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On Generalized Stancu’s Polynomials

Anwar Habib
Department of General Studies Jubail Industrial College Al Jubail , KS A

Abstract: We have tested the convergence of the Generalized Stancu’s Polynomial RZ(f, x) and have also

tested the degree of approximation of Lebesgue integrable functions by R(:l(f, x)

l. Introduction & Results
If f(x) is a function defined on [0,1], the Bernstein Polynomial B{l(x) of f(x) as

B () =B g Wi (r.@) £ /) () (L= 2)n ke (L1)

Bernstein [2] proved that if f(x) is continuous in the closed interval, then
Bo—ro e 12)

uniformly as n—oo. this yields a simple constructive proof of weierstrass’s approximation theorem
A more precise version of this result due to Popoviciu[5] states that

1
B0 - r@l<dwm e (13)
where wyis the uniform modulus of continuity of f defined by

wy(h) = max{|f(x) — f()|:x,y € [0,1], Ix — y| < h}
A small modification of Bernstein polynomial due to Kantorovic[3] makes it possible to approximate lebesgue
integrable functions in Ls-norm by the modified polynomials

k+1

Pl =+ 1) 31, ( zf@dt) (1)@=t e (1.4)
n+1

Stancu [6] defined a polynomial in a closed interval [0, 1] as
PG 0 = Siows ) fle/m), e (15)

where

L (M S v T2 (A —xpe)
Wi (6 @) = (k) (A+a0)(1+20) . (1+(—1a) (16)

We now define a Kantorovic type polynomial with the help of (1.6) for lebesgue integrable function on [0,1] in

Ls;-norm as:
k+1

RE(f,x) = (n+1) z:;;=0< ”ff(wdt) 2 —————

n+1

(1.7
where w,, , (x; @) is same as ( 1.6)
such that

TrooWn (Ga)=1, e (1.8)

Zz=o k Wh k Ga)=nx, e
(1.9)
and

n nx (1—x)+n2x(x+a

Zk=0 k? Wh k xa)= T() s s

(1.10)

In this paper, we shall prove the corresponding results of approximation due to Bernstein and Popoviciu for
lebegue integrable functions in L;-norm by our newly defined Generalized Stancu’s polynomial in terms of L;-
modulus of continuity

1
(), = sup [IfGe+0) = fGolax
|t|<h 2

Infact our results are as follows
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Theorem 1: let f(x) be a continuous lebesgue integrable function on [0,1] and a=an—0, as n—o0,then

RE(f, %) — ()] <€
L

uniformly on [0, 1]

Theorem 2: Let f(x) be a continuous lebesgue integrable function on [0,1] and w(3) is modulus of continuity of
f(X), for o> 0, we have

1+ an
n+an

[0~ RS ()] < 2w

. Lemma
In order to prove our results we need the following lemma:

Lemma: For all values of x1[0,1] , we have
k+1

n+1

DY | [ €= fwosa
=g
n+1

=x(1—x)<1+an).

n+an

Proof : we have

k+1

n n+1l
(n+ 1)2 | j (t — x)%dt |wy, (x; @)
=0\ k

n+1
k+1

n n+1

=n+1) Z [ J (x? = 2xt + t2)dt |wy, (x; @)
=0\ &
n+1

_Z ) 2k+1+k2+k+ 1 e )
LY T e D T D2 3+ 12|k E

, 2nx+1  nx(1-x)+n’x(x +a)

TeED T T dromr1)
nx 1

+(n+1)2 +3(n+1)2

= X

_nx? +x? =2nx? —x  nx(1—x) +nx(x +a) + nx(1+a) 1
h (n+1) (1+ a)(n+ 1)2 3(n+1)2

_ =x(1=x)a—x(1—x) +n*x(1 - x)a +nx(1 - x) 1
B n+ 11+ a) 3(n + 1)2

- —x(1-x)a—x(1-x)+n?’x(1—-x)a+nx(1—x) 1

n?(1+a) 3n?

_x(l—x)a x(1—-x) x(1-x)a x(1-—x) L

n2(1+a) n2(1+a) 1+a) n(1+a')+3n2

x(l—x)a+x(1_x) .
(1+a) n(lta) = orlargen

which completes the proof of Lemma
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Il. Proof of Theorems

Proof of Theorem 1:
k+1
n+l

FG) - R (fx)|—(n+1)2| f £ = FOldt |, (@)

1

K+l
n+1
= Y e Dwu o [ 176 - f@la
|[t—x|<6 ko
"KL
n+1
+ Z n+ Dw,, (x; ) f If(x) — f(®)l|dt
|t—x|=6 k.
SR o (3.1)

k+1

1= Zjemates M + Dw, O @) [E1F () — F(©)ldt

S Dit—xl<s + Dw, ;. (x; @) f"“ dt by uniform continuity of f

n+1

k1
n n+1
€
<=+ 1)2 | j dt | w, (6 @)
=0\ k_
n+1
€
== (3.2)
k+1
1= Xje—xss(m + Dwy e (6 @) f"“lf(x) — f(®)ldt
n+1
k+1
S 2M Yz + Dw,, e G ) ([ de by boundedness of f

n+1

n

SZM(n+1)5_ZZ| J(t—x)zdt [w, , C6; @)
k
n+1

k=0
<2M§2— (1:“) by lemma and the fact x(1-x)<1/4 on [0,1]
Ma (3.3)

T net(+a) | 20%2(1+a)
and hence by (3.1) ,(3.2) & (3.3) we have
M Ma

a €
|f(x) N Rn(f’x)| shtl s+ 2182 (1+a) + 262(1+a)
1 M Ma

for sufficiently large valueof n & a =a, =0 (;) ' merrs T are

<€/2 (independence of x)

and consequently
a
|Feo - RO(f,20)| <€

which completes the proof of theorem 1

Proof of Theorem 2: For arbitrary x; , X, in [0,1] and 5>0,we denote A=A(X:,X,;3) the integers [|x; — x,|671];
the difference {f(x;) — f(x,)} isthen a sum of (A+1) differences of f(x) on intervals of length < &
thus it follows

|FGo - RO (f, )|
<+ DT (f VGO - f(t)ldt> Wy (6 )

n+1

<+ Dw(d), X} (f’]:ll[l + A(x, t; 6)]dt> W, . (6 @)

(by hypothesis together with modulus of the continuity)
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k+1 k+1

=+ Dw(8),, [XZie (f"“ ) Wy (6 @) + X35 (f”“l(x, t; 6)dt> W, i (6 @)

n+1 n+1

k+1
=w(d),, [1 +(m+1D61Y 5 (f"“lx - tldt) Wy (% a)]
n+1
k+1

<w(8)y, [1 +(n+1D62Y (ff(x — t)zdt) Wi (6 a)]

n+1
sincex(1—x) < % on[0,1] and so by the given lemma we have

|G = RO(F,20)| < wio)y, 146725 2]

1+a
For & = (52212 we get our required result
1+a

[Feo = RI(F0| < 3w ( 1)

n+an

V. Conclusion
Results of Berstein & Popoviciu have been extended by our newly defined Generalized Stancu’s polynomials.
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