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Abstract: A real quadratic family functions f(x) =k x (1 — x ), k e R, has indicated that even the simplest
looking functions may have the complicated dynamics. This logistic map exhibits the properties like topological
transitivity, sensitivity dependence on initial conditions and density of periodic points. The cubic family
functions f: R — R, f{x) = x> + Jx, 1 € R, are no exceptions. The dynamics of this family is ‘controlled’ for an
interval of values of A, but it becomes more complicated as the value of 1 decreases from -7.5. At /. = -3, f(x) is
chaotic on the interval [-2,2]. In this paper, we shall see that the chaotic behaviour of f(x) = x> + Ax is even
more complex for A < -3.
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l. Introduction

The realization of significance of nonlinearity in Mathematical applications gave rise to a new field of
Mathematics, which is now popularly known as : Chaos Theory and Dynamical Systems. In fact, this field has
been considered as one of the most significant breakthroughs in Mathematics in the last century. In particular, its
applications in a wide range of subjects including Physics, Biology, Chemistry, Ecology, Fluid Mechanics,
Engineering, Economics etc., have made the field very attractive and important for the researchers from various
disciplines.[1] The most exciting fact in the field of Dynamical Systems is that some simplest looking nonlinear
maps do exhibit very complicated behaviour. In fact, some such maps illustrate virtually every important
phenomenon that occur in the Dynamical Systems.[2] A real quadratic family [3] f(x) =k x (1-x), k € R (set
of real numbers), has resolutely indicated that even the simplest looking functions may have the complex
dynamics. This indication has put every real function under suspicion and the simple looking cubic family
functions of the form f: R — R, f(x) = x> + Ax, A € R, are no exceptions. It is easy to see that these cubic
functions have simple dynamics for -1.5 < A < o0. However, the dynamics of this family becomes more and
more complicated as A decreases from -1.5. At A = -3, f(x) exhibits topological transitivity along with dense
periodic points and hence turns out to be chaotic on [-2, 2]. In this paper, we shall see that the chaotic behaviour
of f(x) = x3 + Ax is even more complex for A < -3 than that is at A = -3.

We mention few elementary results about f(x) = x® + Ax (proofs for these results are simple and hence
omitted)
Lemmal.l: Let f(x)=x>+Ax A € R. Then,

a) For A >1, x=0isarepelling fixed pointof f(x)andforA=1,x=0isa non-hyperbolic fixed
point.
b) For A <1,

(1) P, and -P;, arerepelling fixed points where P, = +/1— A4 .
(2) Oisan attracting fixed point if -1 < A < 1, butitisarepelling fixed pointfor A <-1. For\=
-1, 0isanon-hyperbolic fixed point of f (x).
Lemmal.2: Let f(x)=x>+Ax where L <1 Then ifx>P, , thenf"(x) — ooasn— co. Similarly, if

X< -P,,thenf"(X) > -oas n— .
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This lemma suggests that the points of R - (- P, , P, ) are approaching to + o under the iterations of f. We also
observe that the local extreme values of f are given by + f(+/—A/3). Also, as A decreases from 0, | f(

N—A13)| increases. For -3<A<0,|f(+/—=A/3)]| liesin[-P,,P,] andataA=-3, |f(</—A/3)]|=

P,. Butfor A <-3,|f(~/—A/3)| > P, and hence doesn’tlicin [ - P, , P ].

This simple fact leads towards a complex dynamics of f for A < -3. At every iteration of f, there are
some subintervals of [ - P, , P; ], which are mapped outside [ - P, , P;.]. So the points of these subintervals move
towards + oo under the iterations of f, and dynamics of f on these intervals is simple. But the set of remaining
points of [ - P, , Py ] ( which are never mapped outside of [ - P, , P, ] under the iterations of f ) is very
interesting and the behaviour of f on this set is discussed now. First we find out the subintervals of [ - P, , P, ],
which are mapped out of [ - P, , P, ] under the first iteration of f(x) = x*+ Ax for A <- 3.

Lemma 1.3: Letf:[-P,,P,] TR, f(x)=x}+ Ax, A <-3. Then

a) There exists numbers rand swithr € (0, v—A4/3), se (V—A4/3, v=A)and f(r)=1f(s) =-P,,

Foranyte (r,s), f(t)<-P,. Hence f"(tf) — -o asn— oo.

b) Il pointsof [0, P, ]—(r,s) remainin[-P, , P, ]under f.
Proof is simple and hence omitted.
o Since f is an odd function, similar arguments will give the next result as follows :

Lemma 14: Letf:[-P,,P,] =R, f(x) =x3+ x, A <-3. Then for the values of r and s mentioned in
lemma 1,

a) -re(-+—=A413,0), -se(-v=A, -v—A/3)and f(-r) = f(-s) = P,.

b) Foranyt e (-s, - 1), f(t) > P;,. Hence f" (t) - 0as n — oo.
c) All points of [-P;,0] - (-s,-r) remainin [- P, , P;] under f.

1 The Construction Of Domain Of Chaos
The lemmas 1.3 and 1.4 suggest that [ 0 , P; ] is divided into four subintervals [0, r ], (r, s),

[s, v—Aland [+/— A P, ] when the restriction of f is applied to it, i.e., by considering fo py7:[0,P.] —
R, which is one-one. Out of these four subintervals, (r, s) is mapped out of [ - P, P, ]and travelsto - «
under the iterations of f. The remaining three subintervals are either mapped onto [0, P,]J or [ - P,, 0] under
the first iteration of f. (See the next figure) The case for [ - P., 0] is similar except that the ‘escaping
interval” travels towards + oo under the iterations of f. On the whole, after the first iteration of fon [ - P, P; ],
the interval is divided into eight subintervals with two of the subintervals escaping out of [-P.. P.] (and
traveling to =+ oo under iterations of f) and the remaining six subintervals mapping onto either [ 0, P; ] or
[-P.,0]

This analysis helps to understand the second iteration of f. Each of the remaining subintervals of

[-P.,P.](ie.eachof [-P, ,-v/—A 1, [-V—A4,-s], [-r,01,[0,r], [s,v—A]and [V=2.P.]),

all of which are mapped under one-one correspondence onto [0,P,] or [ - P,, 0 ]. under the second iteration ,
gives rise to four more subintervals of itself, with one of those subintervals escaping from [ - P, , P, ] and the
remaining three getting mapped onto either [ 0, P, Jor [ - P, 0 ]. For example, take the subinterval

[vV— A, P, ], which is mapped onto [ 0, P, ] under the one-one correspondence of the restricted f. (Similar

things hold for the other five subintervals.) [+— A ,P,] is divided into the four subintervals as shown in the
following figure :

f[H,Pl ]is one-one 0
T L [ox] mapped onto [-P 3, 0] mder £
Vo f-l[,:, : o er —
X e
“' =TT t— (r,5) mapped outside of [ -P3 , Py ]muder{
u‘f -l(r.:) o __---#s -
__l_ - — (s,y=A)mapped onto [-P 3, 0] under {
| f is.=1)
______________________ Wl
”"f RiC eI
Pi_ I =3P |_[v=A,P 3] mappedonto [0, Pz ]Junderf
\' P,
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f: [\/j, P,] to[0, P, ]is one-one. Thus,
f2[V=2,P1=f[0,P;]
=f([0,r]u (r,s)U[s, V—=A]U[V=1 P.])
So, [V=2,P1=F1([0,r])u £1((r,8)) Ut ([s, V=21) U (V=2 P.])
IFA=[v=A P Tthenfa® ([0,r]), fa'([s, V= A1) and fa* ([/— 4 P,]) are the closed intervals and

fa1 ((r,s)) isan escaping interval, which is mapped out of [ - P, P, ]. This shows that [+/— A ,P; ] can be
seen as divided into four subintervals ( if they overlap, they overlap only on boundaries ), out of which one is
escaping out of [ - P, P, ].
Hence, at the end of the second iteration of [ - P, P, ] under f, we see that six more subintervals escape

from [ - P, P, ] and eighteen subintervals of [- P, P, ] are seen to be mapped onto [0, P;] or [- Py, 0].
Continuing the process of taking iterations f, f, £, ...... of the points from [ - P, P, ]to R, we see that more
and more subintervals keep escaping from [ - P;  P; ] and iterating towards + oo under the iterations of f. And
the number of remaining subintervals in [ - P, P, ] increase under the iterations of f, with the length of these
remaining intervals getting smaller and smaller. For example, at the end of two iterations, eight subintervals of
[ - P P.]are mapped out of [-P; P,]and eighteen subintervals of [ - P,  P; ] are either mappedto [0, P; ]
or -P,.,01].
If En[denotes]the union of all open subintervals escaping under the n™ iteration of f, we see that
E;=(-s,-r)u(r,s)and
Ex=(s1,n)u(r,s2)u(ss,p)u(r,s’)u(s),r’)u (r',ss), where ry, Iy, rzare the three roots
of X3+ Ax+r=0,
r', 1, ry are the three roots of x> + Ax -r = 0,
S, Sy, S3 are the three roots of x® + Ax +s=0 and
s)', o', 3’ are the three roots of x* + Ax -5 = 0.

s —— —
Y 38 - SUNEN 0 1,8 s Sl 1'1' CI

[
)

In general, En = the union of 2 (3"") escaping open intervals.

Then E = U En is the set of all points which escape from [- P, P, ] under all the iterations of f. And let Fn
n=1

be the union of all subintervals of [ - P, P, ] which are closed and remain in [ - P, P, ] after the n'" iteration of

f. Then,

Flz['P}“' V_ﬂ’]u[_ V_A/I_S]U[_ryo]u[ovr]u[sv V_ﬂ’]u[\‘_ﬂfypk]

F, = the union of 18 closed subintervals — 9 pairs of adjacent intervals, each pair having one ending point in
common.

In general, Fn = the union of 6(3"") closed subintervals — 3" pairs of adjacent intervals, each pair having one
ending point in common.

Let F= ﬂ Fn. Then F is the set of points in R which always remain inside [ - P; P, ] under the iterations of f.
n=1

It is interesting to note that this set F possesses some nice topological and fractal-like properties, which is not
our area of focus now. Since dynamics of fon Easwellason R-[-P, P,] issimple enough, it remains to
understand the dynamics of f on F to complete the discussions of the dynamics of f(x) = x>+ Ax for A <-3.

First we explore some details about F : We can see that Fn is a union of closed intervals Fn,k such that Fn,k and
Fnk+1, k=13........ , 6(3"1)-1, of these subintervals are always adjacent in the sense that they have one
end point in common. Except these couples, the other intervals are mutually disjoint. For example, let us look at
Fi.
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Subintervals of [-P,, P;] at the end of first iteration

“n ] [ [ [ ] '] " " .a
Py VR s -1 0 ! V1 Fs
I, S S U S o S b S e S

Fu F1.2 Ell Fiz FH E, F]5 FIlS

Escaping subintervals

We can seethat F; = F;; W Fi, U Fi3 U Fig U Fis U Frg . We can see that two subintervals Fn,k and Fn,k+1,
k=1,3...... ,6(3"H-1 in F, are adjacent, but no other subintervals in F; are adjacent. In the above figure, Fy 4,
Fi2 Fi3, Fi4, Fisand Fygare remaining intervals (which are mapped either to [0, P, ] or [ - P, 0] at the first
iteration) and E; ; , E; , are the intervals escaping out of [ - P,, P, ] at the first iteration.

Subintervals of [-P,, P;] at the end of second iteration

The following two figures show that similar thing happens in F,.

-Pl. “V -5 - 0
IR N ) SN g RN L S— It Tt Tt T % [ . b SR J SR
Fa1 Faz Fa3 Fay Fas Fag Fo7 Fas E F2.9
E2 1 E2.2 2.3 2.4

i I [ ]

Escaping intervals

0 r s {¥=n E,
t Tt st Tt ottt T Tt Tt LR Tt st Tt st T
F2.10 Faan Fan F2.13 F2.14 Fa15 Fa.16 Fai7 Fa18
Eys Ezs Ez7 2.8
T T ElA LN
Escaping intervals

Here Fo = Fo1 U R Uz U U s R U Ry U g U U0 U R U R UFs U R URs
U Fa16U Fo17 U o,

Escaping intervals are : E2,1| E2,2| Ezy3, Ezy4, Ezy5, E2,61 Ezy7, Ezyg.

Thus after every two remaining intervals, an escaping interval appears.

We summarize this discussion in the following statement :

Theorem 2.1 : For the function f: [- P, , P, ] — R, f(x) = x® +Ax, A < -3, there exists the domain of chaos

F= ﬂ Fn such that f: F — F is onto ; and further there exists escaping open set E = U En in[- Py, Py]
n=1 n=1

such that F is the boundary of E.

o Now we prove the following useful result :

Theorem 2.2 :  For A <-3, length of the subintervals in Fn tendsto 0 asn — oo .

Proof : We recall the following observations from the construction of F :

If Fo =[ - P;., Py ], then Fy is the union of the six closed intervals which map inside [ - P, , P, ] under the first

iteration of f.

S0, Fi=[-P, -V—A1U[V=A,s]U[r, 00U, TUls, V-ATu[V=2, P
Now each subinterval of F; is divided into four more subintervals such that one of these subinterval is mapped
outside [ - P, , P;.] and each of the other three subintervals is mapped to one of the subintervals of F;.

Thus we can see that every subinterval Fn,i of Fn is contained in some subinterval of F,., say F n.q,j.
Soif Fn,i=[a, by]and F . j= [@na, boa], then | &, - ba | <| @na - bpa |
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So, Ky |an-by | = | aya-bny| forsome k; > 1.

By the same argument, K, | a1 - bhg | = | @2-bnz| forsome k, > 1.

So, ki k2|an-bn|= |an_2-bn_2| for ki, k, > 1.

Continuing thisway, k; ko Kz .....ky |a, -by| = |ag—bo| for ki, k... k, > 1. But[ag, bo] is either [0, P, ]

or [-P,,0],and so, |ap—bo| =P;.

So, kl kz k3 o ky |an - bn | = P,.

Ifk=mini {ki/i=12,3...... ,n},then k>1and k; ko ks ..... k, > K".
So, K"|an -bn| < kikoks.....ky |an =B | = Py

Hence, |a, -b,| < P,/K" for k>1.

Thus length of a subinterval in Fn tends to zero asn — .

o We can work out an another proof which works for most of the values of A in the left of -3. The result
is as follows :

3
o Theorem 2.3: For A <-1- — (= -3.121320344 )., length of the subintervals in Fn tends to 0

J2

as n — o
3
Proof: Let A<-1- — (= -3.121320344 ). Then we claimthat |f'(x)|>1 forall xeF,=[-P:,P;]-

V2
{(r,s) U (-s,-1) }.

Since f(x) =x3+ Ax = f"(x)=6x >0forx>0. So, f' is an increasing function for 2 > 0.

................. 1)
Next, A = -1-i = f'() =3 +A=3r"+ (-1-1): o OO TP TTTT 2
V2 V2
Now r=\/1_ﬂL - \/_3_/1 = ﬂ = i { 1 — 1 }>O for A<-3.
2 2 dA 4 [J-3-1 J1-2

So, r decreases as A decreases. Hence, f' (r) = 3r?+ A decreases as A decreases. So by (2), A < -1- —

J2

= f'(N<-1;andby (1), f'(x)<-1forallx € [0,r],i.e.,|f'(X)|>1 forall xe[0,r].

................... (A)
Similarly, A= _1_—23‘/§ (~ -3.098076211)
= f'(s) =352+7»=352+(#)=1 .............. 3)
Now s= \/1_1 + \/_3_/1 = E = l { -1 - }<O for A<-3.

2 2 di 4 |J-3-1 J1-4

So, s increases as A decreases. Hence, f' (s) =3s?+ A increases as A decreases. So by (3), A <

~1-33
2
= f'(s)>1;andby (1), f'(xX)> Lforallx e [s,P,],i.e. |f'(X)|>1 forallx e[s, P,].

~1-3J3
< -
2

_ 3
Since -1- —

J2

3
L < _1_E = |f'(x)|>1 forallx e [0, P]—(r,5).

Since f' (-x) = 3(-x)? + L= 3(x)>+ A = f'(x), we have,

for A <-3, from (A) and (B),

3
A< -1-3 = |[f'(X)|>1 forallxe[-P,,0]-(-s,-r).

Hence, |[f'(X)|>1 forallx e Fy=[-P,,P;]- {(r,s) v (-s,-1) }.
So, there exists some k> L such that | f'(x) | > k > 1forallx e Fy=[-P,, P;]- {(r.s) U (-s,1) }.
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We now show that length of the subintervals in Fn tendsto 0 asn — oo.

Let [ a, b] be any subinterval in Fn. Then " maps [ a, b] with the endpoints of [a, b] mappedto 0 and P,
( or —P; )

Hence, | f"(b)-f"(a)]| =P..

Now f being continuous on [a,b], by the mean value theorem,

| fo)-f@| = | b—a| [f'(c)|, for somec e (ab).
> k |b-al (by@) (5)

Again, f* being continuous on [a,b], by the mean value theorem for ¥ on [a,b],
| £2(0)-f?(a)| = | f(b)-f()| [(P)'(d)] forsomed e (ah).

> k | b-al| .k ( by (5) and the fact that

|(®) (@) =[f @] IfEd)|>1k )

= K. | b-al
Continuing the same way we get,
| f"(0)-f" @] > K" | b-a
= | b-a| < | f"()-f"(@)] /K"
But | " (b)-f" @] =P..
= | b-a| < P/K
So,asn—w, | b-a| — 0.
> Finally, we move to the main result of the paper, showing that f(x) = x> + Ax, A < -3, is chaotic on F.
By the popular definition of a chaotic function by R. L. Devaney [2], a real function f on set F is chaotic if
a) f has sensitive dependence on initial conditions on F.
b) f is topologically transitive on F and
c) periodic points of f are dense in F.

However the following result by Banks, Brooks, Cairns, David and Stacey [4] suggests that under some
circumstances, if f satisfies the conditions of topological transitivity and density of periodic points, then f is
chaotic, i.e. the sensitivity dependence follows automatically if the other two conditions are satisfied. The
result is as follows :

Theorem 2.4 : Let D be an infinite subset of real numbers and f: D — D is continuous. If f is topologically
transitive on D and the periodic points of f are dense in D, then f is chaotic on D.

Since our set F is an infinite subset of real numbers and f: F — F is continuous, we only need to show
the conditions of topological transitivity and density of periodic points, to show that f(x) =x®+Ax, A <-3,
is chaotic on F. However, after completing the proof, we shall also work out that f(x) = X2+ AX, A <-3,
has a sensitivity dependence on initial conditions on F. During the proof, we shall also use the following simple
result about the fixed points :

Proposition 2.1; Let I be a closed interval and f: I — R be a continuous function. If 1 < f(1), then fhasa
fixed point in I.
And now the main result follows :
Theorem 2.5 :  f(x) = x3 + Ax, A < -3, is chaotic on F.
Proof : To show that f(x) = x> + Ax, A < -3, is chaotic on F, we shall show :

a) f is topologically transitive on F and
b) periodic points of f are dense in F.
a) To show that the function f: F - F, F = R is topologically transitive, we should show that for any pair

of nonempty open sets U, V in F , there exist some k>0 such that f(U) N V # ¢.

Let U and V be any two nonempty open sets in F. Then there exist nonempty open sets U'and V' in[-P; , P; ]
suchthatU=U n Fand V= V' n F. SinceU=U N F#¢, U contains at least one point of F, say x.
U' being open in [-Py, P,], there exists some ¢ > 0 such that ( x- €, X+ ¢ ) is contained in U'".

As xeF, Xe ﬂ Fn, and hence, x € Fn for each n. Since the length of each of the subintervals in Fn
n=1

tendsto 0 as n — oo, there exists some m such that the length of the subintervals in Fm is less than &. Let

Fm,k be a subinterval of Fm which contains x. Then Fm,k is a subset of U' and contains x. Hence, Fmk n F

is a subset of U, containing X.

Now f™ maps Fmk onto[O,P,Jor[-P,,0] Supposef™maps Fmk onto [0,P,]. (similar proof

holds if f " maps Fm,k onto[-P,,0].)

If Vn[0,P] # ¢ then thereexists some y inVn[0,P,]. Since ye V, ye F. Nowsince y €

[0, P,], there exists some x in Fm,k suchthat f™ (x) =y. Andsincey e F, f"(y) € F for all n. Therefore

f"(x) € F foralln. Thus, x must be in Fbecausey e F. So, xe U and f"(x)=y e V.

Hence, f™"(U) NV £ ¢.
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If VA[0,P,] = ¢, then we musthave V[-P,,0] # ¢. (otherwise V=¢.) Sincef™ maps Fm,k onto
[0,P] and O<r <P,, asubinterval of Fm,k ismappedto [O,r]. But [0,r] is mapped to [-P; , O]
by the next iteration of f.

Hence, a subinterval of Fm,k is mapped to [ - P, , 0] under ™. Therefore, f ™!(Fm,k) N V # ¢, and hence,
f™(U) NV £ ¢

b) To prove that periodic points of f are dense in F, we need to show that any open set in F contains a
periodic point of f.

Let U be an open set in F. As seen in part (a) above, there exists a subinterval Fm,k such that
Fmk ~F < U. Asseen during the construction of set F, Fmk is divided into four subintervals of itself
such that one of the subintervals, say I, is mapped onto [0, P;] under ™! and one other subinterval,
say l,, is mapped onto [- P, 0] under f™. Thus, f™*(1,)=[0,P,] and f™*(1,)=[-P,,0].

Now, Fm,k is a subinterval in Fm, and hence either Fm,k<[0,P,] or Fmkc[-P,,0].

If Fmk < [0,P,] thenl,c Fmk [0, P,]=f™ (I,). So, f ™ has a fixed point, say p, in I, = Fm,k.
Thus, pe FmknF < U.

If Fmk < [- P, , 0], then I, ¢ Fmk c [- P,,0] = f ™ (1,). So, f ™" has a fixed point, say g, in I, < Fm,k.
Thus, ge FmknF < U.

Hence, an arbitrary open set U in F contains a periodic point of f. This completes the proof.

> Note : Though we don’t need the condition of sensitivity dependence on initial conditions to show that
f(x) = x> + Ax, A < -3, is chaotic on F, we can work out the proof to show that f(x) = X* + Ax, A < -3, has
sensitivity dependence on initial conditions on F. The proof is as follows :

By the definition of the sensitivity dependence on initial conditions for a function f, we need to show
that there exists some & > 0 such that for any x e F and any neighbourhood N of x, there exists some y € F and
n>0such that |f'(x) - f'(y) |> 6.

Letd =P, /2. Letx e F and N'=(Xx-¢ x+¢) bea neighbourhood of x in R. Then N=N'n F isa
neighbourhood of x in F.

Since xeF, xe ﬂ Fn, and hence, x € Fn for each n. As length of each of the subintervals in Fn tends to
n=1

0 as n — oo, there exists some m such that the length of the subintervals in Fm is less than €. Let Fm,k be
a subinterval of Fm which contains x. Then Fm,k is a subset of N' and contains x. Hence, Fmk n F isa
subset of N, containing x.
Now f™maps Fmk onto[0,P,Jor[-P,,0].
Suppose f " maps Fm,k onto [0, P,].
Then some point of Fm,k, say p, is mapped to 0 and some other point of Fm,k, say q, is mapped to P; under
f™ Since, p, g remain in [ - P, , P; ] under the iterations of f, p, g € F. Thus, p,q e Fmk n F,i.e, p,ge N.
Sincex € Fmk, f"(x) € [0, P;], but f(x) # P, /2 because P, /2 liesintheinterval (r,s) and points
of (r,s) cannot be in F as they escape from [-P, , P,] under f.
So, f"(x) € [0, P,./2) or f"(x) € (P,./2, Py ].
If f"(x) € [0, P,/2), thentake q =Y. So, y € N with f(y) = P,. Hence, | f"(x) — f"(y) |> & (=P, /2).
Similarly, If f"(x) € (P, /2, P, ] thentakep=y. So, y € N with f(y)=0.
Hence, [f"(x)—f"(y) | > 8 (=P, /2).
Similar proof holds if f " maps Fm,k onto[-P,,0].

Thus, the dynamics of f(x) = x® + Ax is very interesting for A < -3 and it suggests that the dynamics of
simple polynomial functions can be very complex.

i Conclusion
A real quadratic family [2] f(x) = k x (1 — x ), k € R has indicated that even the simplest looking
functions may have the complex dynamics. This paper has aimed to study the behavior of cubic family functions
and its chaotic behavior. The dynamics of cubic family is more complex and this family of functions do exhibit
the topological transitivity, sensitivity dependence on initial conditions and the density of periodic points, which
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are the essential ingredients of the chaotic behavior. This realization about cubic family has opened up a
direction towards the generalization of the chaotic behavior of the real polynomials.
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