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Abstract: In this paper, the order,size and degree of the nodes of the isomorphic fuzzyhypergraphs are
discussed. Isomorphism between fuzzy hypergraphs is proved to be an equivalance relation.
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I Introduction

Lofti Zadeh, in his classical paper in 1965 introduced the notion of fuzzy subsets of a set. He also
introduced the concept of fuzzy relations. Since then, the fuzzy set theory become a wide research area in
various disciplines like medicine, social sciences, engineering, statistics, graph theory, management sciences,
computer sciences, artificial intelligence, pattern recognition, expert systems, decision making, robotics, signal
processing and automata theory.

Rosenfield introduced in 1975, the concept of fuzzy graphs and the graph theoretic concepts like
paths, cycles and connectedness were introduced in fuzzy graphs. In [5] P.Bhattacharya associated a fuzzy graph
with a fuzzy graph in the natural way as an automorphism group. The concept of weak isomorphism and
isomorphism between fuzzy graphs were introduced by K.R.Bhutani in [4].

Mordeson and Premchand Nair [1] introduced the concept of fuzzy hypergraphs and several fuzzy analogs of
hypergraph theory. Operations on fuzzy hypergraphs were introduced by Berge [3] .

In [2] A.Nagoorgani and J.Malarvizhi discussed the isomorphism between fuzzy graphs and some properties of
self complementary and self weak complementary fuzzygraphs .

In this paper, we introduce the isomorphism of fuzzy hypergraphs and some of their important
properties.

1. Preliminaries
Definition[1]
Let X be afinite setand let & be a finite family of non trivial fuzzy subsets of X such that
X= U supp (x) Thenthepair H :(X,e) is called a fuzzy hypergraph and €= {E,,E,,...E, } is
Hi
called the collection of edge sets of H .
Note

A fuzzy hyper graph H with underlying set X isH : (X,,ui ,p)where X — [0,1] are fuzzy

subsets, 0 € — [0,1] is a fuzzy relation on the fuzzy subsets

5 such that p({x,, X, ,eeee X, D)< (%)% 28 (%5 ) g1 (%, )
Definition 1
Given a fuzzy hypergraph H : (X v Ay p) with the underlying set X , the order of H is defined and

denoted as
p= Z/\ #4;(x)

and size of H is defined and denoted as

g= > p(x. %)= > p(E)

X, X9 X, (=E; <X E;cX
{1 2 r} I i

11, Isomorphism — Basic Properties
Definition 1
A homomorphism of fuzzy hypergraphs h: H — H' isamap h: X — X' which satisfies

A 1t;(X) < A (n(x)) ¥x e X and
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(X, X, X, ) < p'(h(x,) h(X, ), D (X, )X Xy oo X, J = E; < X
Definition 2
A weak isomorphism h: H — H'isamap, h: X — X' which is a bijective homomorphism that satisfies

A p(x)= Agf(h(x)) vxeX
Example 3.1
Let H : (X M ,p) and H': (X e p’)be two fuzzy hypergraphs with underlying sets

X ={a,b,c,d} and X = {a',b’,c’,d} where E, = {a,b,c},E, = {c,d} are the edges of H and
E/={a,c'},E, ={a’,b’,d'} are the edges of H' defined by

PE)=% . plE)=%
. 22) b ) . 36))
L SALTA)
PEN=Y%  p(E)=1
e - {2 1)l %))
e = {15 ) )

Incidence matrices are given as follows:

E,

o o T o
N
o

2 o T ®
o

O HR AR

Definition 3

A co- weak isomorphism h: H — H' isamaph : X — X' which is a bijective homomorphism
that satisfies

Example 3.2
Let H: (X 7 ,p) and H': (X e p')be the fuzzy hypergraphs with underlying sets
X={a,b,c,d }and X={a',b’,c’,d"}

AL ALSA)

e, ={le. 1) (0. 24)]
p(E)=%  pE)=Y%

E,
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Incidence matrices are given as follows

E

N

0
0
7 c
7 d

Definition 4
Aisomorphism h: H — H' isamap h: X — X' which is a bijective homomorphism that satisfies

A (x)= g (h(x)) vxe X,
(X1, X9 X ) = p'(h(xq ), (x5 ),...h(x, ) v{xl,xz, J=E cX
We denote the isomorphism of the hypergraphs H andH as H = H'

o o T o
©w KKI”
o
o8 © o kM
© o Kkﬂj

Remark

1. A weak isomorphism of fuzzy hypergraph preserves the weights of the nodes but not necessarily the weights
of the edges.

2. A co- 3veak isomorphism preserves the weights of the edges but not necessarily the weights of the nodes.

3. An isomorphism preserves both the weights of the edges and the nodes.

4. An endomorphism of a fuzzy hypergraph H is a homomorphism of H to itself.

5. An automorphism of a fuzzy hypergraph H is an isomorphism of H to itself.

6. When the two fuzzy hypergraphs H and H ' are same the weak isomorphism between them becomes an
isomorphism and similarly the co-weak isomorphism between them also becomes isomorphism.

In crisp hyper graphs when two hypergraphs are isomorphic they are of same order. Also the same is true in the
case of fuzzy hypergraphs. We prove this result in the following theorem.

Theorem 3.1
For any two isomorphic fuzzy hypergraphs their order and size are same.
Proof
If h : H — H'is an isomorphism between the fuzzy hyper graphs H & H' with the underlying sets X &
X' respectively then

A (X)=~pi(h(x)) vxeX
X, %y X )= p'(N(%, ) (X, ). (X)) WX, %y, X, }= E, = X

@  p=order(H)= > Ap(x)=> au';(h(x))=order(H’)
xeX
(i) a=size(H)= D p(E)= D p'(E])=Size(H')
E,cX E;cX'
Corollary
Converse of the above theorem need not be true. We prove this by an example.
Example 3.3

Consider the fuzzy graphs H and H'with underlying sets X and X' as

www.iosrjournals.org 26|Page



Isomorphism On Fuzzy Hypergraphs

X ={a,b,c,d}, X' ={a’,b’,c’,d’} respectively .
Incidence matrices are given as follows

. E, Ei E>
2 Y Y % K
b o ¥ b X K
c % 5 ¢ % S5
d % 0 d’ 2 0
PE)-Y . pE)-Y  pE)-Y . pER)-Y

0= Yo+ Vet Kot 1 P'=Ye+ Yo+ Kot 12
1= J6+ %6 T =6+ 7

Here order and size are same but H is not isomorphic to H'
Remark

If the fuzzy hypergraphs are weak isomorphic then their orders are same. But the fuzzy hyper graphs of
same order need not be weak isomorphic. We prove this by the following example.

Example 3.4

Consider the fuzzy hypergraphs H and H' with underlying sets X and X 'as X ={a,b,c,d }and
X'={a’,b’,c’,d’} respectively.

Incidence matrices are given as follows

E, E, E{ E)
a X% % @ ¥ X
bo% b’O%
c B % < Yo%
d%o d'%o

Order=%+%+%+% Order=%+%+%+%

Here the order is same. But they are not weak isomorphic.

Remark

If the fuzzy hypergraphs are co-weak isomorphic, their sizes are same. But the fuzzy hyper graphs of

same size need not be co-weak isomorphic. We prove this by the following example.
Example 3.5

Incidence matrices are given as follows

b/

o o T o

SRR © k.M
©an K&Nm
© o Kﬁm

SRR o M

dl
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Size H = %+% Size(H'): %+%

Here size of H and H'are same. But they are not co-weak isomorphic.
Definition 5

Let H : (X 7 p) be a fuzzy hypergraph. The degree of a vertex is defined as
d(x)=>" p(X, XpreX, ) TOr X, # Xy X
Theorem 3.2
If Hand H'are isomorphic fuzzy hypergraphs then the degrees of their nodes are preserved.

Proof: Let h: X — X' be an isomorphism of fuzzy hypergraphs H onto H'. By the definition of
isomorphism

P XX, )= p'(M(%, ), 0(X, )h(X,)) VX, Xy, X, = E; < X
d(x)=>" (X, XpnX,) X EX,

=% p/(h(x,) h(x, )...h(x, )
=d [h(xi )]

Corollary 3.17
Converse of the above theorem need not be true. Consider the following incidency matrices.

O

NN
NP
I NPRNAL
NS

T
Sk
o R
NN

o
—
S
~
I

+

s}
~~
m
~
I
NN :
b‘
~
m
AN
~
I

%
plE)=Y p(E2)=,

Here degrees of the nodes are preserved but edges are not preserved.
Remark

The degree of a vertex is measured only by adding the weights of the edges incident with that vertex. But fuzzy
hypergraphs preserving the degree of the vertices need not be co-weak isomorphic.
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Example3.6
E, E Ei E>
a % % a0 %
b 0o Y b 14 0
c % 0 c’ 3 0
7 0 %

T
pE)= % P ED= 23
plE;)= Y P(Er)=13

In the above two hypergraphs each vertex is of degree % . But those two hypergraphs are neither co-weak
nor weak isomorphic hypergraphs.

[ep}

Theorem 3.3
Isomorphism between fuzzy hypergraphs is an equivalence relation.
Proof
Let H: (X s p), H': (X 7 p’), H": (X " p”) be fuzzy hypergraphs with underlying
sets X, X" and X" respectively.
(i) Reflexive:
Consider the identitymap h : X — X ’ h(X): X W¥xeX
This h is a bijective map satisfying.
Au(X)=rui(h(x))  VxeX g
p(Xv Xpeones Xr)= P(h(xl)’ h(xz ),....h(Xr )) V{Xv X2""Xr}: E cX

Hence h is an isomorphism of the fuzzy hypergraph to itself. Therefore it satisfies reflexive relation.

(ii) Symmetric:
Let h : X — X' be an isomorphism of H and H' ,then h is a bijective map
h(x)=x"  VvxeX

()
Then h is a bijective map satisfying
A (X)=ru/(h(x))  ¥xeX and

(%, %X, )= p'(h(x,),h(x, ),...h(x, )) VX, Xy, X, = E; © X ()

Since h is bijective by (1),
h™*(x)=x WX eX’
/\[ i(h_l(xl))] =l (x) Wx' e X’ and
P(h_l(xlrl h_l(x.;_ )’""h_l(X; )): p'(Xl, X;',X; ) VX, Xp X =Bl = X
. 3)

Hence we get a 1-1, onto map h™: X’— X whichisan isomorphism from H' to H .
HxH'=>H'=zH
(iii) Transitive:

www.iosrjournals.org 29|Page



Isomorphism On Fuzzy Hypergraphs

Leth : X = X' and g: X" — X" be an isomorphism of fuzzy hypergraphs H ontoH' and
H' onto H" respectively.

Then go hisa1-1, onto map from X — X" where (go h)(x) = g(h(x)) Vxe X

As h: X — X'isan isomorphism ,
h(x)=Xx", Vxe X

() =npi(h(x))  vxeX
P(X, XX, )= p(0(X,), HX, (X WX X, X, | = By © X ()

...... (5)
As ¢:X"— X"is an isomorphism
g(x")=x", vx' e X'
Al ()= Al (k) v ex l6)
P %)= p"(0() 906)--0(X)  wpx x, X F=E! < X e

From (4) and (6) and using
h(x)=x", ¥xeX
A (x))= A (x') = A((9(x')) vX e X’
= A (kg (n(x)) vxe X
From (5) and (7),
PX, XX, )= (X, XGeX!) X, Xy, X, =, € X

= P (9(6)g0)..0(x) VX, XX f=E X’
="(9(h(x,)) g(h(x,))--glh(x.) ) vix, %, f = X

Therefore go h is an isomorphism between H and H"
Hence isomorphism between fuzzy hypergraphs is an equivalence relation.
Theorem 3.4

Weak isomorphism between fuzzy hypergraphs satisfies the partial order relation.
Proof:

Let H :(X " ,p) H': (X ',,ui’,p') H": (X " p") be fuzzy hypergraphs with underlying sets X ,
X", X" respectively.
(i) Reflexive:

Consider the identity map h : X — X such thath(x) =X, forall X € X.
This h is a bijective map satisfying

A (X)=Api(h(x)) vxe X

(X, %y X, ) < p(h(x, ) (X, )nh(X, ) VX, Xy, X, F=E, < X
Hence h is a weak isomorphism of the fuzzy hypergraph to itself. Therefore H is weak isomorphic to itself.

(i) Anti symmetric:
Let h be a weak isomorphism between H and H' and g be a weak isomorphism between H' and H .i.e. h:
X — X' isabijective maph (x)=X', satisfying

At (X)= gl (h(x))  VxeX and
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p(Xp Xpeeen: Xr)S p,(h(xl)’ h(Xz),....h(Xr )) V{Xu Xz’---Xr}: EicX ...(8) and
g: X' — X is a bijective map satisfying

g(x")=x, X € X' satisfying
A1 (X)= ~pf (9 (x)) VX e X'
P4 X)) < p(a0) 806D 800 VI X =B X

The inequalities (8) and (9) holds good on the finite sets X and X' only when H and H 'have the same
number of edges and the corresponding edges have same weight. Hence H and H " are identical.

(iii) Transitive: Let h : X — X'and g : X" — X" be weak isomorphisms of the fuzzy hypergraphs X

onto X and X'onto X" respectively.
Then go hisa1-1 onto map from X to X" where

@ohx=g(hx)  VxeX

Given h is a weak isomorphism, h(x) = X" VX e X ....(10)
A H; (X) = /\/'li,(h(x)) Vxe X
P XX, ) < (%) A )b, ) VX X, X, = B, X

Similarly as g is a weak isomorphism from X 'to X " we have,
g(X')=X", X/EX!
A ()= ((g(x)) VX e X’ .(12)

P (X, %) < p(9(x), 906, 0(x ) VK, X5 .. %) } = Ef < X e
From the above, we have

Ay (¥)= (X)) Ixe X
=Aug(xX) WX eX’
= ~fg(h(x)) vxeX

From (10),(11),(12)&(13)
X XX, )< PI(X X X)) VX, Xy X, = B, < X

<p"(9(x). 90 g (7)) VA, XXt =B € X'
= p"(g(h(x)) g(h(x, )....g(h(x, ) VK, X0 X, = X

Therefore go h is a weak isomorphism between H and H" i.e. weak isomorphism satisfies transitivity.
Hence weak isomorphism between fuzzy hyper graphs is a partial order relation.

IV.  Conclusion
In this paper isomorphism between fuzzy hypergraphs is proved to be an equivalence relation and
weak isomorphism is proved to be a partial order relation. Similarly it is expected that co-weak isomorphism
can also be proved to be a partial order relation.
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