IOSR Journal of Mathematics (IOSRIM)
ISSN: 2278-5728 Volume 1, Issue 5 (July-Aug 2012), PP 19-24
www.iosrjournals.org

A Strong Form of Lindelof Spaces

C.Duraisamy R.Vennila
“Department of Mathematics, Kongu Engineering College, Perundurai, Erode-638052
Department of Mathematics, SriGuru Institute of Technology,Varathaiyangar Palayam, Coimbatore-641110
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. Introduction And Preliminaries
Throughout this paper (X,t) and(Y,c)stand for topological spaces with no separation axioms

assumed, unless otherwise stated. Maki [3] introduced the notion of A -sets in topological spaces. A A -set is a
set A which is equal to its kernel, that is, to the intersection of all open supersets of A. Arenas et.al. [1]
Introduced and investigated the notion of A-closed sets by involving A -sets and closed sets. Let A be a subset
of a topological space (X,t). The closure and the interior of a set A is denoted by CI(A), Int(A) respectively. A
subset A of a topological space (X,t) is said to be A-closed [1] if A = BNC, where Biisa A-set and C is a
closed set of X. The complement of A-closed set is called A-open [1]. A point xeX in a topological space (X,t)
is said to be A-cluster point of A [2] if for every A-open set U of X containing x, AN U # ¢. The set of all

A-cluster points of A is called the A-closure of A and is denoted by Cl;(A) [2]. A point xeX is said to be the
A-interior point of A if there exists a A-open set U of X containing x such that Uz A. The set of all A-interior
points of A is said to be the A-interior of A and is denoted by Int,(A). A set A is A-closed (resp.A-open) if and
only if Cl,(A) = A (resp. Int,(A) = A) [2].

The family of all A-open (resp. A-closed) sets of X is denoted by AO(X) (resp. AC(X)). The family of
all A-open (resp. A-closed) sets of a space (X,t) containing the point xeX is denoted by LO(X, X) (resp. AC(X,
X)).

1. w-A-OPEN SETS
Definition 2.1: A subset A of a topological space X is said to be - A -open if for every X € A, there exists a

A -open subset U, € X containing x such that U, —A is countable. The complement of an @ - A -open

subset is said to be @ - A -closed.

Proposition 2.2: Every A -open set is @ - A -open. Converse not true.

Corollary 2.3: Every open set is @ - A -open, but not conversely.

Proof: Follows from the fact that every open set is A -open.

Lemma 2.4: For a subset of a topological space, both @ -openness and A -openness imply @ - A -openness.
Proof: (i) Assume A is w -open then, for each X € A, there is an open set containing x such that UX —Ais

countable. Since every open set is A -open, A is w -\ -open. (ii) Let A be @ - A -open. For each X € A, there
existsa A -openset U, = A suchthat X € U, and U, — A = @ .Therefore, A is w - A -open.

Example 2.5: Let X = {a, b, C}, T= {¢, {a}, X}, then {b} isw -open but not A -open (since X is a countable

set).
Example 2.6: Let X = R with the usual topology. Let A = Q be the set of all rational numbers. Then A is

A -open but it is not @ -open.
Lemma 2.7: A subset A of a topological space X is @ - A -open if and only if for every X € A, there exists
a’A -open subset U containing x and a countable subset C such that U —C < A.
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Proof: Let A be w-A-open andX € A, then there exists a A -open subset U, containing x such that
n(U, —A) is countable. LetC=U, —A=U,  "(X-A) . ThenU, —Cc A. Conversely, let
X € A Then there exists a A -open subset U , containing x and a countable subset C such thatU, —C < A.
Thus, U, —A < Cand U, — A iscountable.

Theorem 2.8: Let X be a topological space and C < X If C is A -closed, then C < K B for some
A -closed subset K and a countable subset B.

Proof: If C is A -closed, then X — CisA -open and hence for every X € X — C, there exists a A -open set U
containing X and a countable set B such that U-—Bc X-C. Thus
CcX-U-B)=X-(UnN(X-B))=X—-(UuB). LetK=X—-U. Then K is A -closed such
that Cc KUB.

Corollary 2.9 The intersection of an @ - A -open set with an open set is @ - A -open.

Question: Does there exist an example for the intersection of @ - A -open sets is @ - A -open?

Proposition 2.10: The union of any family of @ - A -open sets is @ - A -open.

Proof: If {Aa .a e A}is a collection of @ - A -open subsets of X, then for every X € UAa, xe A for

aelA

some ¥ € A. Hence there exists a A -open subset U of X containing x such that U—Ay is countable.

Now U — UAa cU-A_ andthus U— UAa is countable. Therefore, UAa is @ - A -open.

aeA aeA aeA

Definition 2.11: The union of all @ - A -open sets contained in A < X is called the @ - A -interior of A, and
is denoted by - Int, (A). The intersection of all @-\-closed sets of X containing A is called the

@ - A ~closure of A, and is denoted by @ - Cl , (A).

The proof of the following Theorems follows from the Definitions hence they are omitted.
Theorem 2.12: Let A and B be subsets of (X, T) . Then the following properties hold:

(i) - Int,(A) isthe largest - A -open subset of X contained in A
(i) Ais w-A-openifandonlyif A=w-Int,(A)
(iiiy w-Int,(w-Int,(A))=w-Int,(A)
(iv) If Ac B, then w-Int, (A) c w-Int, (B)
v) o-Int,(A)vw-Int,(B)cw-Int,(AUB)
i) w-Int,(ANB)cw-Int,;(A)nw-Int,(B) .
Theorem 2.13: Let A and B be subsets of (X, T) . Then the following properties hold:
(i) @-Cl, (A)isthe smallest @ -\ -closed subset of X contained in A;
(i) Ais w-A-closed ifand only if A = w-Cl, (A);
(iii)y @-Cl,(w-Cl,(A))=w-ClI, (A);
(iv) If Ac B, thenw-Cl, (A) c w-ClI,(B),
v) o-Cl,(AuB)=w-Cl,(A)uw-Cl,(B),
vi) @-Cl,(AnB)cw-Cl,(A)nw-Cl,(B).
Theorem 2.14: Let (X,T) be a topological space and A < X. A point X € w-Cl, (A) if and only if

UNA = ¢ forevery U € oA O(X,X) .
Theorem 2.15: Let (X, T) be a topological space and A < X. Then the following properties hold:

(i) o-Int,(X-A)=X—(w-Cl,(A))
(i) @-Cl,(X=A)=X—(w-Int,(A))
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Theorem 2.16: If each nonempty -A -open set of a topological space X is uncountable, then
w-Int, (A) < Int, (A) for each open set A of X.

Proof: Clearlyw - Cl, (A) = Cl, (A). On the other hand, letX € Cl, (A) and B be an @ - A -open subset
containing x. Then by Lemma 2.7, there exists a A -open set V containing x and a countable set C such
thatV—C =B . Thus (V-C)nAcBNA andso(VNA)-CcBNA.

Since X e VandXx € Cl,(A) , VA = ¢ and VN Ais A -open since V is A -open and A is open. By the
hypothesis each nonempty A -open set of a topological space X is uncountable and so is (VmA)—C.
Thus BN A is uncountable. Therefore, B ™ A # ¢ which means that X € @ - Cl, (A).

Corollary 2.17: If each nonemptyA -open set of a topological space X is uncountable, then
w - Int; (A) = Int, (A)for each closed set A of X.

Definition 2.18: A function f : X — Yis said to be quasi A -open if the image of each A -open set in X is
openinY.

Theorem 2.19: If f : X — Yis quasi A -open, then the image of an - A -open set of X is @ -openin Y.
Proof: Let f : X — Y be quasi A-open and W an - A -open subset of X. Lety € f(W) there exists
X € Wsuch that f(x)=y. Since W is -\ -open, there exists a A -open set U such that X € Uand is
countable. Since f is quasi A-open, f(U) is open in Y such thaty= f(x)e f(U)
and f (U)— f (W) cf (U - W) =f (C) is countable. Therefore, f (W) is A -openinY.

Definition 2.20: A collection {Ua o e A} of A -open sets in a topological space X is called a A -open cover

of a subset B of X if B {U,, : ax € Afholds.
Definition 2.21: A topological space X is said to be A - Lindelof if every A -open cover of X has a countable
subcover.

A subset A of a topological space X is said to be A - Lindelof relative to X if every cover of A by A -open sets
of X has a countable subcover.

Theorem 2.22: Every A - Lindelolf space is Lindelof.
Theorem 2.23: If X is a topological space such that every A -open subset is A -Lindelof relative to X, then
every subset is A -Lindelof relative to X.

Proof: Let B be an arbitrary subset of X and let {Ua :aeA} be A -open cover of B. Then the
family {Ua o e A} isa A -open cover of the A -open set\U {Ua ‘a e A} . Hence by hypothesis there is a

countable subfamily {U La; € N} which covers U {Ua ‘a e A}. This subfamily is also a cover of the set

B.
Theorem 2.24: Every A -closed subset of a A - Lindelof space X is A -Lindelof relative to X.

%

Proof: Let A be a A-closed subset of X and U be a cover of A by A-open subsets in X.
ThenU™ = Uu{X—A} is a A-open cover of X. Since X is A- Lindelof, U™ has a countable

subcover U™ for X. Now U™ — {X - A} is a countable subcover of U for A, so A is A - Lindelof relative

to X.
Theorem 2.25: For any topological space X, the following properties are equivalent:

(i) Xis A-Lindelof.
(i) Every A -open cover of X has a countable subcover.
Proof: (i) = (ii) : Let {Ua ‘ae A} be any cover of X by @ - A -open sets of X. For each X € X , there

exists a(X) €A suchthat Xe U, . Since U, (X) is @-\ -open, there exists a -open set V,(x) such

a

that X € V5 and U, ) =V, is countable. The family {Va(x) 1Xe X} isa A -open cover of X and X is

A-Lindelof. There exists a countable subset, say al(X),az(X) ..... an(X),... such  that
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X=UV

a(x;

yiie N} Now, we have X= U{(Va(xi) - Ua(xi))u Ua(xi)}

ieN
:[HVQ(XJ —Ua(xi)ju[iq Ua(xi)j . For each a(xi), Vi) =Yy is @ countable set and there

exists a countable subsetAa(Xi)of A such that Va(x,) - Ua(x) - U{Ua a e Aa(xi)}_ Therefore, we
have X < U{Ua ‘o e Aa(xi)} .

(if) = (i) : Since every A -open is @ - A -open, the proof is obvious.

1. w-A-CONTINUOUS FUNCTION
Definition 3.1: A function f : (X,1) — (Y, o) is said to be @ - A -continuous if the inverse image of every

open subset of Y is @ - A -open in X.
It is clear that every A -continuous function is - A -continuous but not conversely.
Example 3.2: Let X = {a, b, C}, T= {¢, {a}, X} and o= {¢, {a, C}, X}. Clearly the identity function
f 1 (X,1) > (X,0) is w -\ -continuous but not A -continuous.
Theorem 3.3: For a function f : (X, 1) — (Y, 6), the following statements are equivalent:

(i) fis @ -\ -continuous;

(i) For each point x in X and each open set F of Y such that f (X) e F ,thereisan w -\ -open set A in X

suchthatx e A, f(A)cF ;

(iii) The inverse image of each closed set of Y is w -A -closed in X;

(iv) For each subset A of X, f (a) -Cl, (A)) c CI( f (A));

(v) For each subset Bof Y, @ - Cli(f _1(B))c f*(Cl,(B));

(vi) For each subset Cof Y, f *(Int(C))c w- Inti(f ’1(C));
Proof: (i) = (ii) : Let x € X and F be an open set of Y containing f(X) By (@), f "l(F) is w -\ open in
X. Let A= f(F). Thenx e A and f(A)cF.
(if) = (i) : Let F be an open in Y and letX € f‘l(F). Then f(X)e F. By (ii), there is an w -\ -open
setU, inXsuchthatx € U, and f(U,)cF.Then xe U, < f *(F). Hence f *(F) is -\ -open in
X.
(i) <> (iii) : This follows due to the fact that for any subset B of Y, f (Y —B)= X — f *(B).
(iif) = (iv) :Let A be a subset of X. SinceAc f*(f(A)) we have Ac f (o, -CI(f(A)))
Now, CI(f(A)) is closed in Y and hencew-Cl,(A)< f*(CI(f(A))), for w-Cl(A) is the
smallest c - A -closed set containing A. Then f (- Cl, (A))c CI(f(A)).
(iv) = (iii) : Let F be any closed subset of Y. Then f (a)-CIA ( f "1(F))) c CI( f (f_l(F)))
c CI(F) = F .Therefore, o - Cli(f 71(F))C f (F) consequently, f *(F) is @ -\ -closed in X.
(iv) = (v): Let B be any subset of Y. Now, f(a) - Cll(f 71(B)))C Cl(f (f ’1(8))) c CI(B).
Consequently, @ - Cll(f N (B))C f(CI(B)).
(V)= (iv):Let B= f(A) where A is a subset of X. Then, w-Cl (A)cw- Cli(f _1(8))
< f*(CI(B))= f *(CI(f(A))).This shows that f (- Cl, (A)) = CI(f (A)).
()= (@v): Let C be any subset of Y. Clearly, f *(Int(C)) isw-A-open and we have
f *(Int(C)) c w- Intl(f 71(Int(C)))c - Inti(f 71(C))
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(vi)=(): Let B be an open set in Y. ThenInt(B)=B andf *(B)c f *(Int(B))
cCw- Intl(f ’l(B)). Hence we have f *(B)=w - Int,ﬂ(f ’1(8)) This shows that f ~(B) is @ - -open
in X.

Theorem 3.4: Let f : (X,1) = (Y, 6) be a @ - A -continuous surjective function. If X is A -Lindelof, then Y
is Lindelof.

Proof: Let {Va ‘aE A} be an open cover of Y. Then, {f 71(Va): aE A} isa @ - A -cover of X. Since X

is A-Lindelof, X has a countable subcover, say {f 71(V_)}?ilandVai e{Va:aeA} Hence

@i
{f - (Vai ): a e A} is a countable subcover of Y. Hence, Y is Lindelof.

Definition 3.5:[1] A function f : X — Y issaid to be A -continuous if the inverse image of each open subset
of Y is A -open in X.

Corollary 3.6: Let f : (X,7) = (Y, ) bea w -\ -continuous (or A -continuous) surjective function. If X is
A - Lindelof, then Y is Lindelof.

Definition 3.7: A function f : X — Y is said to be - A" -continuous if the inverse image of each A -open

subset of Y is @ - A -open in X.
The proof of the following Theorem is similar to Theorem 3.4 and hence omitted.

Theorem 3.8: Let f : (X,7) = (Y, ) bea w-A"-continuous surjective function. If X is A -Lindelof, then

Y is A -Lindelof.
Theorem 3.9: A w - A -closed subset of a A -Lindelof space X is A -Lindelof relative to X.

Proof: Let A be an @ -\ -closed subset of X. Let {Ua .a € A} be a cover of A by A -open sets of X. Now
for eachXxe X—A, there is a A-open set V,such thatV, MA is countable. Since
{Ua ‘ae A}u {VX xeX —A} isa A -open cover of X and X is A -Lindelof, there exists a countable
subcover {Uai e N}U {in e N}. Since U(in mA) is countable, so for each X; € u(VXi mA) :
ieN

there is Ua(xj) € {Ua ‘o A} such that X; €Uy and je N. Hence
u
is A -Lindelof relative to X.

Corollary 3.10: If a topological space X is A-Lindelof and A is w -closed (or A -closed), then A is
A - Lindelof relative to X.

Definition 3.11: A function f : X — Y is said to be A-closed if f (A) iscw-X-closed in Y for each

A -closed set A of X.

Theorem 3.12: If f : X — Y isan -\ -closed surjection such that f () is -Lindelof relative to X and
Y is A -Lindelof, then X is A -Lindelof.

Proof: Let {Ua ae A} be any A -open cover of X. Foreach Yy € Y, f *(y) is A -Lindelof relative to X

Q

e N}u {Ua(xj) je N} is a countable subcover of {U, :a € A} and it covers A. Therefore, A

and there exists a countable subset Al(y) of A such that f(y)cU{U, :aeA,(y)} . Now, we
putV(y)=Y - f (X —V(y)). Then, since fis @ - A -closed, V() isan @ - A -open set in Y containing y
such that f ‘1(V(y)) < U(y). Since V(y) isw - A -open, there exists a A -open set W(y) containing y such
that W(y) — V() is a countable set. For eachy € Y, we have W(y) (W(y) —V(y))uV(y) and
hence f (W(y)) = f H(W(y) - V(y))w fH(V(y)) = FHW(Y) - V(y))w U(y).

Since W(y) — V/(Y) is a countable set and f ™ (y) is A - Lindelof relative to X, there exists a countable set
Al(y) of A such that fH(W(y)-V(y))c u{Ua ‘o e Az(y)} and hence f ’1(W(y))
c(U{U, e A,(y)}) LU(y). since{W(y):y e Y} isa A-open cover of the A -Lindelof space Y,
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there exist countable points of Y, say Y;, Y,,...Y,...such that Y = u{W(yi) e N} . Therefore, we obtain

X:Uf_l(W(Yi)):U Uua i UUa :{Ua:aEAl(yi)UaEAZ(yi)1i€N}'

ieN ieN\ \ aea,(y;) ae(y;)
This shows that X is A -Lindelof.
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