(X) — (th " a, )0'5 t[s:] |:er/1] f[(xti +a )ﬂi(i) :|
= i1
A[zlx“l |S| (X" + e, )7V'l ..... z, X" |S| (X" + e, )V'm}
i=1 i

12)

In the left-hand side of (9); and apply the following generalized Leibnitz rule for the fractional integrals

a,p, S - a,p-1, a,p-,
s HE g0 =2 (7 5™ {F 00} 1 {a () (13)
t=0
We easily obtain FDF 2 after a little simplification on making use of FDF 1 and known result ([5], p. 91, eq.
(6)).
Proof of (11): To prove FDF 3, we use the formula FDF 1 twice with respect to the variable y , and then with

respect to the variable X ; here X and Y are independent variables.

1. Special Cases and Applications
The fractional derivative formulae 1,2 and 3 established here are unified in nature and act as key
formulae. Thus the general class of polynomials involved in FDF 1,2 and 3 reduce to a large spectrum of
polynomials listed by Srivastava and Singh ([18], pp.158-161), and so from formula 1,2 and 3 we can further
obtain various fractional derivative formulae involving a number of simpler polynomials. Again, the
multivariable A -function occurring in these formulae can be suitably specialized to a remarkably wide variety

of useful functions (or product of several such functions) which are expressible in terms of E,F,Gand H -
functions of one and more variables. For example, if M =N =P =Q =0, the multivariable A -function

occurring in the left-hand side of these formulae would reduce immediately to multivariable H -function due to
Srivastava et. al.[16]. Thus the various special cases of the multivariable H -function can be used to derive
from these fractional derivative formulae a number of other FDF involving any of these simpler special
functions.

On reducing the operator defined by (1) to the Riemann-Liouville operator given by (2), we arrive at three
fractional derivative formulae involving these operators but we do not record them here explicitly. Again , our
FDF 1,2 and 3 will also rise in essence to a number of other FDF lying scattered in the literature (see [14], pp.
563-564, eqs. 92.1)-(2.3), [15], pp. 644-645, eqs. (2.1)-(2.3), [4], pp. 71-72, eq. (2.1) and [3], p. 171, eq. (3.1))
on making suitable substitutions.

Also, if we take M =N=P=Q=0,0; :O:vi' :...:vi('),i =12,...,Sand n, =0, j=1...,tin (8)

(the polynomials S, ..., SgII will reduce to A\;,o’---’ Ag% respectively which can be taken to be unity without
loss of generality), we arrive at the formula given by ([11], p.532, eq. (4.1)).
If in FDF 1, we take M =N =P =Q =0,t = 2and reduce the polynomial Sr':l to the Hermite polynomial

([18], p. 158, eqg. 91.4)), the polynomial S:;Z to the Leguerre polynomial ([18], p.159, eq. (1.8)), the
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multivariable | -function to the product of I different Whittakar functions ([16], p.18, eq. (2.6.7)), we arrive at
the following new and interesting special case of the FDF 1 after a little simplification

1577 4% Zbl+71—[(x +a) H, {ZJ_}L(H)(X)H(exp) 2w, ., (z,x)}

- ) "ol aZxP T’
_ ]|:1[( |) 1 s [%2:] [ill (_n1)2k1( 2)k2 (- :I_)kl (n2+(-})xk1+k2
I'(—oy)..I'(—oy) k=0 k=0 ki 1k, !

X

H 0,2:2,0;...;2,01,1;...;4,1 :zrx (b =4 +1,2);...;(0, — g1, +1,1); (1404 1);...; (1+ 0 1)

1,2..1,211..11 —1yt

pREAZLELL [ﬂ—p—kl—kz;ﬁ,tl,...,ts) (—a—y—p—kl—kz;ﬁ,q ..... ts]
r S - r r

a;lxts

(=p—ki—kp 1o Lty ) (B—r—p—k =Ky Lo LY oits) (14)
(bl+v1+; 1) ..... [b +V, +2 1] [(0D:-:(0.1)

S

The conditions of validity of (14) can be easily obtained from those of (8).
Several other interesting and useful special cases of our main fractional derivative formulae 1,2 and 3 involving

the product of a large variety of polynomials (which are special cases of S™, ..., S::‘) and numerous simple

special functions involving one or more variables (which are particular cases of the multivariable A -function)
can also be obtained but we do record them here for lack of space.
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