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On A New Class of Numbers

'P. Rajkhowa, *Ananta Kumar Bora
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Abstract: The present paper studies a new class of numbers. Results obtained in this paper are a table,
recurrence relations, generating functions and Summation formulas for these new class of numbers . Many
results reduce to their corresponding results for the Catalan numbers .

l. Definition:
(1.1)  Consider the quadratic equation

2 =2x+1

Its roots are

a=1++2
B=1-+2
a+p=2
of =—
Let Vn =qo" + Bn for n >0, then
V,=2V,=2V,=6V, =14V, =34V, =82V, =198,V, = 478,
V, =1154et.
These numbers satisfies the following recurrence relation
V1 =2V, +V,_1;n>1with V0 = 2,Vl =2.
In view of (1.1) we define a new class of numbers

n—k(2n+1 . o
(1.2) Fn K :(—1) K V1 Where n is any non-negative integer and

0<k<n .
Also these numbers generalize the Catalan numbers in a non trivial way.

The catalan numbers C, are defined by means of the generating relations ([3],p.82)

(1.3) ZCt - “1 &t

Or by the explicit formula ([3],p.101)

1 [an
(1.4) C,=—
n+l{ n

The following relationship is obvious

C _ (_ 1)n I:n,O

) 2  2n+1
As usual (Ot)n is Pochhammer’s symbol and is defined by

we (o) = 1 if n=0
' " la(a+1)...(a+n-1), for all nefl,23....}

5 F1 will denote the hypergeometric function defined by

(1.5)
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a,b;
1.7 T © (a)ylb n
0 ml x|= = @n (bn) ”)X,;c:to,l,—z,———
c: n=0 (C)n n:
The Jacobi Polynomials are defined by
—Nn,—o—n ;
(1.8) 1 _1\n
n! 2 x—1
1+3;

(1.9) In [1] A.K.Agarwal studied a new kind ofnumbers

2n+1 L. - 0<k<n
n—k 2k+11 =N =

and n is a non-negative integers and L2k+1 is a Lucas humber of order 2k+1.
These new kind of numbers have the interesting property that

n
t10) > f(nk)=1
k=0

The New kind of Numbers are defined as f(n,k)= (—1)”4{

n
Theorem 1 Z Fn K = 22n+1
k=0

Proof : Let n be an odd positive integer and a3 be the roots of X? = 2X + 1 as defined in (1.1) Then from
the binomial expansion of (OL + B)n we get

n n n-1f N
@ 2" =V, - L Mt |, V, et (=12 n=1 v
2

where Vn is defined as in (1.1) Setting n=2m+1 in (1.11) we obtain

m 2m +1
22m+1 — _1m—k
kz_:’J( ) m — Kk

Remark 1 :Theorem 1 is analogues with the following property of Sterling numbers of the first kind
[see [10],(6) p. 145]

Y Sk =0
k=0

Remark 2: Also theorem 1 is analogues with (1.10)

2k +1

1. . Table for F”'k

n/k 0 1 2 3 4 5 6 7
0 2

1 -6 14

2 20 70 82

3 70 294 -574 478

4 252 -1176 2952 —4302 2786

S —924 4620 -13530 | 26290 -30646 | 16238

. Recurrence Relations

41 (k2D By g+ 6(-k+keD) By +noke)

n,k+

(k) K, 1=0 for k>1
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: (2n +2),
2 F..=(-1 J F
I ey e it

where r is a non negative integer.
Proof of (4.1)

The sequence {V2k +l}satisfies the following recurrence relations
411 Vo3 =6V — Vo

Now using the definition (1.2) and (4.1.1) we arrive at (4.1).
Proof of (4.2)
By definition, we have

2n +1
n—k
w2y F,=(-1) (n B kjvzm
And
2n + 3
-k+1
(4.2.2) F .. =(1) V.
n+1,k ( ) n— k + 1 2k+1
Eliminating V,,, ,, we have
(2n+3)2n+2)

Frae=(-1 F

vk = "(n—k+1)(n+k+2) ™
Proceeding in similar manner and using (1.6) we arrive at (4.2)

V. Generating Relations
. K X2k+l
(5.1) Fo. y'=——-V
Zzl 2(k +n)+1 2k +1
0 X2k+2
(5'2) Z n+k,k y 2 _ X V2k+1

Where Y = (1 — X)X

Proof of (5. 1)
Here we shall use the identity

(0.0]
CREI — (&Jrr]ﬁjynzx‘>‘;y=(x—1)x‘B

n=0 oa+nBl n

(see[3]. P. 147)

Setting o=2k+1 and B =2in (5.1.1) we arrive at (5. 1)
Proof of (5. 2)
Here we shall use the identity

o0 o + nB - X(x+1 . B B "

(see[3]. P. 147)

Setting o=2k+1 and =2 we arrive at (5.2)

Remark 3
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For k=0; (5. 1) and (1.4) yields (1.3)

Remark 4 For k=0 (5.2) yields the following generating relation for the Catalan numbers

0 XZ
> en+1cy = —— y=(x-1x?
n=0 2-X
Theorem (5.3) : Let F,x be defined as in (1.2) then
(5.3.1) § i F yn+k: 2X3
n=0 k:O ek (2—xXx2—8x+8)
131
(53.2) Pk y" =xF [1 =1-x,2(1- x)}
Eo Eo 2(n+k)r 72722

Where F,4 is Appell’s double hypergeometric function of fourth kind defined by (see[4],p.14)

(5.3.3) [a b C, C "X, y] Z Z ( )m+n (b)m+n Xm ﬁ

m=0 n=0 (C)m(c )n m! n!
JIXE+4ly] <1
Proof of (5.3.1):
The numbers {V2k+1} Satisfy the following generating relation

0.0]
2+2X
(5.3.4) }:\Qkﬂxk:—z—————
k=0 X~ —6x+1

Hx]<1

Using the definition of F,, we have

x 2 2n+2k+1 0
S 3 Py vay z[ Jew
n=0k=0

Now summing the inner series Wlth the help of (5.2.1) and using (5.3.4) we arrive at (5.3.1)
Proof of (5.3.2):

From the definition of the sequence { Vn } we have.

(535 V, = (1+ \/E)n + (1— ﬁ)ﬂ

Which allows us to use the identity
a a 1.

—_—, — + —_—
2 2 2
F, 22| =2la-2" + @+ 2r}
1 2
E’
Settinga=-n,z=+/2 we see that
(5.3.6) [ELLNLU
3. 27 2" 2
,F 2 :%{(1—&)” +(1+ﬁ)”}
1,
Ey
Comparing (5. 3 5) and (5.3.6) we get
1
—3-% "
vV, =2.F 2
E
L 2
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For odd n we have

(5.3.7) —n— % —n
V2n+1 2 ZF:L 2
1.
>
1
Again in (1.7) setting oL = > B = — = and x=3 we see that
(2-2)
Voni1 = [ j pn2 2 (3)
o _ 1 1 1
Again in (1.8) setting y=1, o= E, a = EB = _E and x=3 we get

= @O.(3)
EUU

$ ( j:;g}l)[ ) ol @ - R 155502t

777] 1.3 1
Nt =F,|1,=;=,=:t,2t
Pn ( ) 4‘: 5’5’5 :|

Now, Starting with L.H.S. we get

0
Z Z n+k k n+k — Z V2k+1yk
k=0

"0 K=o 2(n+k)+1

i ;(Zn + 2k + 1} Cy)

o 2n+k)+1 n

Now summing the inner series with the help of (5.1.1) we get

o0 o0 F . Z ‘ X2k+1
Y = Y
S 2(n+k)+1 217 ok +1
(0.0]
V2k+1 2., K
=X X
kgo 2K + 1( y)
= xF{l,1 3.1 X,2(1 — x)}
2 2 2
V. Summation Formulae
SUF Vaa p F.,=2F
(6.1) n+k-m-1,k + V n+k-m-1,k-1 m,0 — n+k,k
m=0 2k-1
Fn,0V2k+l; k=1
= I:m,o I:n—m—l,o _ 2|:n,O

62

= 2m+1 2(n—-m)-1 2n+1
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n n—2m(k +1)

(6.3) > F

Sm+12(n+k—m)+1) ™0 nrkemk

(6.4) i( ){ Pk, F”‘“"”}—(Zn +1)C,

V 2(n—k)+1 V2(n—k)+3

=0

Proof of (6.1):
Replacing k by k-1 in (5. 2) we obtain

© X2k
n
(6.1.1) Z Foik kY
n=0

2—-X
Again putting k=0 in (5. 2) we obtain
o 2k
X
©12 Y. F .y
n=0
From (5. 2) and (6.1.1) we obtain.

:2—x
V.
Foak Y = —Zal i Z +k1k1y

V2k—1

n=0 | Vo
1 & V x> &
— F n _ 2k+1 F n
2 % rg) nekk Y V, , 2—x & et y
2
XYy | & o V. 2xX2 &
=2/ 1- F = =
( 2_X]r]zg)n+k,ky V2k712 X nzo +klk1y
= |:2 - Z I:m,O ym+1 :|Z I:n+k k yn
m=0 n=0
= 2k+1 Z mo Y Z +k1k1y
V2k 1 m=0
Now equating the coefficients of y" we arrive at (6.1)
Proof of (6.2)
Putting k=0 in (5.1) we obtain
o F 0
—y" = 2X
nz;) 2n + 1y
o F 0
oyt =21 - X
r;) 2n + 1y ( y)

Z yZ

2m 02m+1 n02n

Now equating the coefficients of y" we arrive at (6.2)
Proof of (6.3):
From (5.1) and (5. 2) we obtain.

- n X <& Fos n
> Fokk Y :(2k+1) > - y

A 2-x 1 2(n+k)+1
523 Fo Y :(2k+1\2x2 > ko
= "2-x & 2(n+k)+1
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9 I:m 0

= Z—'ym Z n+k,k yn

m= 02m+1 n=0

2k+1) 3 F oy _ o y"

=( )Z m Z 2(n +k)+1
Now equatlng the coeff|C|ents of y"we arrive at (6.3)
Proof of (6.4):

Using the following identity (see[3] p.65)

2n+1 Zn: 2n+1) (2n+1
n k=0 k k-1
We arrive at (6.4)
Remark 5 : In view of (1.5), (6.2) yields the following formula for Catalan numbers

n-1
ZCm Cn—m—l = Cn
m=0
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