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Abstract: This paper proposed a new generalization of Sam-Solai’s Multivariate Wigner distribution of Kind-1
of Type-A from the univariate case. Further, we find its Cumulation, Marginal, Conditional distributions,
Generating functions and also discussed its special case. The special cases include the transformation of Sam-
solai’s Multivariate Wigner distribution of Kind-1 of Type-A into Multivariate one parameter Wigner
distribution of Kind-1 of Type-A, Multivariate Wigner distribution of Kind-1 of Type-B, Multivariate log-Wigner
distribution of Kind-1 of Type-A and Multivariate Inverse -Wigner distribution of Kind-1 of Type-A. It is found
that the conditional variance of Sam-Solai’s Multivariate conditional Wigner distribution is heteroscedastic and
the correlation was found to be -0.16. Area values of the bi-variate Wigner surface also extracted and Wigner
surfaces, contours are also visualized.
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l. Introduction
The origin of the conical distributions was first studied by the famous Noble laureate Wigner by introducing the
semi-circle law and its distribution in the statistical literature. In this modern scenario, the Wigner’s semi-circle
distribution was used in diverse fields. Many authors studied this distribution in Trigonometric perspective and
some authors tried to extend the semi-circle law to the power law as well as to the higher dimensional circles
such as spheres and hyper spheres. Wigner [1957] proposed the distribution of the roots of certain symmetric
matrices and Berezin [1973] highlighted some remarks about the Wigner distribution with special reference to
the semi-circular law. Moreover, Mardia [1975] studied the VVon mises distribution function and Watson [1982,
1983] proposed some distributions on the circles and the spheres. Some authors studied the application of
Wigner’s semi-circle distribution such as Accardi et al [1996] and Hiafi [2000] with reference to the quantum
electro dynamics and entropy functions respectively. On the other hand, Bai at al [1988], Fang at al [1990],
Boutet de Monvel et al [1999] and Evans [2000] explored and studied the convergence law of Wigner’s
semicircle law, symmetric multivariate distributions which include circular distributions, distribution of large
random matrices and von mises distribution for higher dimensions respectively. Similarly, shimizu et al [2002],
Jones et al[2005] and Arthur pewsey[2007]studied and proposed the Pearson Type VII distribution with
reference to spheres, explored a family of distributions on circle and highlighted the wrapped t-family of circular
distributions respectively.Moreover,Soltani[2009] introduced the two-sided power distributions which includes
wigner’s sem-circle distribution is a special case and Toshihiro et al[2009] proposed the Sine skewed circular
distributions. Finally, Arizmendi et al [2010] and shogo Kato et al [2010] investigated the classical G-type
distribution and origin of the family of distributions on the circle arising from the Mobius transformations
respectively. Based on the past reviews, the authors noted only little work is done in the multivariate
generalization of the Wigner’s semi-circle distribution. By utilizing this research gap, the authors proposed a
new generalization of Multivariate Wigner distribution and its properties, form are discussed in the next section.
I1.Sam-Solai’s Multivariate Wigner Distribution
Definition 2.1: Let X Xy X,K X are the random variables followed Continuous univariate Wigner semi-circle

distribution with mean 0 and variance R’/4for all i (i=1 to p). Then the density of Multivariate Sam-Solai’s

Wigner distribution of Kind-1 of Type-A is defined as
1 1 R —X;

o) =G SO (00 T 5™ )

WHere 1 j pexe+R R>0
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Definition 2.2: -From (1) and if Zi =X / Ri , then using multi-dimensional Jacobian of transformation, the
Sam-Solai’s multivariate standard Wigner distribution and its density is defined as

(222 2) - -0 (5> - @

Where i j gz g 41
Theorem 2.3: -The cumulative distribution function of the Sam-Solai’s Multivariate Wigner distribution is
defined by

F(zl,zz,z3...,zp)_f j j
—R Ry -
where

j{ 1(R'“")) (p-3C )pH

ilj-a£q£a

2_ 52 .
1 , TR - Z0) | arcsin(z, /R)

PR’ p
(4Ri3/2_ \ﬁ(Ri _ Zi)s/z)

@R~ V(R - Z)"}(& ) (-0} T )

R3/2 e 1
4R-3/2

Theorem2.4: -The cumulative distribution function of the Sam-Solai’s Multivariate standard Wigner
distribution is defined by

F2,2,2,.2) [ ] j{ O - p-mp T ok

F(2,,2,,Z,K,Z,)= ()p()

-1-1-1
where ;, j-1£u£2
+ Z «/(1 z; )+ arcsin(Z;)
\F(l Z)3/2 -
F(z,2,2,K,Z2)= 1- - (p- 1 (4
(Z,,2, ) Q( ){(il NeTR zi)3’2 )- (p- D} @)
- Y55, 50
Theorem 2.5: The Probability density function of Sam-Solai’s Multivariate wigner distribution of)(1 on
X, X, K X, 18
—(2 L o X —(5)
FOQ T Xy Xy

&—( JlR*“»)(p 2)}

WREMe 1| L Rexe R 1pr £+l

Proof: It is obtained from
(%% %K X
f (%, %K, X))
Theorem 2.6- Mean and Variance of Sam- Solai’s Multivariate Conditional Wigner distribution are

1 R+xI
~REt e A (-3

i=2

{—( \/1 R+"')) (p—2)}

V(% I Xy Xg oo X)) = EOG7 1 X5, %5 .., X )—(E(xllxz,xs...,xp))2 - (6)

R+ Eﬁ@ L R”) (p-D})

4 35 3rx
(ZJl R“')) (p-2)

Proof: The Mean and variance of Multivariate Conditional ngner distribution are given as

fO %, 6K X)) =

E(X /X5, X5...,X,)

where  E(x/X,,X;...,X,) =

'
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+R1

E(x, /%, X, K, X)) = ¢ X F (X /%, %, K, X, )dx

| I 1 Rl X1
‘/ )N- (p- D} - 4/ 5)
4R V2 R
dx,

S
16 it Xy
G (.2\/2( =) (p- 2}

E(x /X, %K ,xp)= O

- Ry

R
16
2 G4

_&E 1 R+xI 3
5{?%(; 2( ))—(p-1)}

E(X /%, %000 X,) = - R+x - (7)
7(2 *( ' ')) (p-2)}
Similarly
,/E(R' R0y (p- 1)}4R,/§ ik X1)
E(x2/ %, %K, x)—
{ ( \/(' ))- (p- 2}
1 1116 1 R+X
- Iy e - 1 1 1
R1(4 35{3 (Z ( ))—(p-D}) o

E(X 1%y X0 X)) = TR

(Z i ')) (p-2)}

Substitute (7) and (8) in (6) we obtained the Condltlonal variance of the Multivariate conditional Wigner

distribution.
Theorem?2.7-If there are p=(g+k) random variables, such that g random variables X Xp Xo K X, conditionally

then the density function of Sam-Solai’s multivariate conditional

depends on the k varlablesx xw,wa X

Wigner distribution is
—(9)
@ 1/3(R'+X'>) @+ k- 03rO = [FEX
P 1 \2 4" L R\2T R
f(Xl X XK X /Xq+1 q+ 27 q+3K Xq+k)_ q+k
\/ ')) (k- D}

where ;. j-REXEHR p= q+k
Proof: Let the multivariate conditional law for q random variables X Xp XpK X, conditionally depends on the k

variables Xq+1'xq+2'xq+3'K X, is given as
F X X KX X1 K X 30K X))

0 X0 X KK X1 X 00X K K1) = f(x KxX.,)
q+k

q+1? q+2! q+3’

16 ox [1 R+ X e
R e R S
R+

f(xl’XZ'X KX /Xq+1‘ q+2? q+3’K Xq+k) +R+R, +Rp 16 q+k 1
QoK 3p(.-\/ (+ R 9)- (g+ k- 1)}(4)

GG 2R @k 1)}(3)63
p i=1 4
00X X KX T X 10 X 20 X s K X1 ) = 6 T
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p |q+1

where i j -REXEHR  p=qt+k
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I11.Constants of Sam-Soelai’s Multivariate Wigner Distribution
Theorem 3.1 The Marginal Co-variance and Population Correlation Co-efficient between the random variables

X, and X, is given as

COV (x,5)= - o
Proof: Let the product moment of the Sam-Solai’s multivariate Wigner distribution in terms of Co-variance

from the origin is given as

+R+R, TRy
COV(x, %)= O O K O XX (%, %, K X, )de
-R-R,  -R,
AN 1R*X 3,21 [LR-
COV (x,x,) = { ( “EZR)- (p- WO O 5= O o
7 0 0K 0 1,8 5 V07 R0
COV(x,%,)=-RR,/25
Correlation Co-¢fficient of a distribution is p(X,, X,) =COV (x, x,) / 0,0, ---- (11)
It observesthat s, = R /2and s,=R,/2 - (12)
From (10), (11) and (12), it follows that p(X,, X,) =—4/25 —---(13)

Remark3.1: The result can be generalized to the Co-variance and Correlation between the j"and jth random
variable are given as
COV(x,X,)= - RR,/25 —(14)
p(X, %) =—4125 where i |
Theorem 3.2: The Moment generating function of Sam-Solai’s Multivariate Wigner distribution is

M= G O (B RO R ) (- 1)
i=1 \"NY i=1 16(Rt)3/2 ((\/2_ terf \/_ 4\/_

where 1,(Rt.) is the modified Bessel function and erf (\/2R:t. ) is the error function.
Proof: Let the moment generating function of the Multivariate distribution is given as

- (15)

+R +R +R, o tixi
1R pog L
MXI,XZ,X&KXp(tl'tZ’tBK p) O b K (‘) e f(X1’X2’X K X )O dX

“R-R,  -Ry i=1

p
+R+R, *tRp g W

6. [[R+x
Mxl,xz,xgnyp(Hutzu 3K p) O O K¢ 0 el ' {_(a E(

-R-R,  -Ry R
From (16), it observes that

" X 2 2 2 2' (R ) -—

Ie m\”‘i‘xi %= )
o o 3 D= X 2R, —
j yry /5( )dx 16(R )3/2 (W2rz)e™erf ((J2Rt,) - 4Rt;) (18)

R
\/ZRI

erf (2Rt = j e dx, - (19)

From (16), (17), (18) and (19), it follows that

M )= O o D) 40— ). 1)
i=L \TY i=1 16(Rt)312((J_ ZR“eﬁJ_ 4\/_

By integration.
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Theorem 3.3: The Cumulant of the Moment generating function of the Sam-Solai’s Multivariate Wigner
distribution is

g R 21,(RE)/Rt
o K1) LS )+a|og( 3 e (R 48D +|og —L F )~ (20)

)t
6 (Rl i)3I2 i=1 3e ZRH
16(RI )m erf J 4J_

where | (Rt.) is the modified Bessel function and erf ((/2Rt, ) is the error function.

Proof: It is found from
Cxl,xz,x&K Xp (tl’tZ’tS,Ktp) = IOg(M X, X2 . X3K Xp (t1't2 't3,Ktp ))
Theorem 3.4: The Characteristic function of the Sam-Solai’s Multivariate Wigner distribution is

3 2 g | : . J 2] (R.t.)/R-t- _
fﬁ‘xzwxskxu (tl,tz,t3}<tp): (E)pq(iR.t.)i?/z ((E)ezwlerf (\)ZIRth)- 4 IR]tj)(-a_l 3k Rl l2Rt . )- (p- 1)) (21)
i1 IR "iaﬁ?$ﬁ«¢§ﬁe”wﬁ(ﬁmm)-4i&ﬁ)
it

where J, (R;t;) the Bessel is function and erf (, /ZiRjtj ) is the complex error function.
Proof: Let the characteristic function of a multivariate distribution is given as

+R+R, tRp ,ép i 2
fxlvxm‘pr thitt)= 0 0K oe™ X, %K xp)O dx;

-R-R  -R, j=1

+R+R,  *Rp ié‘: i 16 .° 1 R
f e, Wl tkt)= 0 0K o™ {L-@ ( J)) (p- DX )p J)dX
4%, X3 K Xp ti 13K P A ORZ _(gp 3p 1 QR 2 Rl

From (22), it observes that

R, _ 2 (R
% X2 dx; --- (23)
e R

i R. —x. —iRjt;
J‘ eltjxj 3 l( i J)de 3
B 4R\2T R 16(iR t;)

- (22)

—— ((\/_)e2|RJt’erf (JZIR )_4\/iRjtj) --- (24)
5

erf (J2iRt,)=— .[ e ijdxj --- (25)

From (22), (23), (24) and (25), it follows that

3 & ¢" , , ) 2L(Rt)/IRt
fxl,xz,xu(xp( btyt)= (E)pOl(lRt & ((@)QZRJ[Jerf (xIZIRJ'tj)' 4Ry )(a 2 1ZRJ — )- (p- 1)
= it i=1 iRit: . A
T R ((N2p)e"™iert ([2R ) 4fRE)
i

by integration.
IVV.Some Special Cases
Result 4.1: From (1) and if P= 1, then the Sam-Solai’s multivariate Wigner density of Kind-1 of Type-A is
reduced into product of the density function of uni-variate wigner semi-circle distributions.

Result 4.2: From (1) and if P=2, then the density of Sam-Solai’s Multivariate Wigner distribution was reduced
into

_16 1 RAx, 16 1 RAXy 33 T R-% 3 [1R-X _
f(Xsz)—{sﬂ 2CRr )+3ﬂ4/2( R, ) 1}4R1\/2( R )4R2\/2( R, ) (26)

Where b ¢y £+R -R£XE+R, R,R,>0
This is called Sam-Solai’s Bi-variate Wigner distribution of Kind-1 of Type-A

Result 4.3: From (2) and if P =2, then the Sam-Solai’s Bi-variate standard Wigner distribution and its density is
given as

£(2.2,) = {16 1+z 16 [1+z }(_\/1 zl)(g

Where S1E£Z,£+1-1£ 7,8 +1
This is called Sam-Solai’s Bi-variate standard Wigner distribution of Kind-1 of Type-A

—(27)
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Result 4.4: Below the diagram shows the Bi-variate probability surface and contour plot of the Sam-Solai’s Bi-
variate standard Wigner distribution are given.

Fl=Z, <+1 -1=Zy,<+1 py,=-016 Sl=Z=+1 -l=Z=+1 p,=-016

SR

IRy
P30SR R
£ 059690562055,
7558833
LIS
'I"%‘oé‘ﬁ‘
[JREARS

Ill SRR

Figi Fgd
Result 4.5: From (4) and if P=2, then the Sam-Solai’s Bi-variate Cumulative standard wigner distribution is
given as
1. Z (- Z7)+ arcsin(Z,) 1, % (1- Z7)+ arcsin(Z,)
_ 312 _ 32 =
F2,2)= @ 02 0 1) d +2 ] -3 — (28)
4 4 0@ (- 7)) 20 7,)%

7 ) (- 7 )

Result 4.6: Below the diagram shows the Bi-variate cumulative probability surface and Cumulative Contour
plot of the Sam-Solai’s Bi-variate cumulative standard Wigner distribution are given.

A=z, =+1 A=Z, =<+ 1 p;,=-016

=+1 A=Z x+1 p;;,=-016

= T
0.5 \% U 0.5 1
1= 0s o
1 Z,

Fig4

Result 4.7-Using the software Maple version 14, the table values from -0.9 to +0.9 with interval value 0.1 for
Sam-Solai’s bi-variate standard Wigner distribution are obtained. Area under the Sam-Solai’s Bi-variate Wigner
surfaces based on cumulative distribution function is given.

0.9 0.8 0.7 -0.6 -0.5 0.4 0.3 0.2 0.1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
-0.003 | -0.006 | -0.008 | -0.011 | -0.013 | -0.015 | -0.017 | -0.018 | -0.019 -0.02 -0.02 -0.02 -0.02 | -0.019 | -0.017 | -0.015 | -0.012 | -0.007 0.000

-0

<

48| -0.002 | -0.006 -0.01 | -0.013 | -0.016 | -0.019 | -0.021 | -0.023 | -0.024 | -0.025 | -0.025 | -0.024 | -0.023 -0.02 | -0.017 | -0.012 | -0.006 0.003 0.016

T 0.000 | -0.002 | -0.006 | -0.009 | -0.012 | -0.015 | -0.017 | -0.018 | -0.019 | -0.019 | -0.018 | -0.016 | -0.014 -0.01 | -0.004 | 0.003 | 0.012 | 0.025 | 0.044

L] 0.007 | 0.005 | 0.003 0.000 | -0.002 | -0.004 | -0.005 | -0.005 | -0.005 | -0.004 | -0.002 | 0.001 | 0.006 | 0.011 0.018 | 0.028 0.04 | 0.056 0.08

05| 0.0146 | 0.0158 | 0.0155 | 0.0149 | 0.0143 | 0.0141 | 0.0144 | 0.0153 | 0.017 | 0.0194 | 0.0229 | 0.0274 | 0.0333 | 0.0407 | 0.0499 | 0.0615 | 0.0761 | 0.0953 | 0.1227

4| 0.0246 | 0.0297 | 0.0323 | 0.0341 | 0.0358 | 0.0375 | 0.0397 | 0.0423 | 0.0457 | 0.0498 | 0.0549 | 0.0611 | 0.0687 | 0.0778 | 0.0889 | 0.1024 | 0.1193 | 0.141 | 0.1717

431 0.0365 | 0.0464 | 0.0527 | 0.0576 | 0.0619 | 0.0661 | 0.0705 | 0.0753 | 0.0806 | 0.0866 | 0.0935 | 0.1015 | 0.1108 | 0.1217 | 0.1345 | 0.1498 | 0.1685 | 0.1924 | 0.2256

421 0,0502 | 0.0657 | 0.0763 | 0.0848 | 0.0923 | 0.0994 | 0.1063 | 0.1135 | 0.121 | 0.1291 | 0.138 | 0.1478 | 0.1589 | 0.1714 | 0.1859 | 0.2028 | 0.2231 | 0.2486 | 0.2836

1| 0.0654 | 0.0873 | 0.1029 | 0.1155 | 0.1266 | 0.1368 | 0.1466 | 0.1564 | 0.1663 | 0.1766 | 0.1875 | 0.1993 | 0.2121 | 0.2262 | 0.2422 | 0.2605 | 0.2821 | 0.3087 | 0.3449

O 0.0821 | 01111 | 0.1321 | 0.1492 | 0.1642 | 0.1779 | 0.1909 | 0.2034 | 0.2159 | 0.2286 | 0.2416 | 0.2552 | 0.2698 | 0.2855 | 0.3028 | 0.3222 | 0.3447 | 0.3721 | 0.4087

G 0.0001 | 0.1368 | 0.1636 | 0.1856 | 0.2048 | 0.2223 | 0.2385 | 0.2541 | 0.2692 | 0.2843 | 0.2994 | 0.315 | 0.3312 | 0.3483 | 0.3668 | 0.3872 | 0.4103 | 0.438 | 0.4743

02100192 | 0164 | 0.1971 | 0.2243 | 0.248 | 0.2693 | 0.289 | 0.3077 | 0.3256 | 0.3431 | 0.3604 | 0.3778 | 0.3956 | 0.414 | 0.4335 | 0.4546 | 0.4781 | 0.5056 | 0.541

3100392 | 0.1926 | 0.2322 | 0.2648 | 0.2931 | 0.3185 | 0.3418 | 0.3636 | 0.3843 | 0.4043 | 0.4237 | 0.443 | 0.4623 | 0.4819 | 0.5022 | 0.5237 | 0.5472 | 0.5741 | 0.6081

L 0.16 0.2222 | 0.2686 | 0.3068 | 0.3398 | 0.3694 | 0.3963 | 0.4213 | 0.4448 | 0.4672 | 0.4887 | 0.5097 | 0.5304 | 0.551 0.572 | 0.5937 | 0.6169 | 0.6428 | 0.6747

05| 0.1813 | 0.2526 | 0.3058 | 0.3496 | 0.3875 | 0.4212 | 0.4518 | 048 | 0.5062 | 0.531 | 0.5545 | 0.5771 | 0.599 | 0.6205 | 0.6419 | 0.6636 | 0.6861 | 0.7106 | 0.7399

6| 0.2028 | 0.2832 | 0.3433 | 0.3928 | 0.4355 | 0.4733 | 0.5075 | 0.5388 | 0.5677 | 0.5947 | 0.6201 | 0.6442 | 0.6672 | 0.6893 | 0.7109 | 0.7323 | 0.7539 | 0.7767 | 0.8028

071 0.2242 | 0.3137 | 0.3806 | 0.4356 | 0.483 | 0.5249 | 0.5625 | 0.5967 | 0.6282 | 0.6573 | 0.6844 | 0.7097 | 0.7336 | 0.7562 | 0.7778 | 0.7986 | 0.8189 | 0.8395 | 0.8621

081 0.2451 | 0.3434 | 0.4168 | 0.4772 | 0.5291 | 0.5747 | 0.6156 | 0.6525 | 0.6863 | 0.7172 | 0.7458 | 0.7722 | 0.7967 | 0.8195 | 0.8408 | 0.8607 | 0.8795 | 0.8976 | 0.9161

091 0.265 | 0.3714 | 0.451 | 0.5162 | 0.5721 | 0.6212 | 0.6649 | 0.7043 | 0.7399 | 0.7724 | 0.8021 | 0.8293 | 0.8541 | 0.8768 | 0.8974 | 0.9162 | 0.9331 | 0.9484 | 0.9623
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Result 4.8: From (1) and if R, = R, then the Sam-Solai’s Multivariate wigner distribution of Kind-1 of Type-A
transformed into Multivariate one parameter Wigner distribution of Kind-1 of Type-A and its density is given as

(X X1 X o1 X (Z LRy (p- 1)}(—)PH 1 R=x, - (29)

where

it j -rRexe+rR R>0
Result 4.9: From (1) and if y; = - X, then the Sam-Solai’s Multivariate wigner distribution of Kind-1 of Type-
A transformed into Sam-solai’s Multivariate Wigner distribution of Kind-1 of Type-B and its density is given as

f(yl,yz,y3...,yp)={£(i %(%))_(p_l)}(%)pﬁ% l Ri+yi)

where

- (30)

i" ] -REY£+R R>0
Result 4.10: From (1) and ify, = e" | then the Sam-Solai’s Multivariate wigner distribution of Kind-1 of

Type-A transformed into Sam-solai’s Multivariate log- Wigner distribution of Kind-1 of Type-A and its density
is given as

F (VYo V5K L Y,) = {—( '/1 R '°gy')) (p- D} )poR 4/1 R- '°gy') - (31)

wherei1 Rgyged R>0
Result 4.11: From (2) and if y; = 1/ xi , then the Sam-Solai’s Multivariate Wigner distribution of Kind-1 of

Kind-1of Type-A transformed into Sam-solai’s Multivariate Inverse Wigner distribution of Kind-1 of Type-A
and its density is given as

(VoY Yoo,y (Z 1”;”)) (-3 )pH

1 Ry,)
RyI

- (32)

Wmmilj-]JR£m£+URi’R>O

V.Conclusion

The Sam-Solai’s generalization of multivariate Wigner distribution of Kind-1 of Type-A is having some
interesting features. At first, the marginal uni-variate distributions of the Sam-Solai’s Multivariate Wigner
distribution are uni-variate and enjoyed the symmetric property. Secondly, the standard correlation co-efficient
between any two circular variables found to be -0.16. Finally, the multivariate generalization of wigner’s semi-
circle distribution of Kind-1 of Type-A open the way for the transformation of the distribution into Multivariate
one parameter Wigner distribution of Kind-1 of Type-A, Multivariate Wigner distribution of Kind-1 of Type-B,
Multivariate log-Wigner distribution of Kind-1 of Type-A and Multivariate Inverse -Wigner distribution of
Kind-1 of Type-A.
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