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I. Introduction 
The Riemann-Liouville operator of fractional integration R

m
f of order m is defined by 

𝑥𝐷𝑦
−𝑚  𝑓 𝑦  =

1

Γ m 
   𝑦 − 𝑡 𝑚−1. 𝑓 𝑡 . 𝑑𝑡

𝑦

𝑥
                            ………………………………………………. (1) 

 

An equivalent form of Beta function is 

 

 
 𝑡 − 𝑚 𝑎−1.  𝑛 − 𝑡 𝑏−1 . 𝑑𝑡 =  𝑛 − 𝑚 𝑎+𝑏−1𝐵 𝑎, 𝑏 

 

𝑛

𝑚
        ……………………………………………….. (2) 

Where m,nR (x<y),Re (a)>0 , Re(b)>0  

To prove the Eulerian integrals, we use the following formula. 

 

 (𝑡 − 𝑥)𝑎−1. (𝑦 − 𝑡)𝑏−1 . (𝑝1𝑡 + 𝑞1)𝜌1 … . . (𝑝ℎ𝑡 + 𝑞ℎ )𝜌ℎ  𝑑𝑡 =  𝑦 − 𝑥 𝑎+𝑏−1. 𝐵 𝑎, 𝑏 . (𝑝1𝑥 + 𝑞1)𝑒1 …… (𝑝ℎ𝑥 +
𝑦

𝑥

𝑞ℎ)𝑒ℎ  

× 𝐹𝐷
(ℎ)

 [𝑎, −𝜌1 … . . −𝜌ℎ  ; 𝑎 + 𝑏 ,
− 𝑦−𝑥 𝜌1

𝑝1𝑥+𝑞1
… …

− 𝑦−𝑥 𝜌ℎ

𝑝ℎ𝑥+𝑞ℎ
]             …………………………………………….  (3) 

 

Where 𝐹𝐷
 ℎ 

  is Lauricella function  

 

Where x , y ∈ R (x<y) ; 𝑝𝑗  , 𝑞𝑗  𝜌𝑗  𝜖 𝐶  𝑗 = 1 … …ℎ  

min 𝑅𝑒 𝑎 , 𝑅𝑒 𝑏  > 0 𝑎𝑛𝑑 max⁡[ 
 𝑦−𝑥 𝜌1

𝑃1𝑥+𝑞1
 , …… . .  

 𝑦−𝑥 𝜌ℎ

𝑃ℎ𝑥+𝑞1ℎ
 ] <1 

 

The integral representation of  𝐹𝐷
 ℎ 

 is defined as 

 
Γ 𝑎 . Γ 𝑏1 …… …… Γ 𝑏ℎ 

 Γ c 
 . 𝐹𝐷

 ℎ 
  a, b1 …… … bh , c, x1 …… xh = 

 
1

(2πi)h   hi∞

−i∞
  

Γ 𝑎+𝜉1+⋯𝜉ℎ  .Γ 𝑏+𝜉1 …………Γ(𝑏+𝜉ℎ )

Γ(c+𝜉1+⋯𝜉ℎ )
 , Γ −ξ

1
 … . . Γ −ξ

h
  

i∞

−i∞
 ×

 (−𝑥1)𝜉1 …… (−𝑥ℎ)𝜉ℎ  𝑑𝜉1 … . . 𝑑𝜉ℎ                                     

 

Now (𝑝1𝑡 + 𝑞)𝛼 =  (𝑥𝑝 + 𝑞)𝛼  .  1 +
𝑝(𝑡−𝑥)

𝑥𝑝 +𝑞
 
𝛼

=  (𝑥𝑝 + 𝑞)𝛼  .2𝐹1  −𝛼 ,1,1,
−𝑝(𝑡−𝑥)

𝑥𝑝 +𝑞
   

Since 
Γ A .Γ(B)

Γ(𝑐)
 .2𝐹1  𝐴, 𝐵, 𝐶; 𝑍 =  

1

2πi
   

Γ A+  .Γ(B+ )

Γ(𝑐+ )
 

𝑖∞

−𝑖∞
Γ  −  .  −𝑍 


𝑑  

∴ , (𝑝𝑡 + 𝑞)𝛼 =

 
(𝑥𝑝+𝑞)𝛼

Γ(−𝛼)
 

1

2πi
   Γ  –   .  Γ ( −

𝑖∞

−𝑖∞
𝛼) .  

𝑝(𝑡−𝑥)

𝑥𝑝 +𝑞
 


 𝑑
                  

…………………………………(5) 

 p, q, 𝛼𝜖𝐶,   𝑥, 𝑡𝜖𝑅 and  arg  
𝑝

𝑥𝑝 +𝑞
  <  𝜋 and path of integration is necessary in such a manner so as to separate 

the poles of Γ  −   from those if Γ   − 𝛼 . 

Formula (3) , can be provided with the help of (2) , (4) and (5) 

The generalized polynomial defined by Shrivastava[8] is as follows  
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𝑆𝑁1……..𝑁𝑘

𝑀1…….𝑀𝑘   𝑥1 …… … . 𝑥𝑘  

=   … ……

 
𝑁1

𝑀1
  

𝛼1=0

    

(−𝑁1)
11M

∟𝛼1

 
𝑁𝑘

𝑀𝑘
  

𝛼𝑘=0

…

(−𝑁𝑘)
kkM 

∟𝛼𝑘

 𝐵 𝑁1, 𝛼1 , …… , 𝑁𝑘 , 𝛼𝑘   𝑥1
𝛼1 … …𝑥𝑘

𝛼𝑘  

                  ………………………………………………..(6) 

 

Where, 𝑁𝑖 = 0,1,2, ……  ∀ 𝑖 =  1 … …… 𝑘 , 𝑀1 … …𝑀𝑘  are arbitrary positive integers and the coefficients 

𝐵 𝑁1 , 𝛼1, …… , 𝑁𝑘 , 𝛼𝑘  are arbitrary constants. 

Here h is a positive integer and 0……… 0 would mean h zeros. 

 
II. MULTI-VARIABLE I-FUNCTION 

It is defined and represented in the following manner:- 

𝐼 𝑧1 … … 𝑧1 = 𝐼
𝑝2 ,𝑞2: 𝑝3 ,𝑞3  ,…..,𝑝𝑟 ,𝑞𝑟  ,𝑝1 ,𝑞1…….𝑝 𝑟 ,𝑞 𝑟   

0,𝑛2: 0,𝑛3  ,……,0,𝑛𝑟  ,𝑚1 ,𝑛1…….𝑚  𝑟 ,𝑛 𝑟 

 

  
𝑍1

.
𝑍𝑟

  |
  𝑏2𝑗  ; 𝛽2𝑗

′ ,𝛽2𝑗
′′  

1,𝑞2
:  𝛽3𝑗  ; 𝛽3𝑗

′ ,𝛽3𝑗
′′  

1,𝑞3…….
  𝛽𝑟𝑗  ; 𝛽𝑟𝑗

′ ,𝛽𝑟𝑗
′′  

1,𝑞𝑟
 , 𝑏𝑗

′ ,𝛽𝑗
′  

1′𝑞 ′
……. 𝑏𝑗

 𝑟 
,𝛽𝑗

 𝑟 
 

1,𝑞 𝑟 

  𝑎2𝑗  ; 𝛼2𝑗
′ ,𝛼2𝑗

′′  
1,𝑝2

:  𝑎3𝑗  ; 𝛼3𝑗
′ ,𝛼3𝑗

′′  
1,𝑝3…….

  𝑎𝑟𝑗  ; 𝛼𝑟𝑗
′ ,𝛼𝑟𝑗

′′  
1,𝑝𝑟

 , 𝑎𝑗
′ ,𝛼𝑗

′  
1′𝑝 ′

……. 𝑎𝑗
 𝑟 

,𝛼𝑗
 𝑟 

 
1,𝑝 𝑟 

   

= 








2

1
r

 .  
𝐿1

… . .  
𝐿1

 ∅ 𝜉1 … …∅ 𝜉𝑟 . Ψ ξ
1
…… ξ

r
 . z1

ξ1 … … zr

ξr  dξ
1
… …  dξ

r
 

                ………………………………………..(7) 

Where , 𝜙i (𝜉i)= 

 

 

 

 





i

i

i

i

i i

q

mj

p

nj

i
i

j
i
ji

i
j

i
j

m

j

n

j
i

i
j

i
ji

i
j

i
j

ab

ab

1 1

)()()()(

1 1

)()()()(

)(

)(

)(

)()1(

)1()(





and 

 

  

   

   

  

   

   











2

2

2

3

3

2 3

1 1 1

)(
2

1

)(

22

1 1 1 1

)(
3

1

)(

33

2

1

)(

22

1 1 1 1

)(
3

1

)(

33

2

1

)(

22

1

)1()...1(

1

)()...()(

)1()...1()1(

...

q

j

q

j

r

i

i

i

rjrj

i

i

i

jj

p

nj

p

nj

p

nj

r

i

i

i

rjrj

i

i

i

jj

i

i

i

jj

n

j

n

j

n

j

r

i

i

i

rjrj

i

i

i

jj

i

i

i

jj

r

r

r

r

r

bb

aaa

aaa









 

 

 The convergence and other details of multivariable I-function, see Prasad[4]. 

 

II Main Integral 

The main Integral to be established here is 

  𝑡 − 𝑚 𝑎−1

𝑛

𝑚

 𝑛 − 𝑡 𝑏−1.    𝑝𝑗 + 𝑞𝑗  
𝜌𝑗

ℎ

𝑗 =1

   

𝑆𝑁1…..𝑁𝑘

𝑀1….𝑀𝑘  

 
 
 
 
 
 𝑥1 𝑡 − 𝑚 𝜆1 𝑛 − 𝑡 𝜇1 .   𝑝𝑗 𝑡 + 𝑞𝑗  

𝜍𝑗
1

ℎ
𝑗 =1

.

.

.

𝑥𝑘 𝑡 − 𝑚 𝜆𝑘  𝑛 − 𝑡 𝜇𝑘 .   𝑝𝑗 𝑡 + 𝑞𝑗  
𝜍𝑗

𝑘
ℎ
𝑗 =1  

 
 
 
 
 

 . 𝐼

 
 
 
 
 
 
 𝑧1 𝑡 − 𝑚 𝛾1 𝑛 − 𝑡 


1 .   𝑝𝑗 𝑡 + 𝑞𝑗  

−𝑐𝑗
1

ℎ
𝑗 =1

.

.

.

𝑧𝑟 𝑡 − 𝑚 r  𝑛 − 𝑡 


𝑟 .   𝑝𝑗 𝑡 + 𝑞𝑗  
−𝑐𝑗

𝑟
ℎ
𝑗 =1  

 
 
 
 
 
 

𝑑𝑡 =

𝑊1  … …
 
𝑁1
𝑀1

 

𝛼1=0    
 −𝑁1 𝑀1𝛼1

!𝛼1
… …

 −𝑁𝑘  𝑀𝑘𝛼𝑘

!𝛼𝑘

 
𝑁𝑘
𝑀𝑘

 

𝛼𝑘=0  . 
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𝐵 𝑁1 , 𝛼1, … , 𝑁𝑘 , 𝛼𝑘 . 𝑥1
𝛼1 …𝑥𝑘

𝛼𝑘 . 𝑊2 × 𝐼
𝑝2 ,𝑞2:𝑝3 ,𝑞3…𝑝𝑟+ℎ+2,𝑞𝑟+ℎ+1: 𝑝1 ,𝑞1 … 𝑝 𝑟 ,𝑞 𝑟  , 0,1 … 0,1 

0,𝑛2:0,𝑛3…0,𝑛𝑟+ℎ+2∶ 𝑚1 ,𝑛1 … 𝑚  𝑟 ,𝑛 𝑟  , 1,0 … 1,0 
  

 

𝑅 1

𝑅2

  
 𝑏2𝑗𝛽2𝑗

′ ,𝛽2𝑗
′′  

1,𝑞2
, 𝑏3𝑗𝛽3𝑗

′ ,𝛽3𝑗
′′ ,𝛽3𝑗

′′′  
1,𝑞3

,… 𝑏𝑟𝑗 ,𝛽𝑟𝑗
′ ….,𝛽𝑟𝑗

(𝑟)
,0,…..0 

1,𝑞𝑟

𝑋4 ,𝑋5 ,(𝑏𝑗
′ ,𝛽𝑗

′ )
1,𝑞1… 𝑏𝑗

 𝑟 
,𝛽𝑗

 𝑟 
 

1,𝑞 𝑟 , 0,1 …(0,1) 

𝑋1 ,𝑋2 ,𝑋3 , 𝑎2𝑗 𝛼2𝑗
′ ,𝛼2𝑗

′′  
1,𝑝2

, 𝑎3𝑗𝛼3𝑗
′ ,𝛼3𝑗

′′ ,𝛼3𝑗
′′′  

1,𝑝3
,… 𝑎𝑟𝑗 ,𝛼𝑟𝑗

′ ……,𝛼𝑟𝑗
 𝑟 

,0,……0 
1,𝑝𝑟

, 𝑎𝑗
′ ,𝛼𝑗

′  
1,𝑝1… 𝑎𝑗

 𝑟 
,𝛼𝑗

 𝑟 
 

1,𝑝 𝑟 ;−−;−−;−−

     

                       

                        ………………..(8) 

Where 𝑊1 = (𝑛 − 𝑚)𝑎+𝑏−1   (𝑝𝑗𝑚 + 𝑞𝑗 )𝑝𝑗ℎ
𝑗 =1   

 

𝑊2 =  (𝑛 − 𝑚)
 ( ii   ) i

𝑘
𝑖=1  .    (𝑝𝑗𝑚 + 𝑞𝑗 )

 𝜍𝑗
(𝑖)

 .𝛼𝑖
𝑘
𝑖=1

ℎ

𝑗 =1

  

 

𝑋1 = [1 − 𝑎 −   𝜆𝑖 . 𝛼𝑖   ;  𝛾𝑖
𝑘
𝑖=1 …… 𝛾𝑟  ,1…….1]  

 

 

𝑋2 =  1 − 𝑏 −   𝜇𝑖 . 𝛼𝑖   ;  
1

𝑘

𝑖=1

… … 
𝑟  ,0…….0

  

 

𝑋3 =  1 + 𝜌𝑗 +   𝜍𝑗
(𝑖)

. 𝛼𝑖   ;  𝐶𝑗
1

𝑘

𝑖=1

… … 𝐶𝑗
(𝑟)

, 0 ……

j

1 …… .0 

1,ℎ

 

 

𝑋4 =  1 + 𝜌𝑗 +   𝜍𝑗
(𝑖)

. 𝛼𝑖   ;  𝐶𝑗
1

𝑘

𝑖=1

…… 𝐶𝑗
(𝑟)

, 0 … …… … .0 

1,ℎ

 

𝑋5 = [1 − 𝑎 − 𝑏 −    𝜆𝑖 + 𝜇𝑖 . 𝛼𝑖   ;  𝛾1 + 
1

𝑘
𝑖=1 … …  ,1 …… . 𝛾𝑟 + 

𝑟
, 1….1] 

 

𝑅1 =  

 
 
 
 
 

 
 
 
 𝑍1(𝑛 − 𝑚)

𝛾1+
1

 (𝑝𝑗𝑚 + 𝑞𝑗 )𝑐𝑗
1

ℎ
𝑗=1

 

.

.

𝑍𝑟(𝑛 − 𝑚)
𝛾𝑟 +

𝑟

 (𝑝𝑗𝑚 + 𝑞𝑗 )
𝑐
𝑗
(𝑟)

ℎ
𝑗=1

 

     

 

𝑅2 =  

 
 
 

 
 

(𝑛 − 𝑚)𝑝1

𝑝1𝑚+𝑞1.

.
(𝑛 − 𝑚)𝑝ℎ

𝑝ℎ𝑚+𝑞ℎ

  

 

The following are the conditions of validity of integral (8) 

1) 𝑚, 𝑛 𝜖 𝑅  𝑚 < 𝑛 , 𝛾𝑖 , i ; 𝑐𝑗
(𝑖)

, 𝜆𝑖 , 𝜇𝑖 , 𝜍𝑗
(𝑖)

𝜖 𝑅+, 𝜌𝑗 𝜖𝑅  𝑝𝑗 , 𝑞𝑗 𝜖 𝐶 , 𝑧𝑖𝜖𝐶 (𝑖 = 1 … …𝑟, 𝑗 = 1 … . . ℎ) 

2) max
1 hj

 
 
 
 
 

q
j

m p

p

j

j
m)-(n

 
 
 
 
 

< 1 

3) 𝑅𝑒  𝑎 +  𝛾𝑖  
𝑏𝑗

 𝑖 

𝐵𝑗
 𝑖 

𝑟
𝑖=1  > 0 , 𝑗 = 1 … . 𝑚 𝑖 , 𝑅𝑒  𝑏 +  

𝑖
 
𝑏𝑗

 𝑖 

𝐵𝑗
 𝑖 

𝑟
𝑖=1  > 0 , 𝑗 = 1 … . 𝑚 𝑖  
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4)  arg 𝑧𝑖  (𝑝𝑗 + 𝑞𝑗 )−𝑐𝑗
𝑖

ℎ
𝑗 =1  <  

𝑇𝑖𝜋

2
 (𝑚 < 𝑡 <  𝑛 , 𝑖 = 1 … …𝑟) 

Where 

𝑇𝑖 =   𝛼𝑗
(𝑖)

− 

𝑛(𝑖)

𝑗=1

 𝛼𝑗
(𝑖)

+  𝛽𝑗
(𝑖)

 

𝑚 (𝑖)

𝑗 =1

−  𝛽𝑗
(𝑖)

+    𝛼2𝑗

(𝑖)
− 

𝑛2

𝑗 =1

 𝛼2𝑗

(𝑖)
 

𝑝2

𝑗=𝑛2+1

 

𝑞(𝑖)

𝑗 =𝑚 (𝑖)+1

 

𝑝(𝑖)

𝑗 =𝑛(𝑖)+1

+   𝛼3𝑗

(𝑖)
− 

𝑛3

𝑗 =1

 𝛼3𝑗

(𝑖)
 

𝑝3

𝑗=𝑛3+1

 + ⋯ +   𝛼𝑟𝑗

(𝑖)
− 

𝑛𝑟

𝑗 =1

 𝛼𝑟𝑗

(𝑖)
 

𝑝𝑟

𝑗=𝑛𝑟+1

 

+    𝛽2𝑗
(𝑖) +

𝑞2

𝑗 =1

 𝛽3𝑗
(𝑖) + ⋯ +

𝑞3

𝑗 =1

 𝛽𝑟 𝑗
(𝑖)

𝑞𝑟

𝑗 =1

  

 

III. PROOF 
In order to prove integral (8),expand multivariable I-function in terms of mellin-Barnes type of contour 

integral by (7) , generalized polynomial by(6).Now interchanging the order of summation and integration 

(which is permissible under the conditions of validity stated above) , We get the following form:- 

 …… . .

 
𝑁1

𝑀1
  

𝛼1=0

 
(−𝑁1)𝑀1𝛼1

! 𝛼1

 
𝑁𝑘

𝑀𝑘
  

𝛼𝑘=0

… …
(−𝑁𝑘)𝑀𝑘𝛼𝑘

! 𝛼𝑘

  𝐵 𝑁1𝛼1, … … , 𝑁𝑘𝛼𝑘   . 𝑥1
𝛼1 … …𝑥𝑘

𝛼𝑘  

  

X  
1

2πw
 

r

  ……

L1

 ∅1 ξ
1
 …… ∅r(ξ

r
)

Lr

 . Z1
ξ1 … … Zr

ξr     t − m a+ λiαi
k
i=1 + γs ξs

r
s=1 −1

n

m

.  n

− t 
b+ μi αi

k
i=1 + 

s
ξs

k
s =1 −1

  (pjt + qj)


j
+ σj

(i)
αi−

k
i=1  cj

(s )
ξs

r
s=1

h

j=1

dt  𝑑𝜉1 … …𝑑𝜉𝑟  

Now using the formula (3) for inner integral i.e,  

 (𝑡 − 𝑥)𝑎−1. (𝑦 − 𝑡)𝑏−1 . (𝑝1𝑡 + 𝑞1)𝜌1 … . . (𝑝ℎ𝑡 + 𝑞ℎ )𝜌𝑘   𝑑𝑡 =
𝑦

𝑥

𝑦−𝑥𝑎+𝑏−1.𝐵𝑎,𝑏.(𝑝1𝑥+𝑞1)𝑒1……(𝑝ℎ𝑥+𝑞ℎ)𝑒𝑛 ×𝐹𝐷(ℎ) 𝑎,−𝜌1…−𝜌ℎ ;𝑎+𝑏 , 
−𝑦−𝑥𝑝1𝑝1𝑥+𝑞1……−𝑦−𝑥𝑝ℎ𝑝ℎ𝑥+𝑞ℎ 
And converting the Lauricella function 𝐹𝐷

(ℎ)
  in integral form from equation (4) and after 

simplification,we get the required result: 

 

 

IV. SPACIAL CASES:- 
1.If we set 𝛾1 = 0 = ⋯ = 𝛾𝑟  𝑎𝑛𝑑 𝜆1 = 0 = ⋯ = 𝜆𝑘  , the integral (8) reduces to 

  𝑡 − 𝑚 𝑎−1

𝑛

𝑚

 𝑛 − 𝑡 𝑏−1.    𝑝𝑗 𝑡 + 𝑞𝑗  
𝜌𝑗

ℎ

𝑗 =1

  

 𝑆𝑁1….𝑁𝑘

𝑀1….𝑀𝑘  

 
 
 
 
 
 
 
 
 
𝑥1 𝑛 − 𝑡 𝜇1 .   𝑝𝑗 𝑡 + 𝑞𝑗  

𝜍𝑗
1

ℎ

𝑗 =1
.
.
.

𝑥𝑘 𝑛 − 𝑡 𝜇𝑘 .   𝑝𝑗 𝑡 + 𝑞𝑗  
𝜍𝑗

𝑘
ℎ

𝑗 =1  
 
 
 
 
 
 
 
 

 . 𝐼

 
 
 
 
 
 
 
 
 
𝑧1 𝑛 − 𝑡 


1 .   𝑝𝑗 𝑡 + 𝑞𝑗  

−𝑐𝑗
1

ℎ

𝑗 =1
.
.
.

𝑧𝑟 𝑛 − 𝑡 


𝑟 .   𝑝𝑗 𝑡 + 𝑞𝑗  
−𝑐𝑗

𝑟
ℎ

𝑗 =1  
 
 
 
 
 
 
 
 

 

= 𝐸1  … …
 
𝑁1
𝑀1

 

𝛼1=0   

 
 −𝑁1 𝑀1𝛼1

!𝛼1
……

 −𝑁𝑘 𝑀𝑘𝛼𝑘

!𝛼𝑘

 
𝑁𝑘
𝑀𝑘

 

𝛼𝑘=0  . 𝐵 𝑁1 , 𝛼1, … , 𝑁𝑘 , 𝛼𝑘 . 𝑥1
𝛼1 …𝑥𝑘

𝛼𝑘 . 𝐸2 ×

𝐼
𝑝2 ,𝑞2:𝑝3 ,𝑞3…𝑝𝑟+ℎ+2,𝑞𝑟+ℎ+1: 𝑝1 ,𝑞1 … 𝑝 𝑟 ,𝑞 𝑟  , 0,1 … 0,1 

0,𝑛2:0,𝑛3…0,𝑛𝑟+ℎ+2∶ 𝑚1 ,𝑛1 … 𝑚  𝑟 ,𝑛 𝑟  , 1,0 … 1,0 
  



Fractional Integrals Involving Generalized Polynomials And Multivariable Function 

 www.iosrjournals.org                                                    9 | Page 

 

 
𝐿1

𝐿2  𝑏2𝑗𝛽2𝑗
′ ,𝛽2𝑗

′′  
1,𝑞2

, 𝑏3𝑗𝛽3𝑗
′ ,𝛽3𝑗

′′ ,𝛽3𝑗
′′′  

1,𝑞3
,… 𝑏𝑟𝑗 ,𝛽𝑟𝑗

′ ….,𝛽𝑟𝑗
(𝑟)

,0,…..0 
1,𝑞𝑟

𝐴4 ,𝐴5 ,(𝑏𝑗
′ ,𝛽𝑗

′ )
1,𝑞1… 𝑏𝑗

 𝑟 
,𝛽𝑗

 𝑟 
 

1,𝑞 𝑟 , 0,1 …(0,1) 

𝐴1 ,𝐴2 ,𝐴3 , 𝑎2𝑗𝛼2𝑗
′ ,𝛼2𝑗

′′  
1,𝑝2

, 𝑎3𝑗𝛼3𝑗
′ ,𝛼3𝑗

′′ ,𝛼3𝑗
′′′  

1,𝑝3
,… 𝑎𝑟𝑗 ,𝛼𝑟𝑗

′ ……,𝛼𝑟𝑗
(𝑟)

,0,……0 
1,𝑝𝑟

,(𝑎𝑗
′ ,𝛼𝑗

′ )
1,𝑝1… 𝑎𝑗

 𝑟 
,𝛼𝑗

 𝑟 
 

1,𝑝(𝑟);−−;−−;−−
    

 

Where, 𝑊1 =  𝑛 − 𝑚 𝑎+𝑏−1    𝑝𝑗𝑚 + 𝑞𝑗  
𝜌𝑗ℎ

𝑗 =1   

𝑊2 =   𝑛 − 𝑚  𝜇 𝑖 .𝛼𝑖
𝑘
𝑖=1  .     𝑝𝑗𝑚 + 𝑞𝑗  

 𝜍𝑗
 𝑖 

 .𝛼𝑖
𝑘
𝑖=1

ℎ

𝑗 =1

  

𝐴1 = [1 − 𝑎; 0. . . . . .0     
𝑟

, 1 …… 1]  
 

𝐴2 =  1 − 𝑏 −   𝜇𝑖 . 𝛼𝑖   ;  𝜁𝑖

𝑘

𝑖=1

… …𝜁𝑟  ,0…….0   

 

𝐴3 =  1 + 𝜌𝑗 +   𝜍𝑗
(𝑖)

. 𝛼𝑖   ;  𝐶𝑗
1

𝑘

𝑖=1

…… 𝐶𝑗
(𝑟)

, 0 …… 1𝑗 …… .0 

1,ℎ

 

 

 

𝐴4 =  1 + 𝜌𝑗 +   𝜍𝑗
 𝑖 . 𝛼𝑖   ;  𝐶𝑗

1

𝑘

𝑖=1

…… 𝐶𝑗
 𝑟 

, 0 …… 1𝑗 …… .0 

1,ℎ

 

 

𝐴5 = [1 − 𝑎 − 𝑏 −   𝜇𝑖 . 𝛼𝑖   ;  𝜁𝑖

𝑘

𝑖=1

…… 𝜁𝑟  ,1 … … .1 

𝐿1 =  

 
 
 
 

 
 
 

𝑍1(𝑛 − 𝑚)𝜁1

 (𝑝𝑗 𝑚 + 𝑞𝑗 )𝑐𝑗
1

ℎ
𝑗 =1

 

.

.

𝑍𝑟(𝑛 − 𝑚)𝜁𝑟

 (𝑝𝑗 𝑚 + 𝑞𝑗 )
𝑐
𝑗
(𝑟)

ℎ
𝑗=1

 

     

𝐿2 =  

 
 
 

 
 

(𝑛 − 𝑚)𝑝1

𝑝1𝑚+𝑞1.

.
(𝑛 − 𝑚)𝑝ℎ

𝑝ℎ𝑚+𝑞ℎ

  

 

2. For 𝜁1 = 0 = ⋯ = 𝜁𝑟  𝑎𝑛𝑑 𝜇1 = 0 = ⋯ 𝜇𝑘 , the integral (8) reduces to  

 

  𝑡 − 𝑚 𝑎−1

𝑛

𝑚

 𝑛 − 𝑡 𝑏−1.    𝑝𝑗 + 𝑞𝑗  
𝜌𝑗

ℎ

𝑗 =1

  

 𝑆𝑁1𝑁𝑘

𝑀1𝑀𝑘  

 
 
 
 
 
 𝑥1 𝑡 − 𝑚 𝜆1     𝑝𝑗 𝑡 + 𝑞𝑗  

𝜍𝑗
1

ℎ
𝑗 =1
.
.
.

𝑥𝑘 𝑡 − 𝑚 𝜆𝑘     𝑝𝑗 𝑡 + 𝑞𝑗  
𝜍𝑗

𝑘
ℎ
𝑗 =1  

 
 
 
 
 

 . 𝐼

 
 
 
 
 
 𝑧1 𝑡 − 𝑚 𝛾1     𝑝𝑗 𝑡 + 𝑞𝑗  

−𝑐𝑗
1

ℎ
𝑗 =1
.
.
.

𝑧𝑟 𝑡 − 𝑚 𝛾𝑘     𝑝𝑗 𝑡 + 𝑞𝑗  
−𝑐𝑗

𝑟
ℎ
𝑗 =1  

 
 
 
 
 

= Γ(𝑏)𝐹1  … …
 
𝑁1
𝑀1

 

𝛼1=0   

 
 −𝑁1 𝑀1𝛼1

!𝛼1
……

 −𝑁𝑘 𝑀𝑘𝛼𝑘

!𝛼𝑘

 
𝑁𝑘
𝑀𝑘

 

𝛼𝑘=0  . 𝐵 𝑁1 , 𝛼1, … , 𝑁𝑘 , 𝛼𝑘 . 𝑥1
𝛼1 …𝑥𝑘

𝛼𝑘 . 𝐹2 ×

𝐼
𝑝2 ,𝑞2:𝑝3 ,𝑞3…𝑝𝑟+ℎ+1,𝑞𝑟+ℎ+1: 𝑝1 ,𝑞1 … 𝑝 𝑟 ,𝑞 𝑟  , 0,1 … 0,1 

0,𝑛2:0,𝑛3…0,𝑛𝑟+ℎ+1∶ 𝑚1 ,𝑛1 … 𝑚  𝑟 ,𝑛 𝑟  , 1,0 … 1,0 
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 𝑏2𝑗𝛽2𝑗

′ ,𝛽2𝑗
′′  

1,𝑞2
, 𝑏3𝑗𝛽3𝑗

′ ,𝛽3𝑗
′′ ,𝛽3𝑗

′′′  
1,𝑞3

,… 𝑏𝑟𝑗 ,𝛽𝑟𝑗
′ ….,𝛽𝑟𝑗

(𝑟)
,0,…..0 

1,𝑞𝑟
𝑋4 ,𝑋5 ,(𝑏𝑗

′ ,𝛽𝑗
′ )

1,𝑞1… 𝑏𝑗
 𝑟 

,𝛽𝑗
 𝑟 

 , 0,1 …(0,1)  𝑄2

𝐵1 ,𝐵2 , 𝑎2𝑗𝛼2𝑗
′ ,𝛼2𝑗

′′  
1,𝑝2

, 𝑎3𝑗𝛼3𝑗
′ ,𝛼3𝑗

′′ ,𝛼3𝑗
′′′  

1,𝑝3
,… 𝑎𝑟𝑗 ,𝛼𝑟𝑗

′ ……,𝛼𝑟𝑗
(𝑟)

,0,……0 
1,𝑝𝑟

,(𝑎𝑗
′ ,𝛼𝑗

′ )
1,𝑝1… 𝑎𝑗

 𝑟 
,𝛼𝑗

 𝑟 
 ;−−;−−;−−𝑄1

    

 

Where, 𝐹1 = (𝑛 − 𝑚)𝑎+𝑏−1    (𝑝𝑗𝑚 + 𝑞𝑗 )𝜌𝑗ℎ
𝑗 =1   

 

𝐹2 =   𝑛 − 𝑚  𝜆𝑖
𝑘
𝑖=1 𝛼𝑖  .     𝑝𝑗𝑚 + 𝑞𝑗  

 𝜍𝑗
 𝑖 

 .𝛼𝑖
𝑘
𝑖=1

ℎ

𝑗 =1

  

 

𝐵1 =  1 − 𝑎 −   𝜆𝑖 . 𝛼𝑖   ;  𝛾𝑖

𝑘

𝑖=1

…… 𝛾𝑟  ,1…….1  

 

𝐵2 =  1 + 𝜌𝑗 +   𝜍𝑗
 𝑖 . 𝛼𝑖   ;  𝐶𝑗

1

𝑘

𝑖=1

…… 𝐶𝑗
 𝑟 

, 0 … … 1 … … .0 

1,ℎ

 

 

𝐵3 =  1 + 𝜌𝑗 +   𝜍𝑗
(𝑖)

. 𝛼𝑖   ;  𝐶𝑗
1

𝑘

𝑖=1

…… 𝐶𝑗
(𝑟)

, 0 … …… … .0 

1,ℎ

 

 

𝐵4 = [1 − 𝑎 − 𝑏 −   𝜆𝑖𝛼𝑖   ;  𝛾𝑖

𝑘

𝑖=1

… …𝛾𝑟  ,1 …… .1 

𝑄1 =  

 
  
 

  
 

𝑍1(𝑛 − 𝑚)𝛾1

 (𝑝𝑗 𝑚 + 𝑞𝑗 )𝑐𝑗
1

ℎ
𝑗=1

 

.

.

𝑍𝑟(𝑛 − 𝑚)𝛾𝑟

 (𝑝𝑗 𝑚 + 𝑞𝑗 )
𝑐
𝑗
(𝑟)

ℎ
𝑗 =1

 

     

 

𝑄2 =  

 
 
 

 
 

(𝑛 − 𝑚)𝑝1

𝑝1𝑚+𝑞1.

.
(𝑛 − 𝑚)𝑝ℎ

𝑝ℎ𝑚+𝑞ℎ

  

 

3. When 𝜁1 = 0 = ⋯ = 𝜁𝑟 = 0 =  𝛾1 = ⋯𝛾𝑟  𝑎𝑛𝑑 𝜆𝑖 = 0 = 𝜇𝑖 ,  𝑖 = 1 … …𝑘  , then integral (8) reduces to 

 

  𝑡 − 𝑚 𝑎−1

𝑛

𝑚

 𝑛 − 𝑡 𝑏−1.    𝑝𝑗 + 𝑞𝑗  
𝜌𝑗

ℎ

𝑗 =1

   

𝑆𝑁1……𝑁𝑘

𝑀1……𝑀𝑘  

 
 
 
 
 
 𝑥1     𝑝𝑗 𝑡 + 𝑞𝑗  

𝜍𝑗
1

ℎ
𝑗 =1

.

.

.

𝑥𝑘     𝑝𝑗 𝑡 + 𝑞𝑗  
𝜍𝑗

𝑘
ℎ
𝑗 =1  

 
 
 
 
 

 . 𝐼

 
 
 
 
 
 𝑧1     𝑝𝑗 𝑡 + 𝑞𝑗  

−𝑐𝑗
1

ℎ
𝑗 =1

.

.

.

𝑧𝑟     𝑝𝑗 𝑡 + 𝑞𝑗  
−𝑐𝑗

𝑟
ℎ
𝑗 =1  

 
 
 
 
 

= Γ(𝑏)𝐺1  … …
 
𝑁1
𝑀1

 

𝛼1=0   

 
 −𝑁1 𝑀1𝛼1

!𝛼1
……

 −𝑁𝑘 𝑀𝑘𝛼𝑘

!𝛼𝑘

 
𝑁𝑘
𝑀𝑘

 

𝛼𝑘=0  . 𝐵 𝑁1 , 𝛼1, … , 𝑁𝑘 , 𝛼𝑘 . 𝑥1
𝛼1 …𝑥𝑘

𝛼𝑘 . 𝐺2 ×

𝐼
𝑝2 ,𝑞2:𝑝3 ,𝑞3…𝑝𝑟+ℎ+1,𝑞𝑟+ℎ+1: 𝑝1 ,𝑞1 … 𝑝 𝑟 ,𝑞 𝑟  , 0,1 … 0,1 

0,𝑛2:0,𝑛3…0,𝑛𝑟+ℎ+1∶ 𝑚1 ,𝑛1 … 𝑚  𝑟 ,𝑛 𝑟  , 1,0 … 1,0 
  

 
𝑅1

𝑅2
  

 𝑏2𝑗𝛽2𝑗
′ ,𝛽2𝑗

′′  
1,𝑞2

, 𝑏3𝑗𝛽3𝑗
′ ,𝛽3𝑗

′′ ,𝛽3𝑗
′′′  

1,𝑞3
,… 𝑏𝑟𝑗 ,𝛽𝑟𝑗

′ ….,𝛽𝑟𝑗
(𝑟)

,0,…..0 
1,𝑞𝑟

𝑋3 ,𝑋4 ,(𝑏𝑗
′ ,𝛽𝑗

′ )… 𝑏𝑗
 𝑟 

,𝛽𝑗
 𝑟 

 
1,𝑞 𝑟 , 0,1 …(0,1) 

𝐷1 ,𝐷2 , 𝑎2𝑗𝛼2𝑗
′ ,𝛼2𝑗

′′  
1,𝑝2

, 𝑎3𝑗𝛼3𝑗
′ ,𝛼3𝑗

′′ ,𝛼3𝑗
′′′  

1,𝑝3
,… 𝑎𝑟𝑗 ,𝛼𝑟𝑗

′ ……,𝛼𝑟𝑗
(𝑟)

,0,……0 
1,𝑝𝑟

,(𝑎𝑗
′ ,𝛼𝑗

′ )
1,𝑝1… 𝑎𝑗

 𝑟 
,𝛼𝑗

 𝑟 
 

1,𝑝(𝑟);−−;−−;−−
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Where, 𝐺1 = (𝑛 − 𝑚)𝑎+𝑏−1   (𝑝𝑗𝑚 + 𝑞𝑗 )𝜌𝑗ℎ
𝑗 =1   

 

𝐺2 =     𝑝𝑗𝑚 + 𝑞𝑗  
 𝜍𝑗

 𝑖 
 .𝛼𝑖

𝑘
𝑖=1

ℎ

𝑗 =1

  

 

𝐷1 =  1 − 𝑎; 0. . . . . .0     , 1. . . . . . .1

𝑟

  

   

𝐷2 =  1 + 𝜌𝑗 +   𝜍𝑗
 𝑖 . 𝛼𝑖   ;  𝐶𝑗

1

𝑘

𝑖=1

…… 𝐶𝑗
 𝑟 

, 0 …… 1 … … .0 

1,ℎ

 

 

𝐷3 =  1 + 𝜌𝑗 +   𝜍𝑗
(𝑖)

. 𝛼𝑖   ;  𝐶𝑗
1

𝑘

𝑖=1

…… 𝐶𝑗
(𝑟)

, 0 …… … … .0 

1,ℎ

 

 

𝐷4 = [1 − 𝑎 − 𝑏; 0. . . . . .0     
𝑟

 ,1 … … .1 

𝑅1 =  

 
 

 𝑍1  .  (𝑝𝑗𝑚 + 𝑞𝑗 )𝑐𝑗
1

ℎ
𝑗 =1

.

.

𝑍𝑟  .  (𝑝𝑗𝑚 + 𝑞𝑗 )
𝑐𝑗

(𝑟)
ℎ
𝑗 =1

     

𝑅2 =  

 
 
 

 
 

(𝑛 − 𝑚)𝑝1

𝑝1𝑚+𝑞1.

.
(𝑛 − 𝑚)𝑝ℎ

𝑝ℎ𝑚+𝑞ℎ

  

 
V. MAIN THEOREM 

Let 𝑓 𝑡 =  𝑡 − 𝑚 𝑎−1    𝑝𝑗 𝑡 + 𝑞𝑗  
𝜌𝑗ℎ

𝑗 =1   . 

 𝑆𝑁1𝑁𝑘

𝑀1𝑀𝑘  

 
 
 
 
 
 
 
 
 
𝑥1 𝑡 − 𝑚 𝜆1     𝑝𝑗 𝑡 + 𝑞𝑗  

𝜍𝑗
1

ℎ

𝑗 =1
.
.
.

𝑥𝑘 𝑡 − 𝑚 𝜆𝑘     𝑝𝑗 𝑡 + 𝑞𝑗  
𝜍𝑗

𝑘
ℎ

𝑗 =1  
 
 
 
 
 
 
 
 

 . 𝐼

 
 
 
 
 
 
 
 
 
𝑧1 𝑡 − 𝑚 𝛾1     𝑝𝑗 𝑡 + 𝑞𝑗  

−𝑐𝑗
1

ℎ

𝑗 =1
.
.
.

𝑧𝑟 𝑡 − 𝑚 𝛾𝑘     𝑝𝑗 𝑡 + 𝑞𝑗  
−𝑐𝑗

𝑟
ℎ

𝑗 =1  
 
 
 
 
 
 
 
 

 

Then, 𝐷𝑦
−𝑏

𝑚
  𝑓 𝑦  =  

1

Γ b 
 .   𝑦 − 𝑡 𝑏−1𝑦

𝑚
. 𝑓 𝑡 𝑑𝑡 

 

𝐷𝑦
−𝑏

𝑚
  𝑓 𝑦   . 

1

Γ b 
 .   𝑡 − 𝑚 𝑎−1  𝑦 − 𝑡 𝑏−1𝑦

𝑚
.    𝑝𝑗 𝑡 + 𝑞𝑗  

𝜌𝑗ℎ
𝑗 =1     

𝑆𝑁1…𝑁𝑘

𝑀1…𝑀𝑘  

 
 
 
 
 
 
 
 
 
𝑥1 𝑡 − 𝑚 𝜆1     𝑝𝑗 𝑡 + 𝑞𝑗  

𝜍𝑗
1

ℎ

𝑗 =1
.
.
.

𝑥𝑘 𝑡 − 𝑚 𝜆𝑘     𝑝𝑗 𝑡 + 𝑞𝑗  
𝜍𝑗

𝑘
ℎ

𝑗 =1  
 
 
 
 
 
 
 
 

 . 𝐼

 
 
 
 
 
 
 
 
 
𝑧1 𝑡 − 𝑚 𝛾1     𝑝𝑗 𝑡 + 𝑞𝑗  

−𝑐𝑗
1

ℎ

𝑗 =1
.
.
.

𝑧𝑟 𝑡 − 𝑚 𝛾𝑘     𝑝𝑗 𝑡 + 𝑞𝑗  
−𝑐𝑗

𝑟
ℎ

𝑗 =1  
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= 𝐼  ……
 
𝑁1
𝑀1

 

𝛼1=0   

 
 −𝑁1 𝑀1𝛼1

!𝛼1
……

 −𝑁𝑘 𝑀𝑘𝛼𝑘

!𝛼𝑘

 
𝑁𝑘
𝑀𝑘

 

𝛼𝑘=0  . 𝐵 𝑁1 , 𝛼1, … , 𝑁𝑘 , 𝛼𝑘 . 𝑥1
𝛼1 …𝑥𝑘

𝛼𝑘 . 𝐼2 ×

𝐼
𝑝2 ,𝑞2:𝑝3 ,𝑞3…𝑝𝑟+ℎ+1,𝑞𝑟+ℎ+1: 𝑝1 ,𝑞1 … 𝑝 𝑟 ,𝑞 𝑟  , 0,1 … 0,1 

0,𝑛2:0,𝑛3…0,𝑛𝑟+ℎ+1∶ 𝑚1 ,𝑛1 … 𝑚  𝑟 ,𝑛 𝑟  , 1,0 … 1,0 
  

 
𝐾1

𝐾2
  

 𝑏2𝑗𝛽2𝑗
′ ,𝛽2𝑗

′′  
1,𝑞2

, 𝑏3𝑗 ,𝛽3𝑗
′ ,𝛽3𝑗

′′ ,𝛽3𝑗
′′′  

1,𝑞3
,… 𝑏𝑟𝑗 ,𝛽𝑟𝑗

′ ….,𝛽𝑟𝑗
(𝑟)

,0,…..0 
1,𝑞𝑟

𝐻3 ,𝐻4 ,(𝑏𝑗
′ ,𝛽𝑗

′ )
1,𝑞1… 𝑏𝑗

 𝑟 
,𝛽𝑗

 𝑟 
 

1,𝑞 𝑟 , 0,1 …(0,1) 

𝐻1 ,𝐻2 , 𝑎2𝑗𝛼2𝑗
′ ,𝛼2𝑗

′′  
 
, 𝑎3𝑗 ,𝛼3𝑗

′ ,𝛼3𝑗
′′ ,𝛼3𝑗

′′′  
1,𝑝3

,… 𝑎𝑟𝑗 ,𝛼𝑟𝑗
′ ……,𝛼𝑟𝑗

(𝑟)
,0,……0 

1,𝑝𝑟
,(𝑎𝑗

′ ,𝛼𝑗
′ )

1,𝑝1… 𝑎𝑗
 𝑟 

,𝛼𝑗
 𝑟 

 
1,𝑝(𝑟);−−;−−;−−

   

 

Where, 𝐺1 = (𝑦 − 𝑚)𝑎+𝑏−1   (𝑝𝑗𝑚 + 𝑞𝑗 )𝜌𝑗ℎ
𝑗 =1   

𝐺2 =   𝑦 − 𝑚  𝜆𝑖
𝑘
𝑖=1 𝛼𝑖    𝑝𝑗𝑚 + 𝑞𝑗  

 𝜍𝑗
 𝑖 

 .𝛼𝑖
𝑘
𝑖=1

ℎ

𝑗 =1

  

𝐻1 =  1 − 𝑎 −   𝜆𝑖 . 𝛼𝑖   ;  𝛾𝑖

𝑘

𝑖=1

… … 𝛾𝑟  ,1…….1  

 

𝐻2 =  1 + 𝜌𝑗 +   𝜍𝑗
 𝑖 . 𝛼𝑖   ;  𝐶𝑗

1

𝑘

𝑖=1

…… 𝐶𝑗
 𝑟 

, 0 …… 1 … … .0 

1,ℎ

 

𝐻3 =  1 + 𝜌𝑗 +   𝜍𝑗
(𝑖)

. 𝛼𝑖   ;  𝐶𝑗
1

𝑘

𝑖=1

…… 𝐶𝑗
(𝑟)

, 0 …… … … .0 

1,ℎ

 

𝐻4 = [1 − 𝑎 − 𝑏 −   𝜆𝑖𝛼𝑖   ;  𝛾1

𝑘

𝑖=1

…… 𝛾𝑟  ,1 … … .1 

𝐾1 =  

 
  
 

  
 

𝑍1(𝑦 − 𝑚)𝛾1

 (𝑝𝑗 𝑚 + 𝑞𝑗 )𝑐𝑗
1

ℎ
𝑗 =1

 

.

.

𝑍𝑟(𝑦 − 𝑚)𝛾𝑟

 (𝑝𝑗 𝑚 + 𝑞𝑗 )
𝑐
𝑗
(𝑟)

ℎ
𝑗=1

 

     

𝐾2 =  

 
 
 

 
 

(𝑦 − 𝑚)𝑝1

𝑝1𝑚+𝑞1.

.
(𝑦 − 𝑚)𝑝ℎ

𝑝ℎ𝑚+𝑞ℎ

  

Conditions of validity of the theorem are the same as stated in Eulerian Integral. 

Special case 

By specializing the various parameters, we get some known and unknown results. 
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