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Abstract: In this paper, we define and study k-derivations and symmetric bi-k-derivations on a /-Banach
algebra. We also define and study h&k-derivation d on the projective tensor product V ®p V' for the h- and

k-derivations d, and d, on 7-Banach Algebras V (F) and V' (F’) respectively.
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l. Introduction:

N. Nobusawa [7] introduced the notion of a I'-ring, more general than a ring. W. E. Barnes [11]
weakened slightly the condition in definition of T"-ring in the sense of Nobusawa. W. E. Barnes [11], J. Luh [4]
and S. Kyuno [10] studied the structure of I'-rings and obtained various generalizations analogous to
corresponding parts in ring theory. Bhattacharya and Maity [2] introduced the notion of a I'-Banach algebra. In
recent times, many far reaching results of general algebras have been extended to I'-algebras by many
outstanding research workers. In this paper, we study k-derivation on I"'-Banach algebras V and k®h- deviation

on ['®I-Banach algebra V &, V' We define symmetric bi-k-derivation on T-Banach algebras in which k:
I' > I' isan additive map such that k" =k, where n is a positive integers. Some important results relating
to this concepts are proved. For example we show that (a) Let V(F) and V/(F/) be two I'-Banach algebra
and T’ -Banach algebra  respectively with eX =Xk = X(VX EV), eeV,6el’ and
e's’'y=ys'e' =y (vyev), € €V',8 €T .1f d; and d, are k- and h-inner derivation on V (F ) and
V/(F/) respectively implemented by (a, 5) and (b,S/) respectively then d is a k®h- inner deviation on
Ve, V' implemented by (a ®e/ +e®b,6®8’ ) (b) Let V be a 2-torsion free prime I'-Banach algebra,
D;i(.), Dy(.) and D5(.,)and D,(..) the symmetric bi-k-derivations on V and d;,d,,d5 and d,
traces of Dy (...), D5 (.,.), D3(..) and D4 (...) respectively. If dy (x)y y (y)= g (x)y d4 (y), for all x, yeV

and yel and 0y20=d,, then there exists e C- such that d, (x)=rad; (x) for all a.eT, where C- is the
extended centroid of V, (c) Let V be a 2-torsion free prime Gamma Banach algebra and U be a non zero ideal of
V. Suppose there exist symmetric bi-k-derivations D, :V xV —V and D, :VxV —V such that

D, (d,(x),X)=0 holds for all xcU where 0, denotes the trace of D, . In this case D; =0 or D, =0,
(d) Let V be a 2- and 3-torsion free prime I'-Banach algebra. Let U be a non zero ideal of V and Dl VxV-V
and D2 VxV—V be symmetric bi-k- derivations. Suppose further that there exists a symmetric bi-additive
mapping B: VxV—V such that dl(dZ(X))zf(X) holds, for all xe U, where D; and D, are the traces of
D; and D, respectively and f is the trace of B. Then either D;=0and D =0.

1. Preliminaries
Let V and I be two additive abelian groups. If for all X y, ZeV;;/,lueF, the following

conditions are satisfied, (a) X yy eV ., (b) (X-l—’y)’YZ:X’yZ +y’yZ , X(y+u)y=ny+X},ly,
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XY(y+Z)ZXYy+XYZ (c) X7/(y,UZ>=(X7Y),UZ then V is called a T'- ring in the sense of
Barnes[11]. If these conditions are strengthened to, (a’) Xy eV, xuel. (b') is same as(b),

© (xrpz=xyzeyyz. x(ply=xpyemy. Xy(HzEXy 9z ©
X]/(yyz): X(Wu)z :<X7/Y),UZ (d) Xy =0,V yeV implies y =0, Then V is called a I'-

ring in the sense of Nobusawa.

A T-ring in the sense of Nobusawa V is called a I'-Banach algebra over a field F if it satisfies the following
postulates:

(a) a(xyy)=(ax)yy=xy(ay), ael’; X, yeM; yel.. _ o
(b) M is a Banach space over F with respect to a norm which satisfies

IxyYI<IXI LIV X, yeV; yel
A subset | of a I'- Banach algebra V is said to be a right (left) ideal of V if

(a) I is a subspace of V (in the vector space sense).
& XyYel (yxel) foran xel, yel, yeV
ie ITVcl(VTIcl)
A right T'-ideal which ié a left T'-ideal as well as is called a two sided I'-ideal or simply a I'-

ideal.
The notation | ¢\ will mean I is an ideal of V.

A T-Banach algebra V is called 2-torsion free if 2Xx=0 implies X= O for all XeV _
A T-ideal | of a I'-Banach algebra V is said to be prime T-ideal if for any two I'-ideals A and B,

AIBcP=AcP or BCP
A T'- Banach algebra V is said to have a left (right) strong unity if there exists some

deV,del such that d5X:X(X5d:X),VX ev.

The Projective tensor norm |, on X®Y is defined as ||u||=inf{2|| Xi [y |l:u= in ®Y.;
i i

X; € X, Y; €Y }, where the infimum is taken over all (finite) representations of u. The completion of (X®Y,

|IIl,) is called the projective tensor product of X and Y and is denoted by X®,Y.

Let V and V' be -Banach algebras over the fields F1 and F2 respectively isomorphic to which are a field

F. The projective tensor product V & b v/ (with the projective tensor norm), is a '®I"-Banach algebra over F,
where multiplication is defined by the formula:

ey)@@p)(x’'® Y )=xax )oypy’), wherex,y eV i x'y eV g ger.

An additive operator d on the I'-Banach algebra V over a field F into itself is called a k-derivation if
d(xyy)=d(X)yy+xk(y)y+xyd(y), for all x, yeV; yeI',where k: T—I is also a additive map. If d(xyx)=d(X)yx+ x
k(y) x+ xyd(x) holds for all xeV and yeT, then d is called a Jordan k-derivation on V.

Let a and y be nonzero elements of V and T respectively. The d: V—V defined by d(x)=[a, x], and k: T>T
defined by k(B)=[y.p]. are two additive maps and d is a k-derivation on V. Then we call d is an inner k-
derivation on V.

Let V be a I'-Banach algebra. A mapping D(.,.) : VxV—V is said to be symmetric bi-additive if it is
additive in both arguments and D(x, y)=D(y, x), for all x, yeV. By the trace of D (.,.), we mean a map d: V-V
defined by d(x)=D(x,x), YxeV. A symmetric bi-additive map is called a symmetric bi-k-derivation if (a) D(xyy,
2)=D(x, 2)k(y)y +x k(y)D(y, X) (b) D(x, yyz)=D(X, y)k(y)z +yk(y)D(x, z), for all X, y, zeV; yel’ and kI'->T isa
additive map. Since a map D(.,.) is symmetric bi-additive, the trace of D(.,.) satisfies the relation
d(x+y)=d(x)+d(y)+2 D(x,y), for all x, yeV and is an even function.

Let V be a prime I'- Banach algebra such that VI'V=V. Denote £= {(l, f): | (¥0) is an ideal of V and f:
I—>V is a I'- Banach algebra homomorphism}
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Define a relation ~ on £ by (I, f) ~ (J, g)<3K(=0)clJ such that f=g on K. Since V is a prime I'-Banach
algebra, it is possible to find such a K and so “~” is an equivalence relation on £. This gives a chance for us to

get a partition of £. We then denote the equivalence class by CI(L, f)=f ={g:J >V | f)~(J,9)}
and denote by Q, the set of all equivalence Classes. Now we define an addition “+” and as follows

f—l—@ =C|(|, f)+CI(J,g)=CI(I NJ, f +g).It can be easily shown that the addition “+” is well

defined and (Q, +) is an abelian group.
Since VI'V=V and since V is a prime I'- Banach algebra VI'V(20) is an ideal of V. We can take the

homomorphism 1, :VI'V —V as a unit T'- Banach algebra homomorphism. Note that VBV=0, for all
O+pel. So that 1,,:VAV —V s a nonzero T- Banach algebra homomorphism. Define
&= {(Vﬂ\/ 'l\/ﬂ)l 0= pe F} and define a relation “” on & by (VBV,lVﬁ) ~(VyV, lvy)<:>
IW=VaV(#0)cVBVNVAV such that 1, =1, on W. we can easily check that “~” is an equivalence relation
on & Denote by CI(VBV,1,,)=B ={(vyV.1,, ):(VBV.1, ;) )»(VV.1, )} and "= {B 0= el“}. Define an

addition “+” on I as follows:

p+d=clvpy i, )+dvev i)
=cl (V,BV NVV 1, +1V5), for every B(#0), 8(z0)el’. Then is an abelian group. Now we define a

mapping (-—,-): Q x I x Q—-Q, (f : ,@, Q)l—) f,@(j , as follows:
3G =cl(1,HCI(VBV, Lup)cl(d.g)
=cl (Irvpvry, fl,,9)

Where ITVBVI= {Zuiaimiﬂniﬁivi U, el,v, ed;m,n eV;a,p El—} is an ideal of V and
i

flvﬂ g ITVBVIJ-V is a TI- Banach algebra homomorphism which is define as flvﬂ g
(Zui(zi m, An; BV, )=Z f(u;)e; 1,5 (M; Bn;) B 9(v;) is aT- Banach algebra homomorphism. Then for
fA,gA,ﬁeQ;ﬂA,)?elA“,W:ehave
(F+@)pn="foh+gin F(5+7)6= 109+ fh(g+h)= 1A+ T
(18)n = f(Aa7)h=T/(a/M) £46=0,9F,6.€Q implies £ =0,
Hence Q is a I'-1ing. Now we define scalar multiplication as af =acl u, 1?) =cl(U,af),

aeF; f € Q. Then for f,QEQ;a,bGF
a(f +§)=af +ag, (a+b)f =af +ag, (ab) f =a(f)1.f =

Hence Q(F) is a vector space. Now for f, geqQ; B € f; aeF we can show that
a(f49) =(af )43 = 5(ag)

Next define a norm on Q by H fH: H(U , f)H: Sup{“ f (X)H xeU, HXHS 1}

Then we find that (””, Q) is anorm linear space. If {fn } is a Cauchy sequence in Q, then for given ¢ _ 0 5

A A

fn_fm

positive integer ,, such that M, N 2N, = ce
= supi f (- fm(x)H :xeU, nU and|]| §1}< .

=[f,00-f, ()| _, xeU, nU  and|x|<1
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= {fn (X)} is a Cauchy sequence in M.
=3 0, fo) €& such that , (x) — T, (x) , because the norm in Q is uniformly
continuous. So we can prove easily that f” - on €Q . Therefore Q is a Banach Algebra over F.
Moreover, for f, ge Q; ﬁ el , we have
fllallal=lercr. )t vy 1)l 3. 9)]
=|erqrvpvry, f1,, )
= sup{ f (u)]:ue 1, Ju] <L}supfL,, (x8y)| : xBy VAV, |xBy] <1psup{] :v e 3, [v] <1}
= sup] f W)[JL.,, (xBY)lg(v)]:u e 1, xBy eViAV v e 3;u <L x| <1, M| <1

sup{ f @I, (ayll llg():u < 1%y <Vav v e 3ifu] <1 [xpy] <1 M <1 <2 <1

\

sup{ f (UL, (xBy )G (v):u e 1, xBy eVAV, v e 3;fu| <1, |x8y] <LV <[] <1 || <1
:supﬂ f1,, 9(upxByy V)| :u e I, xpy VAV v e J;umpyr Sl}

=|cl(irvpvIy, £1,,9)|

=letr, F)erfvpv i, (3. g)|

- | g

Thus Qisa I -Banach algebra over F. Noticing that the mapping 77(,6’) = ,@ forevery 0# S €l jsan

isomorphism. Therefore [ -Banach algebra Q is a I'-Banach algebra.
Theset C. ={g €Q|g)f = f)g,Vf eQandy e’ } is called the extended centroid of I'-Banach

algebra V over F. If ayxpb=byxpa, for all xeV and B,yel’, where a(z0), beV are fixed, then there exists Ae Cr
such that b=Aoa for o€l

1. The main results:
Theorem3.1. If d; and d, be bounded k- and h-derivations on I'-Banach algebras V (F,) and V'(F,)

respectively then there exists a bounded h®Kk-derivation d on the projective tensor product V ®p V' defined

by the relationd(u)=2[dl(xi )®yi +X; ®d2(yi )] where U = in Ry, eVOV.

Proof: Since d :V(F1)®pV’(F2)—>V(Fl)®pV’(FZ) is define as
d(u):Z[dl(xi )®yi +X; ®d2(yi )] where U = in XY, eV(F1)®p V/(FZ). Clearly d is well
i i

defined. For any arbitrary element U= in XY, eV(Fl)®p V’(FZ) and € >0 we have
i

||u||p +e=> Zn:” X || || Yi || , from the definition of projective norm. Now
i=1

[ d(u)], = Z[dl(xi)®Yi+Xi®dz(Yi)] - Thus

<T@l +x ©d.n) |

p
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= 2O s+l et () 1]
SQ\dl\HHdzH);HXiH Iyil

< k(“u”p + e), where K = ||d1||+||d2||
Thus ||d(u}|IO < k(“u”p+e). Since the left hand side is independent of € and e was arbitrary, it follows

that || d(u)||p < k”u”p , for every U eV(Fl)®p v/ (Fz) . Consequently D is bounded.

To show that d is a k®h-derivation, we suppose that u=x®y and v:x’®y’ are two elements of
V(F)®,V'(F,). Then

d((X ® y)(a ®ﬂ)(xl ® y’)), where @B el ®, r/

=d(Xax’ RyBy’ )

=d1(xax’)®y[3y’ +xax! ®d2(y[3y’)

=d, (X)ex’ + k(e )X’ +Xadl(x’)]®yBy/ +xax' ®d,(y)gy' + yh(B)y' +yAd,(y')|
_d(x®y)a@p)x @y )+ (x®y)(k®h)(a®[3)(x’ ®y’)+(x®y)(a®B)d(x’ ®y’)’

where (K®h Yo ®B)=k(at)@B+a®h(B)

Similarly, if U ZZXi ®Y; and V=ZX€ ®y§ be two element of V(F1)®p V/(F,) then summing
over i and j we can Iprove easily that J

d(u(c®@BVv)=d(u)a®B)v+u[(kh)a®B)] v+u(c®p)d(v)

So, d is a k®h-derivation.
Theorem3.2. Let V(F) and V/(F/) be two I'-Banach algebra and F/ -Banach algebra respectively with edx
= xde=x, VxeV, ecV, del'and €'0Y =yoe' =y, VyeV' e eV’ &' eI’ . 1fd; and d, are k-and h-

inner derivation on V(F) and V/<F/) respectively implemented by (a,5) and (b,S/) respectively then d is a
k®h- inner deviationon V & | V' implemented by (a ®e/ +e®b,6®8’).
Proof: Let dl and d2 be k- and h-inner derivations on V(F) and V/(F/) respectively implemented by (a,d)

and (b,S/) i.e.
dl(X):[a,X]S, where k( )—[8,a]
dy(y)=[b,yly where h(8)=|s", 8}
Now d(u)=d(2xi ®yij
_Z X )®y, +x ®d,(y, )]
:Z [[aixi]s ®yi+xi®[b!yi]5’]
=Z[(aé‘>xi —X;82)®Y; +X; ®(b8’yi —yi8’b)J

=Z[a8x Ry, —X;8a®Y; +X; ®bd'y; —x; ®yi8’bJ
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=Z[a8xi ®e'8'y, —x;8a®@yd’e’ +edx; ®hd'y; —xi8e®yi8’bJ

Yleee)oos fyoy,)-(x oy,) (608 faoe’ J+(eob)ses)

(x; ®y; )—-(x; ®y; )(8®S/Xe®b)J
= Z[(a@e’ +e®b)5®5 Jx ®y,)-(x ®Y;) (6®S’Xa®e’ +e®b)]

:Z[a®e’ +e®b,x ®Y,|

5®8'
:Z[a®e’ +e®b,u]5®5,

Now, we define k®h:T'®I" -»I'®I" by
(k®h)o®B)=[s®8", 0 ®B|ee’ e
It can be easily prove that
d((x®y)(a®[3)(x’ ®y’ ))=d(x®y)(oc®B)(x’ ®y’)+(x®y)(k®h)(a®[3)
(x’ ®y/ )+(x®y)(a®[3)d(x’ ®y’)
Therefore d is a k®h-inner derivation on V ® | V " implemented by (a ®e/ +e®b,6®6’)

Theorem3.3. If dl and d o are k-and h-Jordan derivations, then d is an h®k-Jordan derivation.

Proof: Obvious.
Remarks:
(i) The converse of the above three theorems are also true.

(i) fu=a®e’ eV(F)®p V/(F’), then from the definition of d in theorem 3.2 , we get
d(u)=d,(a)®e’, because d, (e’ )= 0

(iii) Ifu' =e®b eV(F)@p V'(F’), then from the definition of d in theorem 3.2, we get
d(u)=e®d,(b), because d,(e)=0

Theorem3.4. If d; d, and d are k- h- and k®h-derivations respectively related as in theorem 3.1,3.2 and
3.3, then l

o <[ay] +]d] <2|d]

Proof: we already proof in theorem 3.1 is that

e <( e+ ) (1 <)

Since e was arbitrary, it follows that

ol <[ty | +{d] ®
Next let xeV such that ||X|| =1 Then

§®e’ | X Heluzl where H e/H:k;tO
k k
Now ||d||=5‘:pi||d(u)||p Juf,=1]
> d(§®e’j
K p

, since d, (e’ )= 0

dl(i)(@e’
k

p
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=, ()]
Thus | d || 2] d, ()], for every xeV(F) with| X || =1 and which implies || d | >d,|
Similarly, we can prove that || d ||Z||d2||

~[da]+]d2[<2]d] @
The inequalities (1) and (2) together implies that
[dl]<[dy]+[d| <2]d].

a b
Examplel. Let V be the set of all 2x2 matrices of the type [ B _j where a, b are complex humbers and
a

_ x 0
a, b are their conjugates respectively and I be the set of all 2x2 matrices of the type (O j where x is a
X

real number . Then V be a I'-Banach algebra over F=R with respect to usual matrix addition and multiplication

and the norm is defined by
a b x 0
-b a 0 X

/ ; Xy ! _
Let V' be the set of all 2x2 matrix of the type , where x, y, u, vare real numbersand I"" =I" and
u v

=max{|al,|b|} and

=|x]|.

norm is defined as the norm is defined for VV and I".Then V/(F/) isa F/ - Banach algebra, where F'=R.

Let d, and d, are k- and h-derivations implemented by (A &) and (B, 8”) respectively, where

(Bi Zij £5 3) ,
A=| . eV, B= eV
21 =3 2 1

-1 0
6:( Jer,a’:(z OJer’

0 -1 0 2
Si B—e—loe—ioe—o_le—Oi'b'fVF
Ince b, = 1—0 1,2—0 _il®% T 0’4_i 0 is a basis for V(F).

Now dl(el):[A’ el]b‘
= Ade, —e oA

o P PRI (Y S D] (Y B
e
similarly, dl(ez):(g _O4j’dl(e3):(_6? i:]’dl(e“):[—oe gj

. . d, wi B, i
Hence the matrix representation of ~* With respect to By is

0 0 —-4i 0
0 -4 6i 6
d =
[1]81 0 4 6i -6
0 0 4i 0
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Therefore CHEL

, (1 .0y, (0 1)y, (0 0}, (0 0} . _ ;o
Also B, =€/ = 0 0,62= 0 0,63= L O,e4= 0 1 is a basis for V' Similarly,

with respect to this basis, we find
0 -6 4 0
-4 8 0 4

bl = o o g _g|@aldl=8
0 6 -4 O

Next we wish to find the matrix representation of k®h-derivation d. Clearly
B, = &, ®e, :i=1234; j =123 4/ isabasisforV(F)®, V'(F’).

d(el ®e1’j = dl(e1)®e1' +e ®d2(e1')

o of°lo ol*(o 3ol )

0000 (00 -6 0
|l0o0oo0O0| |40 0 O
“loooolloo o -6
0000 (04 0 O
0 0 -6 0
|4 0 0 o0
|0 0 0 -6
0 -4 0 0
Similarly,
0 —4i 0 6+8i 0 6i 0 0 0 0 0 6i
T A S e T T T I 3 G0 S
0 0 4 0 -6-8i 0 -6i 0 -4 0 -6 0
-4 0 8 0 6 O 0 0 0 6 0
d(e1®e2') 0 0 4 O,d(el®e3'j 8 0 =60 ,d(e1®e4')— - 0 00
0 -4 0 8 0 6 0 0 0 0O 0 6
0 0 0 4 0 -8 0 -6 0 -4 00
0 -4 -6i 0 -4 0 8i -4 6i 0 0 O

0 -4 0 O 0 0 0 -4 4 8 0 6i
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0 0 6i O —-4i 6i 0 6 0 4 -4i 6i-8
' -4 0 0 O ' 0 -4 0 O ' 0 0 O -4
d(e2®e4) . ,d(e3®e1j: . . ,d(e3®e2): . .
0 0 0 -6i 6i 4 -6 0 -4 0 8+6i 4i
0 4 4 O 4 0 4 4 0 0 4 0
0 -6 0 O 0 0 0 -6 0 6 0 -6i
' -4 8+6i 0 -6 ' 0 4 -4i 6i ' 0 4 O 0
d(e3®e3)= ,d(e3®e4): ,d(e4®e1j: i
6 0 0 0 0 0 6 O -6 0 -6i O
-8+6i 4 -6 0 -4 0 6 4 4 0 O 0
The matrix representation of d with respect to the basis 8 is
0 -4 6 O 0 -4 61 0 -4 O 0 0 0 O 0 0
4 0 -8 -4 -4 0 -8 -4 0 O —4i 0 0 O 0 0
0 0 0 O 4 0 0 0 6i -4 6 0 -6 -4 6i 0
0 0 0 O 0 0 4 0 4 0 -8+6i -4 4 0 -6-8 -4
0 0 0 O -4 0 0 6i 4 -6 0 6 —-4i 6i 0
0 0 0 O 0 0 -4 0 -4 0 8+6i 4 4 0 6-8 -—4i
0 -4 6 O 0 4 -6i 0 4 0 0 O 0 0 0 0
[d], = -4 0 -8 -4 -4i 0 8 d4i 0 0 4 O 0 0 0 0
51 -6 8 0 6 —-6i 8 0 6i 0 -4 0 O 0 0 0 0
0 4 -6 0 0 4 -6i 0 0 0 0 -4 0 0 0 o0
0 0 0 O 0 4 0 O -6 8+6i 0O 6 -6i —-6+8 0 6i
0 0 0 O 0 0 0 4 0 4 -6 O6i 0 4 —-6i -6
0 0 0 O 0 -4 0 O 6 -8+6i 0 -6 —-6i 6+8i 0 6i
0 0 0 O 0 0 0 O 0 -4 -6 6i 0 4 —-6i 6
-6 4 0 6 6i -8 0 -6i 0 4 0 0 0 0 0 0
0 8 -6 0 0 —-4i 61 0 0 0 0 i 0 0 0 0

16x16

Therefore ” d” =10 .Thus the strict inequality ”d”<”d1”+”d2” < 2” d ” holds.

Lemma3.5 Let V be a 2-torsion free prime I'-Banach algebra, D(.,.) the symmetric bi-k-derivation of V and d
the trace of D(.,.) . If ayd(x) =0 for all xeV and yeT, where a is a fixed element of V, then a=0 or D=0.

Lemma3.6 Let V be a 2-torsion free prime I'-Banach algebra, D,(.,.) and D2(.,.) the symmetric bi-k-
derivations on V and dland d2 the traces of Dl(.,.) and D2 (.,.) respectively. If dl(x)y dz(y) = d2 X)y
dy (y) for all x, yeV and yel" and 0, =0, then there exists e C- such that 0, (x)=rad; (x) for a.el, where
Cr isthe extended centroid of V.

Theorem3.7. Let V be a 2-torsion free prime I-Banach algebra, Dy (...), D5 (...) and D3(..) and D, (.,.)
the symmetric bi-k-derivations on V and d;,d,,d5 and d traces of Dy (..), D5 (..),D3(..)and D4 (...
respectively. If

dy 3y o ()= d3 (v d4 ) ©)

for all x, yeV and yel’ and d1¢0¢d4, then there exists Ae Cr such that d2 (x):del(x) for all aeTl,
where C- is the extended centroid of V.

Proof: Let zeV. Replacing y by y+z in (3), we get

di 0y D2 (v, 2=d507 Dy (v 2) )

If we replace z by z8y In (4) , then

www.iosrjournals.org 44|Page



K-derivation and symmetric bi-k-derivation on Gamma Banach Algebras

dy )y z k@) dy (v)=d3(x)yz k(E)d4 (y) ®)
If weV then
0y )y z k(o) 0 (w)=d 5 (x)yz k(er)d 4 (w) (6)

Substituting zk(a)d4 (w) for z in (5), we have

0y )y z k(o) d 4 (Wk(E) dy ()= 03 (xyyz k(o) d, WK@E) 4 (y)  (7)
From (4) and (6), we have

dy (7 2 k(o) d g Wk(3) A (v)= Ay (x)yz k(o)A W)k(3) d 4 (¥)

= 01 (x)y zk(e)(d4 (W)k(8) A ()- A5 (W)k(3) d4 (¥)=0 (8)

Since dl¢0 and V is a prime I'-Banach algebra. So equation (8) implies that

dy (wkE)d, ()=, (WkE) d4 (v)

It follows from d4¢0 and lemma 3.5 that d2 (y):kad4 (y) for some Ae Cl— . Hence by (4), we have dl(x)yz
k@)ha g (y)= dg vz k@) dy ()

Since e C- .Therefore

d; ()7k(8) d (yyor= d3(x)yz k(8)d 4 (¥)

=hot 0y (X)7k(8) d 4 (v)= d3(x)yz k(8)d4 (y)

=ad;x)- d3()vz k@) d, (y)=0

It follows from d4¢0 that d3(x):ka dl(x).

Lemma3.8. Let V be a 2-torsion free prime Gamma Banach algebra and let U be a nonzero ideal of V. Let a,
beV be fixed elements. If ayxpb+byxPa=0 is fulfilled for all xe U,a,,p I then either a=0 or b=0.
Theorem3.9. Let V be a 2-torsion free prime Gamma Banach algebra and U be a non zero ideal of V. Suppose

there exist symmetric bi-k-derivations D, :V xV —V and D, :V xV —V such that

D, (d,(x),x)=0 ©)
holds for all xeU where 0, denotes the trace of D, . In this case D; =0 or D, =0.

Proof: let yeU. Replacing x by x+y in (9) we get

D, (d,(x), y)+2Dy(Da(x, ). x)+Dy(d5 (y). x)+2D; (D, (x,y) y)=0 109
substituting x by -x in (10) we get,

D, (d,(x), y)+2D;(D,(x,y),x)=Dy(d (y), x)+2D; (D, (%, y),y) (11)
Comparing (10) and (11) we have

D, (d,(x),y)+2D;(Dy(x,y),x)=0 (12)
Let us replace in (12) y by xay,a.eI” and use (10) and (12) we get,
d, (x)k(e0)Dy (y, x)+dy (x)k(e)D(x, y)=0 (13

Let us write in (13) yBx instead of y we have
d (k(av(B)dy (x)+d; (X k(avk(B)d (x)=0 a9

Let d; #£0,d, #0. Then there exist elements X1,X, € U such that d;(X;)#0 and d,(X,)#0.
From (14) and lemma3.8 it follows thatdl(X2)=d2(Xl)=0. Since dl(X2)=0 the relation (13) reduces
todz(x2 )k(a)Dl(y, XZ): 0. Using this relation and lemma3.5, we obtain that Dl(y, Xy )=0 holds for all
yeUsince d, (X, )#0. In particular, we have D;(X1,X,)=0 andso
dy (Xg +X5)=dy (% J+dy (X2 )+2Dy (X1, X))
=d;(x;)#0
Similarly we obtain dz(y);t 0.But dl(y) and d2 (y) cannot be both different from zero according to (14)
and lemma 3.8. Therefore we have either d; =0 or d, =0.

www.iosrjournals.org 45|Page



K-derivation and symmetric bi-k-derivation on Gamma Banach Algebras

Corollary3.10. Let V be a 2-torsion free semi-prime gamma banach algebra and U be non zero ideal of V.
Suppose there exists a symmetric bi-k-derivation D:VxV—V such that D(d(x),x)=0 holds for all xe U, where d
denotes the trace of D. In this case we have d=0.

Theorem3.11. Let V be a 2- and 3-torsion free prime I"-Banach algebra. Let U be a non zero ideal of V and

D, :VxV =V and D, :V xV —V be symmetric bi-k- derivations. Suppose further that there exists a
symmetric bi-additive mapping B:VxV—V such that dl(dz(x))zf(x) holds, for all xe U, where d, and
d, arethe traces of D; and D, respectively and f is the trace of B. Then either D;=0and D, =0.

Proof: Putting x + y in place of x in dl(dz (X)):f(X), we get

2d1(Dy (¢ y)+ D1((dp(x),dz(y))+2Dy (d5(x). Do (x,y))

+2D (d2(y), D2 (X,¥))=8(x. ) (15)

Let us replace in (15) x by —x. We have

2d;(D; (x y)+ Dy ((dy(x),d,(y))-2D; (d,(x). D, (x,y))

2Dy (d(y), D2 (x,y))=-B(xy) (16)
Adding (15) and (16) we get,

2d;(D; (x y)+ Dy((dy(x),dy(y))=0

Then equation (15) reduces

2D (d5(x). D, (%, y))+2D; (d5(y). D, (%, y))=B(x, ) 17

Let us write in (17) 2x instead of x. we get

8D, (d,(x).D,(x, y))+2D; (d,(y). D, (x,¥))=Bx. ) (18)

Now substitute (17) from (18) we get

6Dy (d,(x). D, (x,y))=0

= D; (d,(x). D, (x,y))=0 (19)

Since V is a 2- and 3-torsion free Gamma Banach algebra. It follows that both terms on the left side of relation
(17) are zero, which means that B=0.Then

d,(d,(x))=0, xeu,

Substituting yax,ael” for y in (19) we get

D, (d2 (%), y k(o)d (x)+ Do (x, y k(e)Dy (d (x), x)=0 (20)
Let us write xBy,B eI instead of y we have

D, (dz (X)’ X)k(ﬂ)yk(a)dz (X) +d, (X)k(ﬁ)yk (a)Dl (dz (X)’ X) =0

From the relation above one can conclude that

D, (d,(x),x)=0 or d,(x)=0

If Dl(d ) (X), X);t O for some xeU, then d (x)=0

Contrary to the assumption Dl ( d 2 (X),x)#0

There Dl(dz (x),x)=0, for all xeU, the proof of the theorem is complete since all the requirements of theorem
3.10 are fulfilled.

Corollary3.12 Let V be a semi-prime gamma ring which is 2-and 3-torsion free. Let U be a nonzero ideal of V
and d(U)cU. Let D:VxV—V be a symmetric bi-k-derivation and B:VxV—V be a symmetric bi-additive

mapping. Suppose that d(d(x))=f(x) holds for all xeU, where d is the trace of D and f is the trace of B. In this
case we have D=0.

x 0 n O
Example2. Let V = :XeRtand I'= XeR
00 0 n

Then V(F=R) is a I'-Banach algebra.
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1
D:VxV—V define as D(AB)=AB, for all ABeV and kI—I define as k(a)=—a, where
n

[1]
[2]
[3]
[4]
[5]

[7]
(8]

[9]

[10]
[11]
[12]

€I’ » .Then it is easy to show that D is a symmetric bi-k-derivation.
n
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