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I. Introduction: 
        N. Nobusawa [7] introduced the notion of a -ring, more general than a ring. W. E. Barnes [11] 

weakened slightly the condition in definition of -ring in the sense of Nobusawa. W. E. Barnes [11], J. Luh [4] 

and S. Kyuno [10] studied the structure of -rings and obtained various generalizations analogous to 

corresponding parts in ring theory. Bhattacharya and Maity [2] introduced the notion of a -Banach algebra. In 

recent times, many far reaching results of general algebras have been extended to -algebras by many 

outstanding research workers. In this paper, we study k-derivation on -Banach algebras V and kh- deviation 

on -Banach algebra 
/VV p
. 

We define symmetric bi-k-derivation on -Banach algebras in which k:
 


 
 is an additive map such that kk n  , where n is a positive integers. Some important results relating 

to this concepts are proved. For example we show that (a) Let  FV   and  // FV  be two -Banach algebra 

and 
/ -Banach algebra respectively with  Vxxexxe   ,  ,Ve  and 

yeyye  ////   (yV),
 

 ,Ve  . If 1d  and 2d
 
are k- and h-inner derivation on  FV  and 

 // FV  respectively implemented by  ,a  and  /,b   respectively then d is a kh- inner deviation on 

/VV p
 
implemented by  // ,beea  , (b) Let V be a 2-torsion free prime -Banach algebra, 

1D (.,.) , 2D (.,.)  and 3D (.,.) and 4D (.,.) the symmetric bi-k-derivations on V and 1d , 2d , 3d  and 4d  

traces of 1D (.,.), 2D (.,.), 3D (.,.) and 4D (.,.) respectively. If 1d (x) 2d (y)= 3d
 
(x) 4d (y), for all x, yV  

and  and 1d 0 4d , then there exists  C  such that 2d (x)= 1d (x) for all , where C  is the 

extended centroid of V, (c) Let V be a 2-torsion free prime Gamma Banach algebra and U be a non zero ideal of 

V. Suppose there exist symmetric bi-k-derivations VVVD :1  and VVVD :2  such that 

   0x,xdD 21   holds for all xU where 2d  denotes the trace of 2D . In this case 0D1   
or 2D =0, 

(d) Let V be a 2- and 3-torsion free prime -Banach algebra. Let U be a non zero ideal of V and 1D :VVV 

and 2D :VVV be symmetric bi-k- derivations. Suppose further that there exists a symmetric bi-additive 

mapping B: VVV such that     xfxdd 21   holds, for all x U, where 1D  and 2D are the traces of 

1D  and 2D respectively and f is the trace of B. Then either 1D =0 and 2D =0. 

 

II. Preliminaries 

        Let V and   be two additive abelian  groups. If for  all   ,;,, Vzyx ,  the following 

conditions are satisfied, (a) Vyx 
 
,  (b)

 
  zyzxzx  ,    yxyxyx  ,  



K-derivation and symmetric bi-k-derivation on Gamma Banach Algebras 

www.iosrjournals.org                           37 | P a g e  

  zxyxzyx    (c)     zyxzyx    then V is called a - ring in the sense of 

Barnes[11]. If these conditions are strengthened to, )(a
  

  xVyx , ,  )(b
 
is same as(b), 

(c)   zyzxzx  ,    yxyxyx  ,    zxyxzyx    (c)

    zyxzyxzyx   )(   (d) Vyxyx  ,,0
 
implies 0 ,  Then V is called a - 

ring in the sense of Nobusawa. 

A -ring in the sense of Nobusawa V is called a -Banach algebra over a field F if it satisfies the following 
postulates: 

(a) a(xy)=(ax)y=x(ay), a; x, yM; . 
(b) M is a Banach space over F with respect to a norm which satisfies 

     ||xy||||x|| |||| ||y||, x, yV;   

A subset I of a - Banach algebra V is said to be a right (left) ideal of V if  

(a) I is a subspace of V (in the vector  space sense).  

    (b)  IxyIyx    for  all ,Ix , Vy
 

i .e.  IIVIVI 
.
 

A r ight -ideal which is a left Г-ideal as well as is called a two sided -ideal or  simply a -

ideal. 

 The notation VI  will mean I is an ideal of V.  

         A -Banach algebra V is called 2-torsion free if 02 x implies 0x ,  for all Vx . 

A -ideal I of a -Banach algebra V is said to be prime -ideal if for any two -ideals A and B, 

PAPBA   or PB  .
 

    A - Banach algebra V is said to have a left (right) strong unity if there exists some 

 ,Vd  such that   ., Vxxdxxxd    

The Projective tensor norm ||.||  on XY is defined as ||u||=inf{
i

i ||x|| || ||yi : ; 
i

ii yxu

YyXx ii  , }, where the infimum is taken over all (finite) representations of u. The completion of (XY, 

||.|| ) is called the projective tensor product of X and Y and is denoted by XY. 

Let V  and 
/V  be -Banach algebras over the fields 1F

 
and 2F

 
 respectively isomorphic to which are a field 

F. The projective tensor product 
/VV p  (with the projective tensor norm), is a -Banach algebra over F, 

where multiplication is defined by the formula: 

(xy)()(
/x  

/y )=(x
/x )(y

/y ), where x , y V ;
/x ,

/y 
/V ;, . 

An additive  operator d on the -Banach algebra V over a field F into itself is called a k-derivation if  

d(xy)=d(x)y+xk()y+xd(y), for all x, yV; ,where k:  is also a additive map. If d(xx)=d(x)x+ x 

k() x+ xd(x) holds for all xV and , then d is called a Jordan k-derivation on V. 

Let a and  be nonzero elements of V and  respectively. The d: VV defined by d(x)=[a, x] and k:  

defined by k()=[,]a are two additive maps and d is a k-derivation on V. Then we call d is an inner k-
derivation on V. 

        Let V be a -Banach algebra. A mapping D(.,.) : VVV is said to be symmetric  bi-additive  if  it is 

additive in both arguments and D(x, y)=D(y, x), for all x, yV. By the trace of D (.,.), we mean a map d: VV 

defined by d(x)=D(x,x), xV. A symmetric bi-additive map is called a symmetric bi-k-derivation if (a) D(xy, 

z)=D(x, z)k()y +x k()D(y, x) (b) D(x, yz)=D(x, y)k()z +yk()D(x, z), for all x, y, zV;  and k: is a 
additive map. Since a map D(.,.) is symmetric bi-additive, the trace of D(.,.) satisfies the relation 

d(x+y)=d(x)+d(y)+2 D(x,y), for all x, yV and is an even function.  

            Let V be a prime - Banach algebra such that VVV. Denote ₤  {(I, f): I (≠0) is an ideal of V and f: 

IV is a - Banach algebra homomorphism} 
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Define a relation ~ on ₤ by (I, f) ~ (J, g)K(0)IJ such that f=g on K. Since V is a prime -Banach 
algebra, it is possible to find such a K and so “~” is an equivalence relation on ₤. This gives a chance for us to 

get a partition of ₤. We then denote the equivalence class by       gJfVJgffCl ,~,1|:ˆ,1   

and denote by Q, the set of all equivalence Classes. Now we define an addition “+” and as follows 

     gfJIClgJClfIClgf  ,,,ˆˆ .It can be easily shown that the addition “+” is well 

defined and (Q, +) is an abelian group. 

Since VVV and since V is a prime - Banach algebra VV(0) is an ideal of V. We can take the 

homomorphism VVVV  :1  as a unit - Banach algebra homomorphism. Note that VβV0, for all 

0β. So that VVVV  :1
 

is a nonzero - Banach algebra homomorphism. Define 

     0|1, VVV
 

and define a relation “” on  by (VV, )1 V (VV, )1 V  

W=VV(0)VVVV such that  VV 11 
 
on W. we can easily check that “” is an equivalence relation 

on . Denote by Cl(VV, V1 )= ̂ ={(VV, V1 ):(VV, V1 )(VV, V1 )} and   0|ˆˆ . Define an 

addition “+” on ̂  as follows: 

     VV VVclVVcl 1,1,ˆˆ   

        VVVVVVcl 11,  , for every (0), (0). Then is an abelian group. Now we define a 

mapping (,,):   gfgfQQQ ˆˆˆˆ,ˆ,ˆ,ˆ   , as follows: 

    ĝˆf̂ =cl(I,f)cl(VV,1Vβ)cl(J,g) 

=cl (IVVJ, gfIV ) 

Where IVVJ= 










i

iiiiiiiiiiii VnmJvIuvnmu  ;,;,:  is an ideal of V and 

Vf 1 g: IVVJV is a - Banach algebra homomorphism which is define as Vf 1 g

  iiiiii vnmu  = )()(1)( iiiiVi

i

i vgnmuf    
is a - Banach algebra homomorphism. Then for 

 ˆˆ,ˆ;ˆ,ˆ,ˆ Qhgf
,
 we have  

hghfhgf ˆˆˆˆˆˆˆˆ)ˆˆ(  
, 

gfgfgf ˆˆˆˆˆˆˆ)ˆˆ(ˆ  
, 

hfgfhgf ˆˆˆˆˆˆ)ˆˆ(ˆˆ  

)ˆˆˆ(ˆˆˆ)ˆˆˆ(ˆˆˆ)ˆˆˆ( hgfhgfhgf  
,

Qgfgf  ,ˆ,ˆ,0̂ˆˆ̂
 implies 0̂ˆ  . 

 Hence Q is a -ring. Now we define scalar multiplication as    ),()ˆ,(ˆ afUclfUaclfa  ,

.ˆ; QfFa  Then for FbaQgf  ,;ˆ,ˆ
 

fffbafabgafafbagafagfa ˆˆ.1),ˆ(ˆ)(,ˆˆˆ)(,ˆˆ)ˆˆ(   

Hence )(FQ  is a vector space. Now for FaQgf  ;ˆˆ;ˆ,ˆ   we can show that 

)ˆ(ˆˆˆˆ)ˆ()ˆˆˆ( gafgfagfa  
. 

Next define a norm on Q by  1,:)(sup),(ˆ  xUxxffUf   

Then we find that ),.( Q  is a norm linear space. If   nf̂  is a Cauchy sequence in Q, then for given 𝜖 < 0,∃ 

positive integer 𝑛0
 such that mn ffnnm ˆˆ, 0 

< 𝜖 

                                1:)(ˆ)(ˆsup  xandUUxxfxf mnmn < 𝜖 

                           )()( xfxf mn 
< 𝜖,  1 xandUUx mn  
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                              )(xf n  is a Cauchy sequence in M. 

                                       )( 0,0 fU ₤ such that )()( 0 xfxf n 
, because the norm in Q is uniformly 

continuous. So we can prove easily that 
Qff n  0

ˆˆ
. Therefore Q is a Banach Algebra over F. 

Moreover, for
Qgf ˆ,ˆ

; 
 ˆ̂

, we have 

),()1,(),(ˆˆˆ gJclVVclfIclgf V 
 

 
)1,( gfJVVIcl V 

      

      1,:sup.1,:1sup.1,:)(sup  vJvvyxVVyxyxuIuuf V         

    1,1,1;,,:1)(sup  vyxuJvVVyxIuvgyxuf V   

      1,1,1,1,1;,,:1sup    vyxuJvVVyxIuvgyxuf V

 

      1,1,1,1,1;,,:1sup    vyxuJvVVyxIuvgyxuf V   

  1;,,:1sup  vyxuJvVVyxIuvyxugf V 
 

)1,( gfJVVIcl V 
 

   gJclVVclfIcl V ,1,),( 
 

gf ˆˆ̂   

Thus Q is a ̂ -Banach algebra over F. Noticing that the mapping    ˆ   for every  0  is an 

isomorphism. Therefore ̂ -Banach algebra Q is a -Banach algebra. 

        The set   QandfgffgQgC ,|{ , is called the extended centroid of -Banach 

algebra V over F. If axb=bxa, for all xV and ,, where a(0), bV are fixed, then there exists  C

such that b=a for . 
 

III. The main results: 

Theorem3.1. If 1d  and 2d  be bounded k- and h-derivations on -Banach algebras )( 1FV  and )( 2FV 
 

respectively then there exists a bounded hk-derivation d on the projective tensor product VV p
  defined 

by the relation        
i

i2iii1 ydxyxdud , where .VVyxu
i

pii   

Proof: Since        2

/

12

/

1: FVFVFVFVd pp 
 

is define as

       
i

i2iii1 ydxyxdud , where     
i

pii FVFVyxu 2

/

1 . Clearly d is well 

defined. For any arbitrary element     
i

pii FVFVyxu 2

/

1  and  >0 we have 

i

n

1i
ip

yxu 


  , from the definition of projective norm. Now 

      
pi

i2iii1p
ydxyxdud   . Thus  

     
i

iiii ydxyxd 21  
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     
i

iiii ydxyxd 21  

  i
i

i21 yxdd   

 
p

uk , where 21 ddk   

    Thus    
pp

ukud . Since the left hand side is independent of  and  was arbitrary, it follows 

that  
pp

ukud  , for every    2

/

1 FVFVu p  . Consequently D is bounded. 

To show that d is a kh-derivation, we suppose that u=xy and =
/x 

/y are two elements of 

   2

/

1 FVFV p . Then  

    // yxyxd   , where 
/

p   

 // yyxxd   

   /
2

///
1 yydxxyyxxd 

 

      /

1

//

1 xdxxxkxxd    // xxyy       /

2

//

2 ydyyyhyyd    

=
   // yxyxd  +     // yxhkyx  +     // yxdyx 

,   

where        hkhk  

Similarly, if  
i

ii yxu  and  
j

/
j

/
j yxv  be two element of    2

/

1 FVFV p  then summing 

over i and j we can prove easily that  

     vudvud  +    hku    vduv   

So, d is a kh-derivation. 

Theorem3.2. Let  FV  and  // FV  be two -Banach algebra and 
/ -Banach algebra respectively with ex 

= xe=x, xV, eV,   and yeyye   , 
//,,  VeVy . If 1d  and 2d

 
are k-and h-

inner derivation on  FV  and  // FV  respectively implemented by (a,) and  /,b   respectively then d is a 

kh- inner deviation on  
/VV p
 
implemented by  // ,beea  . 

Proof: Let
 1d  and 2d

 
be k- and h-inner derivations on  FV  and  // FV  respectively implemented by (a,) 

and  /,b   i.e. 

    x,axd1 ,
 where    a,k   

    /y,byd2 
,
 where    bh  ,/  

Now   







 

.

i
ii yxdud  

              

     
i

iiii ydxyxd 21  

              

     


i
iiii /y,bxyx,a  

              

     
i

/
ii

/
iiii byybxyaxxa  

              

  
i

/
iii

/
iiiii byxybxyaxyxa  
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  
i

/
iii

/
i

//
ii

//
i byexybxeeyaxyexa  

               

      
i

iiii yxyxea //       /// beea 

     beyxyx /
iiii   

              

      
i

iiii yxyxbeea //    beea //   

              

  


i

ii yxbeea /,/


 

              

  
i

ubeea /,/

  

Now, we define kh:  by 

     beea
/

/,hk   

It can be easily prove that  

    // yxyxd     // yxyxd      hkyx  

      //// yxdyxyx   

   Therefore d is a kh-inner derivation on 
/VV p implemented by  // ,beea   

Theorem3.3. If 1d and 2d are k-and h-Jordan derivations, then d is an hk-Jordan derivation. 

 Proof: Obvious.  

Remarks: 

(i) The converse of the above three theorems are also true. 

(ii) If    /// FVFVeau p , then from the definition of d in theorem 3.2 , we get 

    /
1 eadud  , because   0ed /

2   

(iii) If    /// FVFVbeu p , then from the definition of d in theorem 3.2, we get   

   bdeud 2 , because   0ed1   

Theorem3.4. If 1d
,
 2d

 
and d are  k- ,h- and kh-derivations respectively related as in theorem 3.1,3.2 and 

3.3, then  

d2ddd 21   

Proof: we already proof in theorem 3.1 is that  

    121 ddd  

Since  was arbitrary, it follows that 

21 ddd         (1) 

Next let xV such that 1x   .Then 

 

1e
k

x
e

k

x // 

 

where 0ke /   

Now   1u:udsupd
pp

u

  

             p

/e
k

x
d 








  

             p

/
1 e

k

x
d 








 , since   0ed /

2   
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 xd1  

  Thus  xdd 1 , for every xV(F) with 1x 
 
and which implies 1dd   

Similarly, we can prove that 2dd   

d2dd 21         (2) 

The inequalities (1) and (2) together implies that 

d2ddd 21  . 

 Example1. Let V be the set of all 22 matrices of the type 








 ab

ba
 where a, b are complex numbers and 

a , b  are their conjugates respectively and  be the set of all 22 matrices of the type 








x0

0x
, where x is a 

real number . Then V be a -Banach algebra over F=R with respect to usual matrix addition and multiplication 
and the norm is defined by  

 b,amax
ab

ba











  

and x
x0

0x









. 

Let 
/V  be the set of all 22 matrix of the type 









vu

yx
, where x, y , u, v are real numbers and  /

 and 

norm is defined as the norm is defined for V and .Then  // FV
 
is a 

/ - Banach algebra, where RF  . 

Let 1d  and 2d  are k- and h-derivations implemented by  ,A  and   ,B  respectively, where  

V
ii

ii
A 












32

23
, 

/

12

35
V

i
B 








  















10

01
,

//

20

02









   

Since 

























 






















0

0
,

01

10
,

0

0
,

10

01
43211

i

i
ee

i

i
eeB  is a basis for V(F). 

Now     111 ,eAed 
 

                
AeeA  11 

 

                





























































ii

ii

ii

ii

32

23

10

01

10

01

10

01

10

01

32

23

 

                









00

00

 

Similarly, 
      



























 


06

60
,

46

64
,

04

40
413121 ed

ii

ii
eded

. 

Hence the matrix representation of 1d  with respect to 1B  is
 

                                 
 





























0400

6640

6640

0400

1
1

i

i

i

i

d
B  
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                 Therefore 
6d1 

 

       Also 














































10

00
,

01

00
,

00

10
,

00

01
/

4

/

3

/

2

/

12 eeeeB  is a basis for 
/V . Similarly, 

with respect to this basis, we find                                                                                                                                

 































0460

6806

4084

0460

2
2 B

d   and 82 d . 

       Next we wish to find the matrix representation of kh-derivation d. Clearly 

 4,3,2,1;4,3,2,1:3  jieeB ji  
is a basis for    FVFV p

 . 

  




 









 

 12111111 edeeedeed
 

             







 





























04

60

10

01

00

01

00

00

 

               

















































0040

6000

0004

0600

0000

0000

0000

0000

 

               





























0040

6000

0004

0600

 

Similarly,  

 






























 
































 
































 



0040

6000

0004

0600

,

6080

0060

0608

0006

,

4000

8040

0400

0804

413121 eedeedeed

 






























 
































 
































 



ii

i

ii

i

eed

i

i

i

ii

eed

i

i

i

i

eed

6084

0060

0648

0006

,

4000

0440

0400

4804

,

0040

6004

0004

0640

322212

 






























 
































 
































 



0604

0600

6040

6000

,

06086

0006

60860

0060

,

0400

08604

4000

86040

443424

i

i

i

i

eed

ii

i

ii

i

eed

i

ii

i

ii

eed



K-derivation and symmetric bi-k-derivation on Gamma Banach Algebras 

www.iosrjournals.org                           44 | P a g e  
































 


































 
































 



0400

46804

4000

86440

,

4404

0646

0040

6064

,

0440

6000

0004

0600

231342
ii

ii

eed
ii

ii

eed

i

i

i

i

eed

 






























 


































 


































 



0004

0606

0040

6060

,

4604

0600

6440

6000

,

06468

0006

60684

0060

144333

i

i

i

i

eed

ii

ii
eed

ii

ii
eed

The matrix representation of d with respect to the basis 3B
 is 

 

1616
0000

0000

6640

60866

4000

0040

6640

60686

0640

6086

0000

0040

0680

6046

0000

0000

6640

60866

0000

0000

6640

60686

4000

0040

4000

0040

0640

6086

0000

0000

0640

6086

0000

0000

48604

0646

0400

0004

46804

0646

4804

0640

0400

0004

4804

0640

0000

0000

48604

0646

0000

0000

46804

0646

0400

0004

0400

0004

4804

0640

0000

0000

4804

0640

3














































































































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Therefore
 

10d 
.Thus the strict inequality 

d2ddd 21 
     holds. 

Lemma3.5 Let V be a 2-torsion free prime -Banach algebra, D(.,.) the symmetric bi-k-derivation of V and d 

the trace of D(.,.) . If ad(x) =0 for all xV and , where a is a fixed element of V, then a=0 or D=0. 

Lemma3.6 Let V be a 2-torsion free prime -Banach algebra, 1D (.,.) and 2D (.,.) the symmetric bi-k-

derivations on V and 1d and 2d  the traces of 1D (.,.) and 2D (.,.) respectively. If 1d (x) 2d (y) =
 2d  (x)

 

1d (y) for all x, yV and  and 1d 0, then there exists  C  such that 2d (x)= 1d (x) for , where 

C  is the extended centroid of V. 

Theorem3.7. Let V be a 2-torsion free prime -Banach algebra, 1D (.,.) , 2D (.,.)  and 3D (.,.) and 4D (.,.) 

the symmetric bi-k-derivations on V and 1d , 2d , 3d  and 4d  traces of 1D (.,.) , 2D (.,.), 3D (.,.) and 4D (.,.) 

respectively. If 

1d (x) 2d (y)= 3d
 
(x) 4d (y)     (3) 

for all x, yV  and  and 1d 0 4d , then there exists  C  such that 2d (x)= 1d (x) for all , 

where C  is the extended centroid of V. 

Proof: Let zV. Replacing y by y+z in (3), we get  

1d (x) 2D (y, z)= 3d (x) 4D (y, z)     (4) 

 If we replace z by zy In (4) , then  
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1d (x) z k() 2d  (y)= 3d (x)z k() 4d (y)   (5) 

If wV then 

1d (x) z k() 2d (w)= 3d (x)z k() 4d (w)   (6) 

Substituting zk() 4d (w) for z in (5), we have  

1d (x) z k() 4d (w)k() 2d (y)= 3d (x)z k() 4d (w)k() 4d (y) (7) 

From (4) and (6), we have 

1d (x) z k() 4d (w)k() 2d (y)=
 1d (x)z k() 2d (w)k() 4d (y)   

  1d (x) zk()( 4d (w)k() 2d (y)-
 2d (w)k() 4d (y))=0  (8) 

Since 1d 0 and V is a prime -Banach algebra. So equation (8) implies that  

4d (w)k() 2d (y)= 2d (w)k() 4d (y) 

It follows from 4d 0 and lemma 3.5 that 2d (y)= 4d (y) for some   C . Hence by (4), we have 1d (x)z 

k() 4d (y)=
 3d (x)z k() 4d (y) 

Since  C .Therefore 

1d (x)k() 4d (y)=
 3d (x)z k() 4d (y) 

 1d (x)k() 4d (y)=
 3d (x)z k() 4d (y)  

[ 1d (x)-
 3d (x)]z k() 4d (y)=0 

It follows from 4d 0 that 3d (x)=
 1d (x).  

Lemma3.8. Let V be a 2-torsion free prime Gamma Banach algebra and let U be a nonzero ideal of V. Let a, 

bV be fixed elements. If axβb+bxβa=0 is fulfilled for all xU,, then either a=0 or b=0. 
Theorem3.9. Let V be a 2-torsion free prime Gamma Banach algebra and U be a non zero ideal of V. Suppose 

there exist symmetric bi-k-derivations VVVD :1  and VVVD :2  such that  

   0x,xdD 21           (9) 

holds for all xU where 2d  denotes the trace of 2D . In this case 0D1   
or 2D =0. 

Proof: let yU. Replacing x by x+y in (9) we get  

            0y,y,xDD2x,ydDx,y,xDD2y,xdD 21212121   (10) 

substituting x by -x in (10) we get,  

           y,y,xDD2x,ydDx,y,xDD2y,xdD 21212121    (11) 

Comparing (10) and (11) we have  

      0x,y,xDD2y,xdD 2121        (12) 

Let us replace in (12) y by xy, and use (10) and (12) we get, 

            0y,xDkxdx,yDkxd 2112       (13)  

Let us write in (13) yβx instead of y we have 

                0xdvkkxdxdvkkxd 2112       (14)  

      Let 0d1  , 0d2  . Then there exist elements Ux,x 21   such that   0xd 11   and   0xd 22  . 

From (14) and lemma3.8 it follows that     0xdxd 1221  . Since   0xd 21   the relation (13) reduces 

to       0, 2122 xyDkxd  . Using this relation and lemma3.5, we obtain that   0x,yD 21   holds for all 

yU since   0xd 22  . In particular, we have   0x,xD 211   and so 

       2112111211 x,xD2xdxdxxd   

  0xd 11   

Similarly we obtain   0yd2  . But  yd1  and  yd2  cannot be both different from zero according to (14) 

and lemma 3.8. Therefore we have either 0d1   or 0d2  . 
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Corollary3.10. Let V be a 2-torsion free semi-prime gamma banach algebra and U be non zero ideal of V. 

Suppose there exists a symmetric bi-k-derivation D:VVV such that D(d(x),x)=0 holds for all x U, where d 
denotes the trace of D. In this case we have d=0. 

Theorem3.11. Let V be a 2- and 3-torsion free prime -Banach algebra. Let U be a non zero ideal of V and 

VVVD :1  and VVVD :2  be symmetric bi-k- derivations. Suppose further that there exists a 

symmetric bi-additive mapping B:VVV such that     xfxdd 21   holds, for all x U, where 1d  and 

2d
 
are the traces of 1D  and 2D respectively and f is the trace of B. Then either 1D =0 and 2D =0. 

Proof: Putting x + y in place of x in     xfxdd 21  , we get 

2 1d ( 2D  (x, y))+ 1D (     yd,xd 22 +2 1D     y,xD,xd 22  

+2 1D     y,xD,yd 22 =B(x, y)      (15) 

Let us replace in (15) x by –x. We have 

2 1d ( 2D  (x, y))+ 1D (     yd,xd 22 -2 1D     y,xD,xd 22  

-2 1D     y,xD,yd 22 =-B(x, y)      (16) 

Adding (15) and (16) we get, 

2 1d ( 2D  (x, y))+ 1D (     yd,xd 22 =0 

Then equation (15) reduces 

2 1D     y,xD,xd 22 +2 1D     y,xD,yd 22 =B(x, y)   (17) 

Let us write in (17) 2x instead of x. we get  

  18D     yxDxd ,, 22 +2 1D     y,xD,yd 22 =B(x, y)    (18) 

Now substitute (17) from (18) we get 

6 1D     y,xD,xd 22 =0 

 1D     y,xD,xd 22 =0       (19) 

Since V is a 2- and 3-torsion free Gamma Banach algebra. It follows that both terms on the left side of relation 

(17) are zero, which means that B=0.Then 

   0xdd 21  , xU. 

Substituting yx, for y in (19) we get 

              0x,xdDky,xDxdky,xdD 212221     (20) 

Let us write xy, instead of y we have 

                  0,, 212221  xxdDykkxdxdykkxxdD    

From the relation above one can conclude that 

   0x,xdD 21   or   0xd2   

If    0x,xdD 21   for some xU, then 2d (x)=0 

Contrary to the assumption 1D ( 2d (x),x)0 

There 1D ( 2d (x),x)=0, for all xU, the proof of the theorem is complete since all the requirements of theorem 

3.10 are fulfilled. 

Corollary3.12 Let V be a semi-prime gamma ring which is 2-and 3-torsion free. Let U be a nonzero ideal of V 

and d(U)U. Let D:VVV be a symmetric bi-k-derivation and B:VVV be a symmetric bi-additive 

mapping. Suppose that d(d(x))=f(x) holds for all xU, where d is the trace of D and f is the trace of B. In this 
case we have D=0. 

Example2. Let 
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Then V(F=R) is a -Banach algebra. 
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D:VVV define as D(A,B)=AB, for all A,BV and k: define as k()=
n

1
, where 













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


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n0

0n
.Then it is easy to show that D is a symmetric bi-k-derivation. 
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