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Abstract: In this study, an EOQ (Economic Order Quantity) inventory mathematical model is constructed for a
deteriorating item having time dependent demand when delay in payment is permissible. The deterioration rate
is assumed to be a constant and the time varying demand rate is taken to be an exponential declining function of
time. Mathematical models are also derived under two different circumstances, that is, Case I: The credit period
is less than or equal to the cycle time for setting the account and Case I1: The credit period is greater than the
cycle time for setting the account. Numerical examples are provided to illustrate the model and the sensitivity
analysis is also studied.
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l. Introduction

In the past few decades, inventory problems for deteriorating items have been widely studied. Most of
the physical goods deteriorate over time. In reality, some of the items either decayed or deteriorated or damaged
or vaporized or affected by some other factors and are not in a perfect condition to satisfy the demand. Food
items, grains, vegetables, fruits, drugs, pharmaceuticals, radioactive substances, fashion goods and electronic
substances are a few examples of such items in which sufficient deterioration can take place during the normal
storage period of the units and consequently this loss must be taken into account when analyzing the system.
Therefore, the loss due to deterioration cannot be neglected. In formulating the inventory models, two factor of
the problem have been growing interest to the researchers, one being the deterioration of the items and the other
being the variation in the demand rate. In real life situation, demand is the major factor in the inventory
management. Therefore, researchers have recognized and studied the variations of demand. Demand may be
constant, time varying, price dependent, stock dependent etc. In 1915, the classical EOQ (Economic Order
Quantity) was developed where the demand rate of an item was taken as constant. Wagner and Whitin [1]
discussed the discrete case of the dynamic version of EOQ. Ghare and Schrader [2] developed an EOQ model
with an exponential decaying inventory in modified form. Shah and Jaiswal [3] presented an order-level
inventory model for deteriorating items with a constant rate of deterioration. Aggarwal [4] developed an order-
level inventory model by correcting and modifying the error in Shah and Jaiswal’s analysis [3] in calculating the
average inventory holding cost. This model was extended by Covert and Philip [5] by considering Weibull
distribution deterioration. Then, Philip [6] extended the model by considering a variable deterioration rate of
three-parameter Weibull distribution. Generally, credit period shows that a time period in which a supplier
permits the customer to settle the total amount owed to him. In the permissible delay period, it is found that
interest is not charged from customer. Many inventory modelers have paid their attention for time-dependent
demand. Silver and Meal [7] first suggested a simple modification of the EOQ for the case of a varying demand.
However, Donaldson [8] was the first to give a fully analytical treatment to the problem of inventory
replenishment with a linearly time-dependent demand. Many researchers like Silver [9], Ritchie [10-12], Mitra,
Cox and Jesse [13], etc., made valuable contributions in this direction. Researchers then developed inventory
models for deteriorating items with trended demand. Notable works in this direction came from researchers like
Dave and Patel [14], Bahari-Kasani [15], Chung and Ting [16], Gowsami and Chaudhuri [17], Hariga [18],
Jalan, Giri and Chaudhuri [19], Giri, Goswami and Chaudhuri [20], Jalan and Chaudhuri [21], Lin, Tan and Lee
[16] and others. Some researchers like Wee [17] and Jalan and Chaudhuri [18] developed their model taking
exponentially time varying demand pattern. Many inventory items (for example, electronic goods, fashionable
clothes, etc.) as they experience fluctuations in the demand rate. Many products experience a period of rising
demand during the growth phase of their product life cycle. On the other hand, the demand of some products
may decline due to the introduction of more attractive products influencing customers’ preference. Moreover,
the age of the inventory has a negative impact on demand due to loss of consumer confidence on the quality of
such products and physical loss of materials. This phenomenon prompted many researchers to develop
deteriorating inventory models with time varying demand pattern. In developing inventory models, two kinds of
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time varying demands have been considered so far: (a) continuous-time and (b) discrete-time. Most of the
continuous-time inventory models have been developed considering either linearly increasing/decreasing
demand or exponentially increasing/decreasing demand patterns. The consideration of exponentially decreasing
demand for an inventory model was first proposed by Hollier and Mak [19], who obtained optimal
replenishment policies under both constant and variable replenishment intervals. Hariga and Benkherouf [20]
generalized Hollier and Mak’s model [19] by taking into account both exponentially growing and declining
markets. Wee [21, 22] developed a deterministic lot size model for deteriorating items where demand declines
exponentially over a fixed time horizon. Wee [22] presented a deteriorating inventory model where demand
decreases exponentially with time and cost of items. In the real life situation, we see that suppliers offer their
customer a certain credit period with interest during the permissible delay period. Inventory models with
permissible delay in payments were 1% studied by Goyal [23]. Shinn et al. [24] extended Goyal’s [23] models
and considered quantity discount for freight cost. Chu et al. [25] and Chung, Chang and Yang[26] also extended
Goyal’s [23] models for the case of deteriorating item. Many researchers like Davis & Gaither [27], Mondal and
Phaujder [28], Aggarwal & Jagging [29], Chang, Hung, and Dye, C.Y.[30], Chung and Liao [31] developed
inventory model considering delay in payment. Sana and Chaudhury[32] developed a more general EOQ model
with delay in payments, price-discount effect and different types of demand rate. Recently, Khanra, Ghosh and
Chaudhuri developed an EOQ model for a deteriorating item with time dependent quadratic demand under
permissible delay in payment.

In this paper, an effort has been made to analyze an EOQ model for deteriorating item considering time-
dependent exponentially declining demand rate and permissible delay in payment. The proposed model is based
on inventory items (for example, electronic goods, fashionable clothes, etc.) as they experience fluctuations in
the demand rate. Among the various time-varying demands in EOQ models, the more realistic demand approach
is to consider an exponentially declining demand rate. Mathematical models have been derived under two
different circumstances: Case I: The credit period is less than or equal to the cycle time for settling the account
and Case II: The credit period is greater than the cycle time for settling the account. The models are illustrated
with numerical examples. Also the sensitivity analysis of the model is examined for changes in the parameters.

1. Assumptions And Notations
The following assumptions are made in developing the model.
(i) The demand rate for the item is represented by an exponential and continuous function of time.
(ii) Replenishment rate is infinite, i. e. , replenishment rate is instantaneous.
(iii) Shortage is not allowed.
(iv) The deterioration rate is constant on the on-hand inventory per unit time and there is no repair or
replenishment of the deteriorated items within the cycle.
(v) Time horizon is infinite.

The following notations have been used in developing the model.

(i) The time dependent demand rate is D(t) = Ke™"*,K > 0,y # 0.

(ii) p isthe unit purchase cost of item.

(i) h,, is the inventory holding cost (excluding interest charges) per rupee of unit purchase cost per unit time.
(iv) 8 (0 < 8 < 1) is the constant rate of deterioration of an item.

(v) A isthe replenishment cost.

(vi) I, is the interest charges per rupee investment in stock per year.

(vii)I, is the interest earned per rupee in a year.

(viii)  ty is the permissible period (in year) of delay in settling the accounts with the supplier.

(ix) T is the time interval (in year between two successive orders).

1. Formulation And Solution Of The Model
The instantaneous inventory level I(t) at any time t during the cycle time t is governed by the
following differential equation
2O +61(t) = -D(v), 0<t<T, Q)
with 1(0) =1, and I(T) = 0, and D(t) = Ke™"* where K (> 0) is initial demand and y (0 <y <) is a
constant governing the decreasing rate of the demand.

The solution of the Eq. (1) is
I(t) = (HL—}/) [e(e—y)T—Ot - e—yt]] 0<t<T. 2
If y = 0, then Eq. (2) represents the instantaneous inventory level at any time ¢t for the constant demand rate.

The initial order quantity is

I, =1(0) = (0’;) [e@-nT —1]. ?)
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The total demand during the cycle period [0, T] is
[ D@ dt = [ (Ke)de
=L —em),
Number of de?eriorated units is
Iy=Jy D@ dt = K [ (" = 1) + 1 (e - 1)]
Deterioration cost for the cycle [0, T]=p x(number of deteriorated units)
=K |5 y) —— (@ T —1) +- (e‘VT - 1)] %)
Total holding cost for the cycle [0,T]is
HC =h [ I(t)de
J-T [(;(_y)( O—y)T—0¢ _ e—yt)] dt

(9 y) ( 0T _ g=1T) 4 1 (e—VT - 1)] where h = h,,.p. ®)

Case-1: letT > t;.

Since the interest is payable during the time (T — t;), the interest payable in any cycle [0, T] is
T
1P, =pl, ftll(t) dt

=, ftTl [(9Ky) (e(e—y)T—et _ e—yt)] dt

LK
_(’; meil ( (0-¥)T-6t1 _e—yt)+ (e —e yt1)] (6)

Interest earned in the cycle period [0, T] is
IE, = pl, [ tD(t) dt
_Ph K[ (1—eT)— Te—yT] @)
Total varlable cost per cycle = replenishment cost + inventory holding cost + deterioration cost + inventory

payable during the permissible delay period — interest earned during the cycle.
So, the totaI variable cost per unit time is
— O-y)T _ ,—yT —yT _
z,(1) = (e o G )+ (e —1)]
PE[_L  (,0-9T _ 1o —yr _
o 5 (e@1T —1) + (e - 1)

+(7;’Py) ( (6—y)T-0tq1 _e—yt)+ (e yT _e—yfl)]

”’e [ (1—eT) - Te‘VT] @)

Our aimisto flnd minimum variable cost per unit time.
The necessary and sufficient conditions to minimize Z; (T) for a given value t; are respectively ——
d22,(1)
Tarz
Now

le D _ 0 and

> 0.
dZ1(T)

= 0 gives the following non-linear equation in T
—yt [(h+6p) p] _
2|ke " [T (e — 1) + 22 (2T~ — 1) — p,T| - Z,(T)| = 0. )

To get the optimal cycle length T = T;, we have to solve Eq. (9) provided it satisfies the following condition
d?2(1)

7> 0.
The EOQ in this case is as follows:
Io(Ty) = s [e@ T — 1], (10)

Case -2: letT < t;.

In this case the customer earns interest on the sales revenue up to the permissible delay period and no interest
is payable during the period for the item kept in stock.
Interest earned for the time period [0, T] is

pl, fy tD()de =2 [2 (1 - e7T) — Te "], (11)
Interest earned for the permissible period [T, t;] is
plo(t; = T) J; D(t) dt = P8 (1 — e, (12)

Hence the total interest earned during the cycle = Interest earned for the time period [0, T] + Interest earned for
the permissible period [T, ¢,],i. e

IE, = pl, J, tD(t) dt + pl,(t; — T) f, D(t) dt
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=%[(§+t1 ~T)(1-e ) —Te"|. (13)
In this case, the total variable cost per cycle = replenishment cost + inventory holding cost + deterioration cost —
interest earned during the cycle.

Hence the total variable cost per cycle per unit time is
2 =44 e e ) e )
5 [ (0T -1 40 - 1)
—”;—T’([(§+ t,—T)(1—e?") = Te| (14)
As before, we have to minimize Z, (T) for a given value of ¢;.

The necessary and the sufficient conditions to minimize Z, (T) for a given value t; are respectively ——— ZZ(T)

=0

——= = 0 gives the following non-linear equation in T

1 _ (h+6p) le

FlKe [ (e — 1) ~E= (1 +yt) - eT)| - Z,(D)] = 0. (15)
The EOQ in this case is as follows:

Ih(T2) =5

The mlnlmum annual cost is Z2 (T,™) is obtained from Eq. (14) for T = T,.
Case -3: letT = t;.

For T = t;, both the cost function Z; (T) and Z,(T) are identical and the cost function is obtained by putting
T=t either in Eq (8) orin Eqg. (14) and is given by

Z3(t) = — (e y)t [ (e(ﬁ -Y)t1 _ e_ytl) 4= (e Yty _ 1)]

e ) e )

~EE A —et) — e y“] (16)
The EOQ in thls case is as follows:
I(t,) = [e(e It —1]. 17)

V. Solution Of Economic Order Policy: Algorithm
The following steps to be followed to be find the optimum cost and economic order quantity unless

T=T,.
Step -1: Determine Ty from Eq. (9). If T > t;, evaluate Z; (Ty") from Eq. (8).
Step -2: Determine T; from Eq. (15). If T} < t;, evaluate Z, (T,) from Eq. (14).
Step -3: if the condition Ty > t; > T, is satisfied, then go to Step -4. Otherwise go to Step -5.
Step -4: Compare Z; (T7") and Z, (T) and find the minimum cost.

Step -5: If the condition T} > t; is satisfied but T, > t; , then Z,(Ty") is the minimum cost, else if

T{ < t; but Ty < t; then Z,(Ty) is the minimum cost.
Step -6: Compute I;(t;) or I;(t,) for the respective minimum cost.

V. Numerical Examples
The numerical examples given below cover all the three cases that arise in the model.
Example -1: (Case —I:)

Let us consider the parameter values of the system as K = 500 units per year, y = 0.1 units per year, A =
Rs.200 per order, I, = 0.15 per year, I, = 0.13 per year, h = Rs.0.12 per year, p = Rs. 20 per unit, 6 = 0.20
and t; = 0.05 year.

Solving Eq. (9), we have T = 0.416761 year and the minimum average cost is Z; (T;") = Rs.886.62.

Again solving Eq. (15), we have T;" = 0.346202 year and the minimum average cost is Z,(T,) = Rs.1092.89.
Here T, > t,which contradicts Case —II. Only Case-I holds as T; > t;. Hence the minimum average cost in this
case is Z; (T}") = Rs.886.62 where the optimum cycle length is T; = 0.416761 year.

The economic order quantity is given by I5(T;") = 212.784.

Example -2: (Case —I and Case-11:), Minimum average cost is Z; (T;").

Let us consider the parameter values of the system as K = 500 units per year, y = 0.1 units per year, A =
Rs.200 per order, I, = 0.15 per year, I, = 0.13 per year, h = Rs.0.12 per year, p = Rs. 20 per unit, 6 = 0.20
and t; = 0.35 year.

Solving Eq. (9), we have Ty = 0.501679 year and the minimum average cost is Z; (T;") = Rs.633.32.
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Again solving Eg. (15), we have T, = 0.344233 year and the minimum average cost is Z,(T,) = Rs.709.54.
Here Z, (Ty") < Z,(T,).

Hence the minimum average cost in this case is Z;(Ty*) = Rs.633.32 where the optimum cycle length is
Ty = 0.501679 year.

The economic order quantity is given by I;(T;") = 257.238.

Example -3: (Case I and Case —I1:), Minimum average cost is Z, (T5).

Let us consider the parameter values of the system as K = 500 units per year, y = 0.1 units per year, A =
Rs.200 per order, I, = 0.15 per year, I, = 0.13 per year, h = Rs.0.12 per year, p = Rs. 20 per unit, 8 = 0.20
and t; = 0.5 year.

Solving Eq. (9), we have T;* = 0.575452 year and the minimum average cost is Z, (T;*) = Rs.587.49.

Again solving Eg. (15), we have T, = 0.343261 year and the minimum average cost is Z,(T,) = Rs.517.85.
Here Ty > t; and T, < t;both hold and these imply that both the cases Case —I and 11 hold.

Now Z, (T;) < Z,(T}).

Hence the minimum average cost in this case is Z,(T,) = Rs.517.85 where the optimum cycle length is
T; = 0.343261 year.

The economic order quantity is given by I5(T,) = 174.61.

Example -4: (Case —I1I:)

Let us consider the parameter values of the system as K = 500 units per year, y = 0.1 units per year, A =
Rs.200 per order, I, = 0.15 per year, I, = 0.13 per year, h = Rs.0.12 per year, p = Rs. 20 per unit, 8 = 0.20
and t; = 0.75 year.

Solving Eq. (9), we have T;* = 0.721147 year and the minimum average cost is Z, (T;") = Rs.574.43.

Again solving Eq. (15), we have T, = 0.34166 year and the minimum average cost is Z,(T,") = Rs. 198.36.
Here T; < t;which contradicts Case —I. Only Case-Il holds as Ty’ < t;. Hence the minimum average cost in this
case is Z, (T,) = Rs.198.36 where the optimum cycle length is T, = 034166 year.

The economic order quantity is given by I5(T,) = 173.782.

Example -5 (Case —I11I:)

Let us consider the parameter values of the system as K = 500 units per year, y = 0.1 units per year, A =
Rs.200 per order, I, = 0.15 per year, I, = 0.13 per year, h = Rs.0.12 per year, p = Rs. 20 per unit, 8 = 0.20
and t; =T year.

Solving Eq. (16), we have Ty = T, = t; = 0.676052 years which is case —II.

Hence the minimum average cost in this case is Z;(t{) = Rs.572.31 where the optimum cycle length is
t; = 0.676052 year.

The economic order quantity is given by I5(t,*) = 349.714.

VI. Sensitivity Analysis
We now study the effect of changes in the values of he system parameters K, v, 4, I,,, I, h, p, 6 and t;
on the optimal cost and number of reorder. The sensitivity analysis is performed by changing each of the
parameters by 50%, 10%, —10% and —50% taking one parameter at a time and keeping the remaining
parameters unchanged.
The analysis is based on the Example -1 and the results are shown in the table -1. The following points are
observed.
(i) Ty & Ty decrease while Z, (Ty") & Z,(T,") increase with the increase in value of the parameter K. Both T
& Z,(T;) are moderately sensitivity to changes in K.
(i) Ty & Ty increase while Z, (T7") & Z,(T,) decrease with the increase in value of the parameter y. Both T}
& Tyare low sensitivity to changes in y and Z, (Ty") & Z, (T, are moderately sensitivity to changes in y.
(iii) Ty decreases while Z; (T7") increases with the increase in value of the parameter I,,. Both Ty & Z, (T7") are
moderately sensitivity to changes in I, and both T; & Z, (T;") are insensitivity to changes in 1,
(iv) Ty & Z,(Ty) increase while T; & Z,(Ty") decrease with the increase in value of the parameter I,. Both
T,” & Z,(T;) are moderately sensitivity to changes in I,.
(v) Ty & Ty decrease while Z; (T}") & Z,(Ty) increase with the increase in value of the parameter h. Ty, T,
Z,(TY) & Z,(Ty) are low sensitivity to changes in h.
(vi) T & Ty decrease while Z; (Ty") & Z,(T) increase with the increase in value of the parameter p. Both T
& Z,(T;) are moderately sensitivity to changes in p.
(vii) Ty increases while Ty, Z, (T{") & Z,(T;) decrease with the increase in value of the parameter t,. Both T;*
& Tyare low sensitivity to changes in t; and Z; (T}") & Z,(T) are moderately sensitivity to changes in ¢;.
(viii) Ty & T, decrease while Z, (T{") & Z,(T;") increase with the increase in value of the parameter 6. Ty, Ty
& Z,(Ty") are moderately sensitivity to changes in 8 and Z, (T5") are highly sensitivity to changes in 6.
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(ix) T, T, Z,(T}) & Z,(Ty) increase with the increase in value of the parameter A. Both T} & T,are
moderately sensitivity to changes in A and Z, (Ty") & Z,(T5") are highly sensitivity to changes in A.
However, this outcome may be due to the choice of the particular parameter values in this numerical
example. From the Table -1, it is found that optimum cost decreases rapidly with the increase of the parameter y
and t; which justify the real market situation.

Table -1.

Parameter | % T, Z: (1Y) T,” Z,(T,”) | Remark | Solution | %
Change in Change
parameter in

optimum
cost
K +50 0.282452 | 1321.18 T," Z,(T,")
+10 0.330025 | 1143.03 >ty Z,(T,")
-10 0.365012 | 1039.84 T," Z,(T,")
-50 0.584407 | 642.97 >t Z,(Ty)
T,”
>t
T,"
>t
y +50 0.422221 | 880.72 0.349322 | 1088.03 T," Z,(Ty") | -0.67
+10 0.346819 | 1091.92 >ty Z,(T,") | ...
-10 0.415697 | 887.79 0.345588 | 1093.86 T,” Z,(T,") | +0.13
-50 0.343167 | 1097.72 >t Z,(T,)
T,"
>t
T,”
>t
L, +50 0.346202 | 1092.89 T," Z,(T,") | ...
+10 0.40435 | 910.24 0.346202 | 1092.89 >ty Z,(T,") | +2.66
-10 0.346202 | 1092.89 T, Z,(T,") | .-
-50 0.502333 | 751.87 0.346202 | 1092.89 >t Z, (1) | -15.2
T,"
>t
T
>t
I, +50
+10 0.339735 | 1108.54 T," Z,(T,") | ...
-10 0.406293 | 912.64 0.353047 | 1076.82 >t Z,(Ty") | +2.93
-50 T,
>t
h +50 0.344649 | 1098.07 T," Z,7") | ...
+10 0.416232 | 887.87 0.345889 | 1093.93 >t Z(7r*) | +0.14
-10 0.417292 | 885.37 0.346515 | 1091.85 T, Z(7") | -0.14
-50 0.419436 | 880.35 0.347775 | 1087.68 >t Z,(7ry") | 071
T,
>t
T,
>t
yZ +50 0.283304 | 1316.94 7, Z,(75")
+10 0.330296 | 1142.04 >t | Z(75)
-10 0.364646 | 1040.94 7, Zo(75")
-50 0.577238 | 651.69 >¢, | 207
7,
>,
7"
>
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‘£, +50 0.410452 | 854.36 | 0.346036 | 1060.95 | 7, | Z,(7,") | -3.64
+10 0.417225 | 879.98 | 0.346169 | 10865 | >¢, | 2,(7,) | -0.75
-10 0.416335 |893.36 | 0.346235 | 1099.28 | 7,° | 7,(7,) | +0.76
-50 0.346367 | 1124.83 | > ¢, | Z,(7y) | -
7y
7y
g +50
+10 0.39867 |[929.21 |0.335742 | 1127.87 | 7,° | Z,(7,") | +4.81
-10 0.437466 | 842.16 | 0.357634 | 1056.93 | >¢, | z,(7,") | -5.01
-50 7|
>,
A +50 0507926 | 1102.88 | 0.42441 | 135244 | 7,° | Z,(7,") | +24.39
+10 0.436598 | 9335 | 0.363174 | 114928 | >¢, | 7,(7,") | +5.29
-10 0.328364 | 103359 | 7,7 | Z,(7y) | ---
-50 0.244496 | 75427 | >z, | Z,(759)
7y
>
7,
>

“...” indicates no feasible solution.

VII.  Conclusion
The present economic order quantity (EOQ) inventory model for deteriorating items assumes an

exponentially declining time-varying demand rate. The proposed model is based on inventory items (for
example, electronic goods, fashionable clothes, etc.) as they experience fluctuations in the demand rate.
Therefore, the advantage of the exponentially declining demand has motivated the authors to adopt it in the
present model. In the real market, we see that suppliers offer their customers a certain credit period without
interest during the permissible delay time period. As an outcome, it motivates customer to order more quantities
because paying later indirectly reduces the purchase cost. The proposed model can be extended in several ways.
For instance, it could be of interest to relax the restriction of constant deterioration rate. Also, we may extend
the deterministic demand function with variable deterioration rate. Finally, we could generalize the model to the
economic production lot size model.
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