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Abstract

The research article is "The application of 1 and u- pentajection operators". In this chapter in the theorem I, we
have proved that each A- pentajection operator on a topological linear space can be summing operator. In the
theorem 11 We have proved that each summing operator can be a A- pentajection operator. In the theorem - I11
we have proved that each u- pentajection operator on a locally convex space can be a paracompact operator and
a precompactly summing operator. In the theorem IV we have proved that each precompactly summing operator
on a locally convex space can be a u - pentajection operator. In the theorem V we have proved that for each u-
pentajection operator on a locally convex space there can exist that locally convex space as the nuclear locally
convex space.

l. Introduction

The research delves into the mathematical framework surrounding the A- and p-pentajection operators in
topological and locally convex spaces. Through a series of theorems, the study explores the intricate relationships
between these operators and various types of summing operators. In Theorem I, it is established that each A-
pentajection operator in a topological linear space can be considered a summing operator. Conversely, Theorem
IT proves that summing operators can be A-pentajection operators. Further, Theorem III highlights that each p-
pentajection operator on a locally convex space functions as both a precompact operator and a precompactly
summing operator. Theorem IV demonstrates the reverse, proving that precompactly summing operators on
locally convex spaces can also be p-pentajection operators. Lastly, Theorem V reveals that a locally convex space
where p-pentajection operators exist can be classified as a nuclear locally convex space. These findings not only
contribute to a deeper understanding of pentajection operators but also expand their potential applications within
various branches of functional analysis.

By N we denote the set of natural numbers and by 1 we denote the set of positive integers. By [x;, 1] we
denote the family of elements x; € E where E is a locally convex space or a topological vector space we denote
by [Tx;, 1] as the family of elements Tx e F for the locally convex space or for the topological vector space F. By
an we denote the continuous linear forms defined on the space E such that a, € E'. By pU (x) we denote the
seminorm of the element x € U where U is a set in any space. By us(E) we denote the fundamental system of zero
neighbourhoods. By o(E, F) we denote the linear space of continuous linear operators from E into F as spaces.

DEFINITION-1: Let each Tea (E, F) be a continuous linear operator from any space E into the other space F
such that

x; €E & \x; €E fori=1,23, 4,5 el and %||T(kxi)||£§ %II 2o |
Where T (Ax;) c Fwithi<p

Then each T is said to be a A-pentajection operator.

DEFINITION II: Let each Tea (E, F) be a continuous linear operator from the topolological linear space E into
the topological linear space F such that

x; eE < ux; eEfori=1,23,4,5 el and ?||T(pxl-)||£§ ZI:||uxl-||
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Where T (ux;) €F with p <A Then each T is said to be a p -pentajection operator.

THEOREM-1: Let there exist each A- pentajection operator on the topological linear space E. Then this operator
can be a summing operator.

PROOF: We can consider that each Tea (E, F) is a - pentajection operator from the topological space E into
itself. ... (€))

There can be supposed that x; eE for i =1, 2, 3, 4, 5 such that ||xi|| = finite positive numbers. ...(2)
From the concepts of (1) and (2) it follows that

[[Tx;]| = finite positive numbers. with Tx; €T(E) ...................... 3)

We set T(E) = G such that Txi € G < E. on the basis of the concept of (1)................ 4

On the basis of the concepts of (3) and (4) it is obvious that Tx;e G<E. ............. (%)

From the concept of (2) it is clear that >.||x;|| # o0, ..covviiiiiniininn, (6)

There can be considered a number ge K

such that || ¢ || =| ¢ |= a finite positive number. .... (7)

On the basis of the concepts of (6) and (7) it follows

that || g (x;) || = o fori=1,2,3,4,5 el........ (8)

From the concept of (8) it is obvious that%| lg (x)|l<+ oo..forx;eE, icl, geK..... 9)

We know that || T, || < M2 | e[| = 211 Tl | <22 Tl <A (10)
On the basis of the concepts of (9) and (10) it is clear that %| lg ()l <+ o0 (11)
We set that Ax;=t; € E. ............. (12)

From the concepts of (11) and (12) it follows that E
%||g,(ti)||<+ w fort;cE,i=1,2345¢lgeK .. (13)

On the basis of the concept of (13) it is obvious that there can exist each summable family [¢;,I] of elements from
the topological linear space E which can be constructed to be a locally convex space. ................... (14)

From the concept of (10) it is obvious that

§||T(/1xi)||¢ Do (15)

On the basis of the concepts of (12) and (15) it is clear that
?h||(Tti)||<oofothieGcE,IeI,heK ..................... (16)

From the concept of (16) it follows that there can exist each summable family [Tt;,I] of elements from the
topological linear space G < E which can be constructed to be a locally convex space. On the basis of the concepts
of (14) and (17) it is obvious that each Tea(E,F) which is A-pentajection operator can be a summing operator.
Thus, the theorem is completely proved.

THEOREM 11: Let each T ea(E,F) be a summing operator. Then each T can be a A-pentajection operator.

PROOF: We can consider that E and F are locally convex spaces as topological vector spaces.... (1)
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Then there can exist each summable family [x; , 1] of elements x; from E such that % Il ¢ (x;) = a finite positive

number forx; e E,iel, g e K...... 2)

We can consider a number A such that % Il g (Ax) || # . forAx; €E. ....... (3)

From the concepts of (2) and (3) it follows that %| lg (x| <+o00.iviiini. (4)

On the basis of the concept of (1) it is obvious that there can exist each summable family [Tx;, 1] of elements
from I as each 1 ea(E,F) is a summing mapping such that for % hil (Tx;)|| <+ o for Tx; € 1,i e I, Where h is
anumber ................. &)

There can be determined the value of A suchthatTx; e | © ATx;e|, .......... (6)

From the concepts of (5) and (6) it follows that

?h Il (ATx)I| %+ such that% Il (ATx)l| = afinite positive number .......... 7)
On the basis of the concept of (4) it is obvious

that ZI: h |l (ATx)l| = a finite positive number .......... (8)

From the concepts of (7) and (8) it is clear that

ZUGrell = 20 Gl ©)

for any positive intger | € 1. On the basis of the concept of (9) it follows that

2 arxll =M 1] x|

where M is any number for the validity of the given inequality. .... (10)
There can be determined the value of M and the value

of I e I'such that% Il (WTxp)l | < % % || Ax; || for x; € E<> Ax; € E and for Tx; € F< Tx; € F.....(11)

Wecanconsideri =1,2,3,4,5,.ccccc. ooiiiininnn. (12)

theni =1,2,3,4,5, ..... ,ielsuchthati=1,2,3,45¢el............. (13)

From the concepts of (11), (12) and (13) it follows that % [ (ATxs) | :é % || 2xs || with5 el for hxs € E
andATxs e F ... (14)

On the basis of the concept of (14) it is obvious that each Tea/(E, F) can be A- pentajection operator.

Thus, the theorem is completely proved.

THEOREM - I1I: Let each Tea(E, F) be a u-pentajection operator from a locally convex space E into a locally
convex space F. Then each T can be a precompact operator and a precompactly summing operator.

PROOF: It is obvious that T(E)F such that

xi€eE & pux; eEand Tx; e F & uTx; € F fori=1,2,3,4,5 € . Where E and F can be topological linear
SPACES. ..viiiiiiiiiiaa, 1)

On the basis of the concept of (1) it follows that
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211 @l sMZ [l 2 1] @rxll <M 2 |||
where M is a number :i,iel,izl, 2,3,4,5. ...(2

We consider a closed unit ball A in E such that x; €A < ux; A and

Tx;e T(A) < uTx;e T(A) forTea(E, F).... (3)

We know that a closed unit ball in a locally convex space can be totally bounded or precompact. ... (4)
From the concepts of (3) and (4) it is obvious that each A can be totally bounded or precompact. ... (5)

It is known that the image set of a totally bounded set or a precompact set in a locally convex space can be (6)
totally bounded or precompact. ..................... (6)

On the basis of the concepts of (3), (4), (5) and (6) it is clear that each T(A) can be a totally bonded set or a
precompact set for x; € A and Tx; € T(A). cooevvvvviiienene, @)

From the concepts of (3) and (7) it follows that each T(A) can be totally bounded or precompact when Tx; € T(A)
and wx;e HA L (8)

On the basis of the concepts of (2) and (8) it is obvious that each p- pentajection operator Tea (E, F) can be a
precompact operator. ....................... 9)

On the basis of the concepts of (9) it is clear that

%II(Txl-)H # o and g? I (x)Il # o such that
? || (uTx)l| # o and g? (el # o0 (10)

From the concept of (10) it follows that? I (uxi)| | < + 00 forpx; e A where A is a precompact set on the basis
of the concept of (5)........cceeviiiiiiiian. (11)

On the basis of the concept of (11) it is obvious that there can exist each precompactly summable family [ux;, 1]
of the elements from the locally convex space E. ............... (12)

From the concept of (10) it as clear that% I (el < + o0 @% I Tux)l | < + 00 for T(ux;) € T(A) < F.

From the concepts of (12) and (14) it is obvious that each p-pentajection operator can be a precompactly summing
OPErAtOr. ©.ovviititiii e, (15)

On the basis of the concepts of (9) and (15) it is clear that each p-pentajection operator can be a precompact
operator and a precompactly summing operator.

Thus the theorem is completely proved.

THEOREM - 1V: Let each Tea (E, F) be a precompactly summing operator where E and F are locally convex
spaces. Then each T can be a p -pentajection operator.

PROOF: Itis obvious that T(E) — Fsuchthat Tx; e Fforx; eE,iel. ............... 1)

We can consider a precompact set D in the locally convex space E such that T(D) can be a precompact set in the
locally convex space F as the image set of the precompact set is a precompact set. .......... 2

From the concepts of (1) and (2) it follows that
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x;eE ©x;eDsuchthat ux; eE < px; eD andTx; e TD)c F ©Tux; € TD)c<F............. ?3)

On the basis of the concept of (3) it is obvious that there can exist each precompactly summable family [x;, I] of
elements from

such that ? @l # @ for %, €D, i€l oo )

Moreover, there can exist each precompactly summable family [ Tx;, I] If of elements from such that
(T <+ 00 oo, (5)

b3
I

From the concept of (3) and (4) it is clear that

ZI:||(uxi)|| #zow for py; eD c E, ... (6)
On the basis of the concepts of (3) and (5) it follows
that ? | (Tux)ll # o for Tpx; eD < F,oovvvvviinn (7
From the concept of (6) it is obvious that

Z Ul <+ o for wr €D € By (®)
On the basis of the concept of (7) it is clear that
EIZH(Tuxl)H <4+ o for Tux;, eD c F ... 9)

from the concepts of (8) and (9) it follows that

EI: | (Tl <? I (ux)ll for px; e E Tux; € F oo, (10)
There can exist a number g such that ? I (Tl < q% el o (1n
We can select g such that q = L, (12)

5

On the basis of the concept of (13) it is clear that each T can be a p- pentajection operator.
Thus, the theorem is completely proved.

THEOREM-V: For each pu -pentajection operator on a locally convex space E. There can exist E as a nuclear
locally convex space.

PROOF: It is obvious that each Tea(E,F) is a p-pentajection operator on the locally convex space E. such that
T(E) cE < x; e E<Tx; e T(E).

Moreover.ZI: | (Tpx)l | _<§ ? I (x| # oo

for e E< ux; € E and
Tx; e T(E) ©Tux; e T(E) c E. oo, (2)

There can exist a fundamental system uz(E) of zero neighbourhoods Uy,
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in the locally convex space E.. ..........ccovviiiininnnnnn. (3)
We consider that U and V are two zero neighbourhoods

€ us(E)ywithvV<u.................. (4)

On the basis of the concepts of (1) and (2) it follows

that pU(x) =|| x|| = a finite positive number where we consider

thatpx; e U € up(E) fori=1,2,3,4,5¢€l. ... (5)
WeputTux; =Tx eV € TE)cE. ....covenenen (6)
There can exist each continuous linear form and defined on E such that a,, e V° c E’. ......... (7

z z
We know that 1 (x a,) < Hxll [l a,ll

such that§ IlxIl |l a,l| = afinite positive number. ... (8)
On the basis of the concept of (8) it is obvious
that% (x a,) can be afinite positive number......... C)]

From the concepts of (5) and (8) it is clear that

[zl < Z11xl] ]| suchthat> (xa,) for xe U e /(B ay € VO CT(E) oo (10)
There can be considered a number g €K such that|| x|| < % (X, 9a,) ocoiniennn. (11)
We set ga, =bne Vo {TE), x|l = pU@). cooieeiiiiieiee (12)

On the basis of the concepts of (11) and (12) it follows
that pU(x)S% (bp) forx e U € ue(E), by e VO {T(E)} B’ ..ol (13)
From the concepts of (1), (2), (6) and (13) it is obvious that

I <||x||§||bn|| such that

Ellbnll #o0 for by € VO (TEY CE oo (14)

We canset |1 b, [l =p Vo(By). oveeooieeeieeeeeeiee (15)

on the basis of the concepts of (14) and (15) it is clear

that % D V(b)) % B oo (16)

From the concept of (16) it follows that

E‘p’ Vo(b,) <+ o for b, e VO {T(E)}’ CE .vvvvrrrn. (17)

On the basis of the concepts of (3), (4), (5), (6), (13) and (17) it is obvious that the locally convex E can be a
nuclear locally convex space.

Thus, the theorem is completely proved.
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1. Conclusion

The research on A and p-pentajection operators provides significant insight into the functional properties
of these operators in topological and locally convex spaces. By proving theorems that connect pentajection
operators with summing and precompactly summing operators, the study advances the theoretical framework of
operator theory in mathematical analysis. The identification of locally convex spaces as potential nuclear spaces
when p-pentajection operators are present further enhances our comprehension of these spaces’ structure. This
exploration of pentajection operators opens doors to future studies, particularly in expanding their applications in
more complex mathematical systems and spaces.
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