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Abstract:Our aim of this paper is to find a Eulerian Integral and a main theorem based on the fractional
operator associated with generalized polynomial and a multivariable I-function having general arguments. The
theorem provides extension of various results. Some special cases are also given.
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l. Introduction
The Riemann- LiouviIIe operator of fractional integration R™f of order m is defined by

XDy ™ [f ()] = o (m) FO—0mLf).dt s @)
An equivalent form of Beta function is

pe-m Tl e=-0hdt = (=m) P TB@b) @
Where m,n € R (x<y),Re (a)>0, Re(b)>0

To prove the Eulerian integrals, we use the following formula.

[l =0y = 0P (it + q)P e (a4 )P dE = (v — ) P B(@,b). (01X + @) e (PRX +

qgh)elr
(h) . —O—x)p1 ——x)pn
X Fyla,—pg..—pp;a+b, rra . ]

Where F{" is Lauricella function

Where x,y ER (x<y) ;p; ,q; pj €eC(=1.... h)

| O=)p1 O=x)pn
min[R, (a),R.(b)] > 0 and max] 1x+q1| PhX+q1h|] <1
The integral representation of F[Eh) is defined as
I'(@).T(by) oo T(b)
e .FD( ) [a, | TR by, €, X1 wen v Xyl =
ioo io T(a+éq+-&p) T(h+E1) I'(b+&p)
(2mi)h f—iw o h e f—ioo T(c+E1++&p) ’F( a1) F( %h) X

(—xl)fl ...... (—xh)fh dé—l dfh

— a
Now (prt +a)* = (p + ) [1+522] = G+ ) 2R, [~ 1.0, 2]

xp+q ( ) xp+q
I'(A)T(B) i I A+g .F(B+g) g
since “H* 2F; [4,B,C; 2] = o f_ing) r(—g).(—Z) g
-, (pt+q)* =
X a ioo —x g
e s I 'r(-¢).T(g —a).{%} AC e, (5)

p,q,«€eC, x,teR and |arg( )| < m and path of integration is necessary in such a manner so as to separate

the poles of I’ (— g ) from those if T ( g - a).

Formula (3) , can be provided with the help of (2) , (4) and (5)
The generalized polynomial defined by Shrivastava[8] is as follows
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Mq....... M
Snprne [z ]
Ny Ny
[ /M1] [ /Mk] (_Nl)Mlal (_Nk)Mkak
= Z _________ Z o T2 B[Ny, aq, .. ... s N ag ] %% . X, %k
a1=0 ak=0
........................................................ 6)
Where, N; =0,1,2,...... Vi=(1...... k), Mj ... .. M, are arbitrary positive integers and the coefficients
B[Ny, ay, ... .. , Ny, a;] are arbitrary constants.
Here h is a positive integer and O......... 0 would mean h zeros.
1. MULTI-VARIABLE I-FUNCTION
It is defined and represented in the foIIowing manner:-
z ] — IOnz 013,004, ‘rnln1 ....... m@
g Y Tp2a2:03.03 oetr @y 10 g @
Ca L @) @)
U (a4, “2/)1p2 (a3js ez, “31) (“ri ’“rj'“rj)l,pr '(“j'“j)l',,'-------(“j % )wm
’ " " ‘n! @) ()
7, (b2 383 ﬁz,)lqz (B33 83)83;), i (8 ;ﬁrj.ﬁr,.)l'qr .(bj.ﬁj)l,q,.......(bj 8! )1.q(r>
13 &
= ( o]y B e B P(G) e §) 2y iz dE e dE
............................................... @)

H (" - (')é‘.)HF(l a® + o)
j=1

Where , ¢; (&)= and

U ra-bf)+ %) H r@f -af's)

+1 jn+1

j=

Hr(l a21+za(')§)HF(l a31+za(l)§) Hf(l a, +za(|)
HF(aZJ Z(Z iSi) Hr(a?)J Za(l)f) HF(a” Za(')

j=n,+1 j=ng+1 j=n,+1

1

HF(l b2,+2ﬁ“>§) HF(l b, +Zﬂ(')

(&)=

The convergence and other details of multivariable I-function, see Prasad[4].

Il Main Integral
The main Integral to be established here is

f(t— m)*~! (n =)~ 1{1_[(10, +4q; ”f}

1

C
l[xl (t —m)*1(n — )11} (pit + q;) )7 ]l |r zi(t—m)(n— t) Ao (et +q5) ]|
' | |

Sy Ny .1

| ' o '

Ay _ K h gj
(e =m0 It +0)" |z -m) " - 0 e +4)
N
W, il Z[M—',i] Nwray MM
1 al 0 ...... ak:0 ‘al ...... Iak .
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0,n2:0n3..0n+h+2:(m1n1)..(m ™ n),(1,0)..(1,0)
B[Nl,al,...,Nk,a’k].xlal...xk“k.Wz X I z 3 " ( ) (1 1 21’) @
P2.42:03.43-Pr +h+2,q-+h+1:(p1q1)..(p\",¢"),(0,1)..(0,1)

e e w o @) ) (' ') ((r) (r)) e
R: X1,X2rX3’(a2]azjrazj)l'pzf(%]“3}"‘131"13})1,1,3""(‘1”‘arf ....... ;10,00 1 G )y 14 )y

oan P ) " ) 5
R, (szﬁzjﬁzl-)l,qz,(b3jﬁ3j,B3j,ﬁ3j)l'q3,...(brj,ﬁrj....,ﬁr]. 0,...0) X4,X5,(bj,ﬁj)1lq1...(bj B )1'q(r),(o,1)...(o,1)

Lqr
.................... (8)
Where W, = (n —m)*+t-1 {H;‘zl(pjm +q;)"}
A+ e a . ®
: : ot kG
W, = (n—m)™" Hod H(P;m+q;)2f:”f “
j=1
X1=[1—a—2f-‘:1 A @ 5 Vi e Yra...1]
k
XZ_[l_b_Z‘ui'ai’Tl ...... TTO ....... Ol
i=1
k
X; = 1+p]+z . ;G001 0
i=1
1,h
k
Xy = |1+ p; +Z 6. G G700
i=1 1,h
Xs=[l—a-b=3%; G+ ;yi+7T . Anyp + T, 1001]
Z(n —m)yl”l/ 1
H?:l(ij +q,)
Ry = .
Z,(n-m)"* %,
h P
[Ii-1(pym +q;)7
(n—m)p,
P1m_+‘h
R, = {
(n —m)py
prm+q,
The following are the conditions of validity of integral (8)
1) mneR (m<n), yl-,Ti;cj(i),/li,ui,aj(i)eRJr,pjeR p;,q€C,zeC(i=1.... r,j=1....h)
[ (n-m) pj 1
2) maXx| [— <1
p® . p® .
3) R, [a + ¥y ? >0,j=1..mY,R, [b +X T, # >0,j=1...m®
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4) |arg(zi) ]'[thl(pj +q;)79| < T‘Tn m<t<mn,i=1.... )
Where
n® p® m® q® ny P2
— @ _ @ @ _ @) @ _ @
=S S 0 S S e (Fap- $ o
j=1 j:n(i)+1 j=1 j:m(i)+1 j=1 j=np+1
n3 p3 ny Pr
@) @ @ ®
+ Z"‘%‘l - Z ay” |+t Z“’fl - Z @
=1 j=nz+1 =1 j=n,+1
a2 a3 ar
(D O+ B0kt Y B0
j=1 j=1 j=1
1. PROOF

In order to prove integral (8),expand multivariable I-function in terms of mellin-Barnes type of contour
integral by (7) , generalized polynomial by(6).Now interchanging the order of summation and integration
(which is permissible under the conditions of validity stated above) , We get the following form:-

N
[Nl/Ml] [ k/Mk]( N (=N,
Z '1aM1a1 ...... lkaMkak B[N;ay, ... .., Nyay] . %1 ... .. x;, %k
a1=0 ap=0 T Tk

1y n .
X(—) f ...... f 01(8)) e Br(E) 235 o LS f(t—m)a+z‘.}‘=1xiai+zs=1v5¢5—1_(n
Ly m

L1

h .
k vk _ +Z}{= G.(l)ai—Z§= c.(s)és
— P D Eea T 5 H(pjt+q]—)pi a YT At pdg e dg,

j=1
Now using the formula (3) for inner integral i.e,
[ =0 (= 0P L (it + q1)P e (pyt + )P dt =
y-xa+b—-1.5ab.(plr+glel...... whx+gr)en XFP(7) a—pl..—ph ;a+o ,
—y—xplplx+qgl...... —y—xXphphx+qgh o )
And converting the Lauricella function F, in integral form from equation (4) and after
simplification,we get the required result:

V. SPACIAL CASES:-
lLifwesety; =0=--=y.and }; =0 =--- = 4, the integral (8) reduces to

n h
Je-mer -] [we+a)”
m j=1

_ h 1 T h ]

1 T -}

xl(n—t)"l.l |(pjt+qj)aj z1(n —t) 1-| |(p,-t+q,-) v
j=1 j=1

My My

SNl....Nk N
! . h
A T -/
xk(n—t)“"-ﬂ(l’quj)a’ zy(n—t) T-l—[(pjt+qj) !
- ! j=1 11 j=1 :
N1
= El Zalvilz() ......
] (=N
Z Mk 1Mg81 ... KM e .B[Nl,al, ...,Nk, O-’k]-xlal---xkuk-EZ X

aj=0 laq lay
IO,nz:O,n3 ..0n,+h +2:(m1,n1)...(m (T),n(r)),(l,o)...(l,o)
P2,92:93,93 - Pr+h+2,q,+h +1:(p 1,q 1)...(p (T),q (7)),(0,1)...(0,1)

www.iosrjournals.org 8 | Page



Fractional Integrals Involving Generalized Polynomials And Multivariable Function

A1,42,A ,(a s »,a”-) .(a ‘o ‘.a”‘.am») ....(a -.a'» ....... cx(- ) O) ,ai.at ...(a@,a@) e
L1‘ 1A2 AN 2 X2)uy) ), A3 X303 35 ) ) oo\ o 7j 1, @ 1p 1 )

L 'l gl g g Y @) 5
2 (szﬁzj,ﬁzj)l'qz,(b3jﬁ3j,ﬁ3j,ﬁ3j)1,q3,...(brj,Brj....,Brj ,0,.....0)1'qrA4,A5,(bj.ﬁj)l'ql...(bj B )1,q<r)‘(0‘1)'"(0’1)

Where, W; = (n —m)*** = {[]'_, (p;m + q)"}

714

)
I
~
S
I
g
™M
=
Il
S
=
&
—1-
—~
3
+
=2
—
™M
=
Il
S
o
2

i=1
k
_ ® 1 )] j
Az = 1+p]+20] al,C] ...... C] ,0... ... 1 O]
i=1 1,h

Zi(n —m)%1 .
IT_,(pym + ;)
L = { '
Zr(n - m)G/
h ™
[[[oi(pm+q;)7
(n —m)p;
P1m_+CI1
L, =
(n —m)py
prmtqp
2.Forgg =0=--= and u; = 0 = -+, the integral (8) reduces to

n h
f(t —m)* 1 (n—t)L. n(p,- + q,)”f}
m j=1

|[x1(t —m)™ ?=1(Pjt + qj)o"lll [2,(c —my H,}-_L=1(P,-t + qj)_le-I .
Smlk | ! ,1| !: I'(b)F, Zaﬂii]o ......
L (¢ = m)™ Ty (pye + qj)J’kJ Lz (¢ = m)" TI_i (st + qj)_C;J
N
Z‘[‘Z_]l;]o (—Ni,:,lal ______ (_N];;I:kak B[Ny, @y, o, Ny, ] 2,1 ... %, %% Fy X

IO,nz:O,n3 ...O,nr+h+1:(m1,n1)...(m <T),n(r)),(1,o)...(1,0)
P2,92:93,93 -Pr+h+1,q, +h+1:(p 1,q 1)...(p (T),q (7)),(0,1)...(0,1)
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' " ' " " r (T) ' r (.’,) (T') . . .
BerZf(aZj“Zj'aZj)l,pz'(”'31'a3j'a3j'a3j)1'p3""(arj'arj ....... arj ,O,......O)Lpr,(aj,aj)1’p1...(aj ,aj ),——,——,——Q1
’ " ’ " " ’ (T) ’ ’ (T) (T)
(023821 827), (031 B3B38 ) g (e By sy 0,00),  XaKsij By g1-(07 87 ) 0D 1) @2

Where, F; = (n —m)*** " {[1/_,(p;m + q;)"' }

h
k I I K o® q
F,= (n— m)2i=1’1i“i . (pjm + qj)Zz—llfj a
j=1

- k
By =|1+p; +Z V. ; G ....C7,0 ol
I i=1 Lh
k
B,=[1—-a—-b- A 5 Vi e 7% N |
i=1
Zi(n—m)"n
h cf
io(pm+q;)7
Q1 = 1
Z,(n— m)}’r
- 0
joi(pym+q;)7
(n —m)p,
pim+q
Q2 = _
(n —m)py
prm+qy

3 When; =0==0 =0=y =y and; =0=y;, (=1

...... k) , then integral (8) reduces to

n h
-1 b1 )] Pj
J(t —m)a (n — )01, “—[(p,- +4q;)
m j=1
1 1-
h 9; h =<
[’ﬁ Hj=1(ij+q]') ]} [21 Hj:l(pjt-l_qj) /
. . N1
My oMy, ] [ _ [M_1
SN1 ...... Ny N =T(b)G, Zm:o ......
h ij h -
Xk Hj:l(pjt+qj) Zy j=1(pjt+qj) |
Nk]
[M_ (=N1)m (=Niu
Zakk:O !a11a1 ...... !ak"a" B[Ny, ay, ..., Ny, ;). %, %1 ..., % . G X
IO,nZ:O,n3...O,nr+h+1:(m1,n1)...(m(r),n(r)),(l,o)...(1,0)
pz,qZ:p3,q3...pr+h+1,qr+h+1:(p1,q1)...(p(T),q(r)),(O,l)...(O,l)
C S , ™ o o @ .
Rl Dl’DZ’(aziazf'azf)l,pz’(a?’ja3i‘a3f‘a3j)1'p3""(ari S ar; '0"""'0)1_pr'(af'af)l.Pl"'(ajr ‘ajr )1_p(1’)‘__‘__'__
' g togu g o ® oy (p) g
R, (szﬁzl.,ﬁzl.)l,qz,(b3/ﬁ3j,ﬁ3j,ﬁ3j)1'q3,...(b,j Brj B ,0,.....0)1’qu3,X4,(bj,ﬁj)___(bjr 8 )1,q(’)'(0'1)"'(0'1)
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Where, G; = (n —m)*** " {[T}_,(p;m + q;)"/ }

k .
G2 = H(p}m+q] ll] 'L

.

D,=|1-a0....0,1....... 1]
k

D, = 1+pj+z .a, ;¢ ....¢70...1 ol
i=1 1,h
k

D; = 1+pj+z Jj(i) a ; G .Cj(r),O Ol
i=1 1,h

1
(2, .T1}=i(pym + q;)

R, = .
kZ h c,(r)
iz (pym + g;)7
((n —m)p;
p1m.+q1
R2 =
| (n—m)p,
ppm+q,

V. MAIN_THEOREM
Let () = (e =m)* " {TTa(pyt + g )”f}
h

i 4
x, (t —m)M n(p,t+q,) g z(t —m)" H(Pjt+qi) K
j=1 j=1

M1My,
SNlNk . v

h
xk(t—m) g H(P,H'q} 2z (t —m)"* H(pjt+q,-)_
I j=1

Then, ,,D;* (f )} = o5 - Jn & =D~ : f(t)dt

WD O] s S =m0 T 1(p]t+q,)”f}

h h

ol et

a-—mh [ {oe+a)? | |ac-—mn [Jee+e)™
j=1 j=1

Mq..M
SNll...Nkk ’ .

h h

k —T
X, (¢ —m)* H(Pjt +q;)7 |z —m)r H(ij +q,) "
| j=1 _ L j=1 B
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[t
— Mq
= 12a1=0 ......
Nk]
[Mk (=N1m1a;q (=NidMjay
Zak:O PR o .B[N;,ay, .., Nip, g ] 201 e L, X

IO,nZ:O,n3 .0n, +h+1:(m1,n1)...(m (T),n(r)),(1,o)...(1,o)
P2,42:03,93-Pr+h+1,q,+h+1:(p1,q1)..(p (F (r)),(O,l)...(O,l)

P~ Cw ' ) ro @ @) e
Kl Hl,HZ,(azjazj,azj),(a3j.a3]-.a3]-,a3j)1'p3...-(arj.ar]- ....... ay; ’0"""'0)1'”’(‘1]'“1')1,101"'(aj a; )1,p(7)'__' ’

’ " ’ " " ' (T) ' ' (T') (T')
K, (sz./;zl.,ﬁzl.)l'qz,(b”,ﬁy,;;3],,;;31,)1%,...(1;“,ﬁrj....,ﬁrj ,0,.....0)1'qu3.H4.(bj.ﬁj)llql...(bj B; )1'q(r).(o.1)...(o.1)

Where, G; = (y —m)*** " {[]'_,(p;m + q;)"7 }

h
L Z{L U‘(i)-ai
Gy = (y —m)Zi=1hic | |(ij+q]') H
j=1

- k
H, = 1—a—z i 5 Vi Yrdo 1]

i=1

i=1
Zy(y —mn

o, (pym + q}')c"l
K = | '
Z.(y —m)"
®
H]h=1(ij + q}')c’
(y —m)p,
pym+q;
K, = '
y —m)py
prmtqy

Conditions of validity of the theorem are the same as stated in Eulerian Integral.

Special case
By specializing the various parameters, we get some known and unknown results.

Refrences

[1]. Y.N. Prasad , Multivariable I-Function, Vijnana Parishad Anusandhan Patrika 29(1986) 231 — 235.

[2]. H. M. Shrivastava and M A Hussain, Fractional integration of the H-Function of several variable, compute, Math, April
30(1995),73-85.

[3]. V.B.L Chaurasia and V.K Singhal,Fractional integration of certain special functions, Tamkang J.Math.35(2004),13-22.

[4]. A.P.Prudnikov,Yu.A. Brychkov and O.l.Marichev,Integrals and series,\Vol.l,Elementary Functions,Gordon and Breach,Newyork-
London-Paris-Montreux-Tokyo,1986.

[5]. M. Saigo and R.K.Saxena ,Unified fractional integral formula for the multivariable H-function,J.Fract.Calc.15 (19999),91-107.

[6]. R.K. Saxena and K.Nishimoto,Fractional integral formula for the H-function,J.Fract.Calc. 13 (1994),65-74.

[7]. R.K. Saxena and M. Saigo, Fractional integral formula for the H-function II,J.Fract.Calc. 6 (1994),37-41.

[8]. H.M.Srivastava and M.C.Daoust,Certain generalized Neumann expansions associated with the Kampe de Feriet
function,Nederl. Acad.We-tench.Indag.Math. 31 (1969),449-457.

[9]. H.M. Srivastava , K.C. Gupta and S.P. Goyal,The H-functions of One and Two Variables with Applications,South Asian

Publishers,New Delhi-Madras,1982.

www.iosrjournals.org 12 | Page



