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Abstract: Roter (1964) and Matsumoto (1969) have studied on second order recurrent spaces and Kaehlerian 

spaces with parallel or vanishing Bochner curvature tensor. Singh (1972) have defined and studied Kaehlerian 

recurrent and Ricci- recurrent spaces of second order. 
Further, Rawat and Prasad (2010) studied on holomorphically projectively flat parabolically Kaehlerian spaces. 

 In the present paper, we have studied Einstein – Kaehlerian recurrent and symmetric spaces of second 

order and several theorems have been derived within. The necessary and sufficient condition for an Einstein – 

Kaehlerian conharmonic recurrent space to be Kaehlerian recurrent space is discussed. 
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I. Introduction: 

An  𝑛 =  2𝑚   dimensional Kaehlerian space is a Riemannian space which admits a tensor field 𝐹𝑖
ℎ 

satisfying the following condition (Yano 1965)                

                             𝐹𝑗
ℎ𝐹ℎ

𝑖 = −𝛿𝑗
𝑖                                                                      …(1.1) 

 𝐹𝑖𝑗 = −𝐹𝑗𝑖 ,  𝐹𝑖𝑗 = 𝐹𝑖
𝑎𝑔

𝑎𝑗
                                              …(1.2) 

        and                          𝐹𝑖 ,𝑗
ℎ = 0 ,                                                                  …(1.3) 

 where the comma (,) followed by an index denotes the operator of covariant differentiation with respect 

to the metric tensor 𝑔
𝑖𝑗

  of the Riemannian space . 

The Riemannian curvature tensor   𝑅𝑖𝑗𝑘
ℎ     is  given by 

𝑅𝑖𝑗𝑘
ℎ = 𝜕𝑖

  
ℎ
𝑗𝑘

  − 𝜕𝑗
  ℎ
𝑖𝑘

  +   ℎ
𝑖𝑎

    
𝑎
𝑗𝑘

  −   
ℎ
𝑗𝑎

    
𝑎
𝑖𝑘

  ,                                    …(1.4) 

where     𝜕𝑖 =
𝜕

𝜕𝑥𝑖
     and  {𝑥𝑖}   denotes  real local co-ordinates. 

The Ricci- tensor and the scalar curvature are given by  

                          𝑅𝑖𝑗 = 𝑅𝑎𝑖𝑗
𝑎           and         𝑅 = 𝑅𝑖𝑗𝑔

𝑖𝑗    respectively. 

 The holomorphically conformal (Bochner) curvature tensor and Kaehlerian conharmonic curvature 

tensor are respectively given by 

𝐾𝑖𝑗𝑘
ℎ = 𝑅𝑖𝑗𝑘

ℎ +
1

(𝑛 + 4)
(𝑅𝑖𝑘𝛿𝑗

ℎ − 𝑅𝑗𝑘 𝛿𝑖
ℎ + 𝑔𝑖𝑘𝑅𝑗

ℎ − 𝑔𝑗𝑘 𝑅𝑖
ℎ + 𝑆𝑖𝑘𝐹𝑗

ℎ     

 −𝑆𝑗𝑘𝐹𝑖
ℎ + 𝐹𝑖𝑘𝑆𝑗

ℎ − 𝐹𝑗𝑘𝑆𝑖
ℎ + 2𝑆𝑖𝑗𝐹𝑘

ℎ + 2𝐹𝑖𝑗𝑆𝑘
ℎ)          

  −
𝑅

 𝑛+2 (𝑛+4)
  𝑔𝑖𝑘𝛿𝑗

ℎ −  𝑔𝑗𝑘 𝛿𝑖
ℎ + 𝐹𝑖𝑘𝐹𝑗

ℎ − 𝐹𝑗𝑘𝐹𝑖
ℎ + 2𝐹𝑖𝑗𝐹𝑘

ℎ      …(1.5) 

and                       𝑇𝑖𝑗𝑘
ℎ = 𝑅𝑖𝑗𝑘

ℎ +
1

 𝑛+4 
(𝑅𝑖𝑘𝛿𝑗

ℎ − 𝑅𝑗𝑘𝛿𝑖
ℎ + 𝑔

𝑖𝑘
𝑅𝑗

ℎ − 𝑔
𝑗𝑘
𝑅𝑖

ℎ + 𝑆𝑖𝑘𝐹𝑗
ℎ     

                    −𝑆𝑗𝑘 𝐹𝑖
ℎ + 𝐹𝑖𝑘𝑆𝑗

𝑘 − 𝐹𝑗𝑘 𝑆𝑖
ℎ + 2𝑆𝑖𝑗𝐹𝑘

ℎ + 2𝐹𝑖𝑗 𝑆𝑘
ℎ),        … (1.6) 

where     𝑆𝑖𝑗 = 𝐹𝑖
𝑎𝑅𝑎𝑗 

Let us suppose that a Kaehlerian space is an Einstein- one, then the Ricci tensor satisfies 

𝑅𝑖𝑗 =  
𝑅

𝑛
𝑔

𝑖𝑗
  ;    𝑅,𝑎 = 0 .                                                          …(1.7) 

from which we obtain 

𝑅𝑖𝑗,𝑎 = 0  , 𝑆𝑖𝑗,𝑎 = 0  and   𝑆𝑖𝑗 =
𝑅

𝑛
𝐹𝑖𝑗                                                                 …(1.7a) 

If a Kaehlerian space is an Einstein one, then the Bochner curvature tensor and the Kaehlerian Conharmonic 

curvature tensor respectively reduces to the forms: 

                          𝑉𝑖𝑗𝑘
ℎ = 𝑅𝑖𝑗𝑘

ℎ +
𝑅

𝑛 𝑛+2 
 𝑔

𝑖𝑘
𝛿𝑗
ℎ − 𝑔

𝑗𝑘
𝛿𝑖
ℎ + 𝐹𝑖𝑘𝐹𝑗

ℎ − 𝐹𝑗𝑘𝐹𝑖
ℎ + 2𝐹𝑖𝑗𝐹𝑘

ℎ                             …(1.8)  
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and                   𝐴𝑖𝑗𝑘
ℎ = 𝑅𝑖𝑗𝑘

ℎ +
2𝑅

𝑛 𝑛+4 
(𝑔

𝑖𝑘
𝛿𝑗
ℎ − 𝑔

𝑗𝑘
𝛿𝑖
ℎ + 𝐹𝑖𝑘𝐹𝑗

ℎ − 𝐹𝑗𝑘𝐹𝑖
ℎ + 2𝐹𝑖𝑗𝐹𝑘

ℎ)                           …(1.9)       

In view of equations (1.8) and (1.9) , we have 

𝑉𝑖𝑗𝑘
ℎ = 𝐴𝑖𝑗𝑘

ℎ −
𝑅

 𝑛+2  𝑛+4 
(𝑔𝑖𝑘𝛿𝑗

ℎ − 𝑔𝑗𝑘 𝛿𝑖
ℎ + 𝐹𝑖𝑘𝐹𝑗

ℎ − 𝐹𝑗𝑘 𝐹𝑖
ℎ + 2𝐹𝑖𝑗𝐹𝑘

ℎ)                      …(1.10) 

We shall use the following: 

 

DEFINITION (1.1): A Kaehler space is said to be recurrent space of second order , if it satisfies 

 𝑅𝑖𝑗𝑘,𝑎𝑏
ℎ − 𝜆𝑎𝑏𝑅𝑖𝑗𝑘

ℎ = 0 ,                                                            … (1.11) 

for some non-zero tensor  𝜆𝑎𝑏, and is called Ricci – recurrent of second order if it satisfies 

                                                              𝑅𝑖𝑗,𝑎𝑏 − 𝜆𝑎𝑏𝑅𝑖𝑗 = 0 ,                                                              …(1.12)                                                                  

Multiplying (1.12) by 𝑔𝑖𝑗 ,  we have 

                                                                 𝑅,𝑎𝑏 − 𝜆𝑎𝑏𝑅 = 0 .                                                                … (1.13) 

REMARK (1.1) : From (1.11) and (1.12) , it follows that every Kaehlerian recurrent space of second order is 

Kaehlerian – Ricci recurrent space of second order, but the converse is not true. 

1). All latin indices run over the same range from 𝟏  to 𝒏. 

2). Numbers in square brackets refer to the references given at the end of the paper. 

 

II. Einstein – Kaehlerian Recurrent Spaces Of Second Order 
DEFINITION (2.1) : A Kaehler space satisfying the relation  

𝐴𝑖𝑗𝑘,𝑎𝑏
ℎ − 𝜆𝑎𝑏𝐴𝑖𝑗𝑘

ℎ = 0 ,                                                        … (2.1) 

for some non –zero tensor 𝜆𝑎𝑏, will be called an Einstein – Kaehlerian Conharmonic recurrent space of second 

order or, briefly 𝐴 − 𝐾∗ space. 

 

DEFINITION (2.2): A Kaehler space satisfying the relation 

𝑉𝑖𝑗𝑘,𝑎𝑏
ℎ − 𝜆𝑎𝑏𝑉𝑖𝑗𝑘

ℎ = 0 ,                                                      … (2.2) 

for some non- zero tensor  𝜆𝑎𝑏,  will be called an Einstein – Kaehlerian space with recurrent Bochner curvature 

tensor of second order or, briefly a    𝑉 − 𝐾∗  space. 
 

THEOREM (2.1): A necessary and sufficient condition for an 𝐴 − 𝐾∗ space to be a Kaehlerian recurrent space 

of second order is that the scalar curvature be equal to zero. 

PROOF: Suppose that 𝐴 − 𝐾∗ space is Kaehlerian recurrent space of second order. Making use of equations 

(1.7), (1.7a) and (1.9) in (2.1), we have 

𝑅𝑖𝑗𝑘,𝑎𝑏
ℎ = 𝜆𝑎𝑏 𝑅𝑖𝑗𝑘

ℎ  +
2𝑅

𝑛 𝑛+4 
(𝑔

𝑖𝑘
𝛿𝑗
ℎ − 𝑔

𝑗𝑘
𝛿𝑖
ℎ + 𝐹𝑖𝑘𝐹𝑗

ℎ − 𝐹𝑗𝑘𝐹𝑖
ℎ +  2𝐹𝑖𝑗

 𝐹𝑘
ℎ)                     …(2.3)                 

Since, an 𝐴 − 𝐾∗ space is Kaehlerian recurrent space of second order, then equation (2.3) reduces to  
2𝑅

𝑛 𝑛+4 
 𝑔

𝑖𝑘
𝛿𝑗
ℎ − 𝑔

𝑗𝑘
𝛿𝑖
ℎ + 𝐹𝑖𝑘𝐹𝑗

ℎ − 𝐹𝑗𝑘𝐹𝑖
ℎ +  2𝐹𝑖𝑗𝐹𝑘

ℎ                …(2.4) 

which gives    𝑅 = 0. 
Conversely, if a  𝐴 − 𝐾∗ space satisfies   𝑅 = 0,   then equation (2.3) reduces to 

𝑅𝑖𝑗𝑘,𝑎𝑏
ℎ − 𝜆𝑎𝑏𝑅𝑖𝑗𝑘

ℎ = 0, 

which shows that the space is Kaehlerian recurrent space of second order, which completes the proof. 

Similarly, in view of theorem (2.2) and equations (1.7), (1.7a) and (1.8), we can prove the following theorem. 

 

THEOREM (2.2): A necessary and sufficient condition for an Einstein – Kaehlerian space with recurrent 

Bochner curvature tensor of second order to be a Kaehlerian recurrent space of second order is that the scalar 

curvature be equal to zero. 

 

THEOREM (2.3): An  𝐴 − 𝐾∗ space is the Einstein- Kaehlerian space with recurrent Bochner curvature tensor 

iff the scalar curvature   𝑅 = 0. 

PROOF: Suppose that an 𝐴 − 𝐾∗ space is the Einstein- Kaehlerian space with recurrent Bochner curvature 

tensor of second order. 

 Differentiating (1.10) covariantly w.r.t.   𝑥𝑎, again differentiate the result thus obtained w.r.t.   𝑥𝑏, and 

then using the fact 𝑅,𝑎𝑏 = 0, we get  

𝑉𝑖𝑗𝑘,𝑎𝑏
ℎ = 𝐴𝑖𝑗𝑘,𝑎𝑏 

ℎ                                                        … (2.6) 

Multiplying (1.10) by  𝜆𝑎𝑏  and subtracting from (2.6), we get 
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𝑉𝑖𝑗𝑘,𝑎𝑏
ℎ −  𝜆𝑎𝑏𝑉𝑖𝑗𝑘

ℎ = 𝐴𝑖𝑗𝑘,𝑎𝑏
ℎ −  𝜆𝑎𝑏𝐴𝑖𝑗𝑘

ℎ +
𝜆𝑎𝑏𝑅

 𝑛 + 2  𝑛 + 4 
(𝑔

𝑖𝑘
𝛿𝑗
ℎ − 

𝑔
𝑗𝑘
𝛿𝑖
ℎ + 𝐹𝑖𝑘𝐹𝑗

ℎ − 𝐹𝑗𝑘𝐹𝑖
ℎ + 2𝐹𝑖𝑗𝐹𝑘

ℎ )                         … (2.7) 

Now, making use of the above supposition , equation (2.7)  reduces to  
𝜆 𝑎𝑏 𝑅

 𝑛 +2  𝑛 +4 
 𝑔 𝑖𝑘 𝛿 𝑗

ℎ − 𝑔 𝑗𝑘 𝛿 𝑖
ℎ + 𝐹 𝑖𝑘 𝐹 𝑗

ℎ − 𝐹 𝑗𝑘 𝐹 𝑖
ℎ + 2𝐹 𝑖𝑗 𝐹 𝑘

ℎ  = 0                         …(2.8)                                                                                          

which implies  𝑅 = 0 . 

Conversely, let us suppose that in an 𝐴 − 𝐾∗ space , the scalar curvature 𝑅 = 0. Hence, equation (2.7) reduces 

to 

𝑉 𝑖𝑗𝑘 ,𝑎𝑏
ℎ −  𝜆 𝑎𝑏 𝑉 𝑖𝑗𝑘

ℎ = 0 .                                                                …(2.9) 

which shows that the space is an Einstein- Kaehlerian space with recurrent Bochner curvature tensor of second 

order. 

 

THEOREM (2.4): If a Kaehler space satisfies any two of the following properties: 

(i) The space is an 𝐴 − 𝐾∗ space, 

(ii) The space is an 𝑉 − 𝐾∗ space, 

(iii) The scalar curvature is equal to zero; it must also satisfy the third. 

PROOF: The Einstein- Kaehlerian conharmonic recurrent space of second order (i.e.  𝐴 − 𝐾∗) space and 

Einstein- Kaehlerian space with recurrent Bochner curvature tensor of second order (i.e.  𝑉 − 𝐾∗) are 

characterized respectively by equations (2.1) and (2.2). 

The statement of the above theorem follows in view of equations (2.1), (2.2) and (2.7). 

 

III. Einstein- Kaehlerian Symmetric Spaces Of Second Order 
DEFINITION (3.1):  A Kaehler space satisfying the condition  

𝑅 𝑖𝑗𝑘 ,𝑎𝑏
ℎ = 0,   or,  equivalently 𝑅 𝑖𝑗𝑘𝑙 ,𝑎𝑏 = 0,                                            … (3.1) 

is called Kaehlerian symmetric space of second order and it is called Kaehlerian Ricci- symmetric space of 

second order, if it satisfies 

𝑅 𝑖𝑗 ,𝑎𝑏 = 0,                                                                                                 …  (3.2)  

Multiplying (3.2) by 𝑔 𝑖𝑗 ,  we get 

𝑅 ,𝑎𝑏 = 0,                                                                                                   …  (3.3)  

 

REMARK (3.1): From (3.1) and (3.2), it follows that every Kaehlerian symmetric space of second order is 

Kaehlerian- Ricci symmetric space of second order, but the converse is not necessarily true. 

 

DEFINITION (3.2): A Kaehler space satisfying the relation  

𝐴 𝑖𝑗𝑘 ,𝑎𝑏
ℎ = 0,  or , equivalently  𝐴 𝑖𝑗𝑘𝑙 ,𝑎𝑏 = 0,                                        … (3.4) 

is called an Einstein- Kaehlerian conharmonic symmetric space of second order. 

 

DEFINITION (3.3): A Kaehler space satisfying the relation  

𝑉 𝑖𝑗𝑘 ,𝑎𝑏
ℎ = 0 ,   or, equivalently 𝑉 𝑖𝑗𝑘𝑙 ,𝑎𝑏 = 0,                                        … (3.5) 

is called an Einstein- Kaehlerian space with symmetric Bochner curvature tensor of second order. 

 

THEOREM (3.1): A necessary and sufficient condition for a   𝑉 − 𝐾∗ space with symmetric Bochner 

curvature tensor of second order is that the space be Kaehlerian- symmetric space of second order. 

PROOF: Differentiating (1.8) covariantly w.r.t.  𝑥 𝑎  , again differentiate the result so obtained w.r.t. 𝑥 𝑏 and 

then using the fact   𝑅 ,𝑎𝑏 = 0 , we get  

                                𝑉 𝑖𝑗𝑘 ,𝑎𝑏
ℎ = 𝑅 𝑖𝑗𝑘 ,𝑎𝑏

ℎ                                                                       … (3.6) 

 If the space is an Einstein- Kaehlerian space with symmetric Bochner curvature tensor of second order, 

then (3.6) reduces to 

                                         𝑅 𝑖𝑗𝑘 ,𝑎𝑏
ℎ = 0,    

which shows that the space is Kaehlerian symmetric space of second order. Hence the condition is necessary. 

Conversely , let the space be Kaehlerian symmetric space of second order, then (3.6) gives  

                                        𝑉 𝑖𝑗𝑘 ,𝑎𝑏
ℎ = 0,    

which shows that the space is Einstein- Kaehlerian space with symmetric Bochner curvature tensor of second 

order. Hence, the condition is sufficient. 

This completes the proof of the theorem. 
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THEOREM (3.2): A necessary and sufficient condition for an Einstein- Kaehlerian space to be Einstein- 

Kaehlerian conharmonic symmetric space of second order is that the space be an Einstein- Kaehlerian space 

with symmetric Bochner curvature tensor of second order. 

PROOF: Differentiating (1.10) covariantly w.r.t.  𝑥 𝑎  , again differentiate the result so obtained w.r.t.   𝑥 𝑏 , and 

then using the fact 

                                        𝑅 ,𝑎𝑏 = 0,    we get    

   𝑉 𝑖𝑗𝑘 ,𝑎𝑏
ℎ =    𝐴 𝑖𝑗𝑘 ,𝑎𝑏

ℎ                                                                         … (3.7) 

If the space is an Einstein- Kaehlerian conharmonic symmetric space of second order, then (3.7) in view (3.4) 

reduces to 

  𝑉 𝑖𝑗𝑘 ,𝑎𝑏
ℎ = 0,                    

which shows that the space is Einstein- Kaehlerian space with symmetric Bochner curvature tensor of second 

order. Hence the condition is necessary. 

Conversely, let the space be an Einstein- Kaehlerian space with symmetric Bochner curvature tensor of second 

order, then (3.7), in view of (3.5) reduces to  

  𝐴 𝑖𝑗𝑘 ,𝑎𝑏
ℎ = 0,                          

which shows that the space is an Einstein- Kaehlerian conharmonic symmetric space of second order. Hence, 

the condition is sufficient. 

This completes the proof of the theorem. 

 

THEOREM (3.3): For every Einstein- Kaehlerian conharmonic symmetric space of second order, which is an 

Einstein- Kaehlerian space with symmetric Bochner curvature tensor of second order, the relation 

𝑉 𝑖𝑗𝑘
ℎ − 𝐴 𝑖𝑗𝑘

ℎ +
𝑅

 𝑛 +2  𝑛 +4 
(𝑔 𝑖𝑘 𝛿 𝑗

ℎ − 𝑔 𝑗𝑘 𝛿 𝑖
ℎ + 𝐹 𝑖𝑘 𝐹 𝑗

ℎ − 𝐹 𝑗𝑘 𝐹 𝑖
ℎ  + 2𝐹 𝑖𝑗 𝐹 𝑘

ℎ ) = 0         …(3.8) 

PROOF: If the space is an Einstein- Kaehlerian conharmonic symmetric space of second order as well as 

Einstein- Kaehlerian space with symmetric Bochner curvature space of second order, then (2.7) in view of (3.4) 

and (3.5) reduces to the required relation (3.8). 
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