IOSR Journal of Mathematics (IOSRIM)
ISSN: 2278-5728 Volume 1, Issue 5 (July-Aug 2012), PP 39-42
www.iosrjournals.org

On Einstein: Kaehlerian Recurrent and Symmetric Spaces of
Second Order

K.S. Rawat, Nitin Uniyal and Mukesh Kumar

Department Of Mathematics H.N.B. Garhwal University Campus Badshahi Thaul , Tehri (Garhwal) —
249199uttarakhand , India

Abstract: Roter (1964) and Matsumoto (1969) have studied on second order recurrent spaces and Kaehlerian

spaces with parallel or vanishing Bochner curvature tensor. Singh (1972) have defined and studied Kaehlerian

recurrent and Ricci- recurrent spaces of second order.

Further, Rawat and Prasad (2010) studied on holomorphically projectively flat parabolically Kaehlerian spaces.
In the present paper, we have studied Einstein — Kaehlerian recurrent and symmetric spaces of second

order and several theorems have been derived within. The necessary and sufficient condition for an Einstein —

Kaehlerian conharmonic recurrent space to be Kaehlerian recurrent space is discussed.
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l. Introduction:

An n = (2m) dimensional Kaehlerian space is a Riemannian space which admits a tensor field F?
satisfying the following condition (Yano 1965)

FIFy = =6} (L1
Fij = ]L! (F F?ga]) (12)
and Fi,jh =0, .(1.3)

where the comma (,) followed by an index denotes the operator of covariant differentiation with respect
to the metric tensor 9y of the Riemannian space .

The Riemannian curvature tensor Ruk is given by
Rij = a{k} o+ U - { ", (14

where 0, :% and {x‘} denotes real local co-ordinates.
The Ricci- tensor and the scalar curvature are given by
R;; = Ry and R =R;g” respectively.
The holomorphlcally conformal (Bochner) curvature tensor and Kaehlerian conharmonic curvature
tensor are respectively given by

1
Kl =Rl + m(Rik(th — Ry 8! + guR' — g R + Sy F"
—SFl + Fy St — Fu St + 2S,F} + 2F ;S})
R
_m(gik@h_ gjk(sih'f‘FikP}h _F}kFih+2FL'jFI?) (15)
h
and The = Rij + oo (Rud] — Ryt + g, R} — g, R + Sy F)

—SpFl' + Fy S — Fy St + 28, Fl + 2F; S, .. (1.6)

where S = F{R,;
Let us suppose that a Kaehlerian space is an Einstein- one, then the Ricci tensor satisfies
Ry==9,; Ra=0. (17
from which we obtain
Rj,=0, S;j,=0 and S FU ...(1.72)
If a Kaehlerian space is an Einstein one, then the Bochner curvature tensor and the Kaehlerian Conharmonic
curvature tensor respectively reduces to the forms:

R h h
Vik = Rl + o (9087 — 9,87 + FyF} — Fj F! + 2F;F}) ..(1.8)
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2R
and Al =Rl + m(giké']h - gjk(s{‘ + Fy F} — FyFl + 2F ;F) ..(1.9)
In view of equations (1.8) and (1.9) , we have
Vi = Al — m(gik@h — i O + Fy F — Fy F!' + 2F; F) ..-(1.10)

We shall use the following:

DEFINITION (1.1): A Kaehler space is said to be recurrent space of second order , if it satisfies

Rlyap— ARl =0, . (1.11)
for some non-zero tensor A, and is called Ricci — recurrent of second order if it satisfies
- Rij,ab_labRij = 0, (112)
Multiplying (1.12) by g¥ , we have
Ra— AR =0. ..(1.13)

REMARK (1.1) : From (1.11) and (1.12) , it follows that every Kaehlerian recurrent space of second order is
Kaehlerian — Ricci recurrent space of second order, but the converse is not true.

1). All latin indices run over the same range from 1 to n.
2). Numbers in square brackets refer to the references given at the end of the paper.

1. Einstein — Kaehlerian Recurrent Spaces Of Second Order
DEFINITION (2.1) : A Kaehler space satisfying the relation
Alar — AapAly = 0, . (2.1)
for some non —zero tensor 4,,, will be called an Einstein — Kaehlerian Conharmonic recurrent space of second
order or, briefly A — K™ space.

DEFINITION (2.2): A Kaehler space satisfying the relation

Vika — AapVi =0, . (2.2)
for some non- zero tensor A, will be called an Einstein — Kaehlerian space with recurrent Bochner curvature
tensor of second order or, brieflya V — K™ space.

THEOREM (2.1): A necessary and sufficient condition for an A — K* space to be a Kaehlerian recurrent space
of second order is that the scalar curvature be equal to zero.

PROOF: Suppose that A — K™ space is Kaehlerian recurrent space of second order. Making use of equations
(2.7), (1.7a) and (1.9) in (2.1), we have

2R h
Rg'k,ab = /‘lab[Rg'k + m(glk(s]h - gjkéi + FikF]h - F]kF{L + ZFUFQ)] (23)
Since, an A — K™ space is Kaehlerian recurrent space of second order, then equation (2.3) reduces to
2R h h
(98 — 9,00+ FyF — F Fl + 2F,;F}) ..2.4)

which gives R = 0.
Conversely, ifa A — K* space satisfies R =0, then equation (2.3) reduces to
Rlyab — ARl = 0,
which shows that the space is Kaehlerian recurrent space of second order, which completes the proof.
Similarly, in view of theorem (2.2) and equations (1.7), (1.7a) and (1.8), we can prove the following theorem.

THEOREM (2.2): A necessary and sufficient condition for an Einstein — Kaehlerian space with recurrent
Bochner curvature tensor of second order to be a Kaehlerian recurrent space of second order is that the scalar
curvature be equal to zero.

THEOREM (2.3): An A — K™ space is the Einstein- Kaehlerian space with recurrent Bochner curvature tensor
iff the scalar curvature R = 0.
PROOF: Suppose that an A — K* space is the Einstein- Kaehlerian space with recurrent Bochner curvature
tensor of second order.

Differentiating (1.10) covariantly w.r.t. x¢, again differentiate the result thus obtained w.r.t. x?, and
then using the fact R ,, = 0, we get

Viab = Alab - (2.6)

Multiplying (1.10) by A,, and subtracting from (2.6), we get
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AR
h ab h _
it ) e ) ¥
9501 + FycF} = FyFl + 2F 3Fy) (2.7
Now, making use of the above supposition , equation (2.7) reduces to

Aa R h h h h hY —
m(‘gb{, d‘/—y/)é §1+F1,{’ F/—F/}e F,+2Fl/ F/,)—O (28)

which implies £ =0.
Conversely, let us suppose that in an 4 — &A™ space , the scalar curvature # = 0. Hence, equation (2.7) reduces
to

h h o _ ah
Vijkab — AabVije = Ajjicap — A

Vie w —Adaw Vip =0. ...(2.9)
which shows that the space is an Einstein- Kaehlerian space with recurrent Bochner curvature tensor of second
order.

THEOREM (2.4): If a Kaehler space satisfies any two of the following properties:

Q) The space isan 4 — A~ space,

(ii) The space isan /' — A™ space,

(iii) The scalar curvature is equal to zero; it must also satisfy the third.

PROOF: The Einstein- Kaehlerian conharmonic recurrent space of second order (i.e. 4 — A™) space and
Einstein- Kaehlerian space with recurrent Bochner curvature tensor of second order (i.e. V — A™) are
characterized respectively by equations (2.1) and (2.2).

The statement of the above theorem follows in view of equations (2.1), (2.2) and (2.7).

1. Einstein- Kaehlerian Symmetric Spaces Of Second Order
DEFINITION (3.1): A Kaehler space satisfying the condition
R » =0, or, equivalently #,, 4 =0, (3.1
is called Kaehlerian symmetric space of second order and it is called Kaehlerian Ricci- symmetric space of
second order, if it satisfies
) Ry » =0, .. (32)
Multiplying (3.2) by g7 , we get
Ru =0, .. (33)

REMARK (3.1): From (3.1) and (3.2), it follows that every Kaehlerian symmetric space of second order is
Kaehlerian- Ricci symmetric space of second order, but the converse is not necessarily true.

DEFINITION (3.2): A Kaehler space satisfying the relation
Al =0, or, equivalently 4., , =0, ..(34)
is called an Einstein- Kaehlerian conharmonic symmetric space of second order.

DEFINITION (3.3): A Kaehler space satisfying the relation
V% @ =0, or equivalently ¥, 4 =0, ..(3.5)
is called an Einstein- Kaehlerian space with symmetric Bochner curvature tensor of second order.

THEOREM (3.1): A necessary and sufficient condition for a  / — &A™ space with symmetric Bochner
curvature tensor of second order is that the space be Kaehlerian- symmetric space of second order.
PROOF: Differentiating (1.8) covariantly w.rt. x“ , again differentiate the result so obtained w.r.t. x?and
then using the fact #, =0, we get
If the space is an Einstein- Kaehlerian space with symmetric Bochner curvature tensor of second order,

then (3.6) reduces to

Ry » =0,
which shows that the space is Kaehlerian symmetric space of second order. Hence the condition is necessary.
Conversely , let the space be Kaehlerian symmetric space of second order, then (3.6) gives

VZ{, @b = 0,
which shows that the space is Einstein- Kaehlerian space with symmetric Bochner curvature tensor of second
order. Hence, the condition is sufficient.
This completes the proof of the theorem.
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THEOREM (3.2): A necessary and sufficient condition for an Einstein- Kaehlerian space to be Einstein-
Kaehlerian conharmonic symmetric space of second order is that the space be an Einstein- Kaehlerian space
with symmetric Bochner curvature tensor of second order.

PROOF: Differentiating (1.10) covariantly w.r.t. x“ , again differentiate the result so obtained w.r.t. x
then using the fact

4 and

K5 =0, weget
Ve w = A% (37
If the space is an Einstein- Kaehlerian conharmonic symmetric space of second order, then (3.7) in view (3.4)
reduces to
Vi w =0,
which shows that the space is Einstein- Kaehlerian space with symmetric Bochner curvature tensor of second
order. Hence the condition is necessary.
Conversely, let the space be an Einstein- Kaehlerian space with symmetric Bochner curvature tensor of second
order, then (3.7), in view of (3.5) reduces to
AZ/( @b = 0,

which shows that the space is an Einstein- Kaehlerian conharmonic symmetric space of second order. Hence,
the condition is sufficient.
This completes the proof of the theorem.

THEOREM (3.3): For every Einstein- Kaehlerian conharmonic symmetric space of second order, which is an
Einstein- Kaehlerian space with symmetric Bochner curvature tensor of second order, the relation

R
Vie =y *omors G ) —Gu 01+ Fu £y —Fy F}+2F; Fj)=0  ..(38)

PROOF: If the space is an Einstein- Kaehlerian conharmonic symmetric space of second order as well as
Einstein- Kaehlerian space with symmetric Bochner curvature space of second order, then (2.7) in view of (3.4)
and (3.5) reduces to the required relation (3.8).
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