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Abstract: The paper provides the Abelian and Terberian theorem for generalized Mellin-Whittaker transform.
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I Introduction:

Integral transformation is one of the well known techniques used for function transformation. Integral
transform methods have proved to be of great importance in initial and boundary value problems of partial
differential equation.

Extension of some transformations to generalized functions has been done time to time and their
properties have been studied by various mathematicians. However there is much scope in extending double and
triple transformation to a certain class of generalized functions. Bhosale B. N. and Choudhary M. S. [1], Sharma
V. D. and Gudadhe A. S. [2] has discussed double transforms. Motivated by this we have also defined a new
combination of integral transforms on the spaces of generalized functions namely Mellin-Whittaker transform.
Along with the definition its analyticity theorem is proved in [3], where as inversion theorem is investigated in
[4]. Now in the present paper we established the abelian theorem for generalized Mellin-Whittaker transform.

In section 2 we have defined the spaces E,;,,m and E'_OQ,W on which Mellin transform is defined. We have given
the definition of generalized Mellin Whittaker transform in section 3. Section 4 is devoted tolnitial value
theorem for generalized Mellin-Whittaker transform. Finally in section 5 final value theorem for generalized
Mellin-Whittaker transform is established.

Notations and terminology as per Zemanian [5].

1. Spaces Eqqand E_,

By E}, . (b, c are finite real numbers with b < c) we denote the linear space of infinitely differentiable
functions ¢(x) defined on [0,] and such that there exist two strictly positive numbers ¢ and ¢ for which
xkH1=b=C ok () 5 0 as x > 0+ and xk+1=c=<'pk(x) > 0 as x — o for all k € N, where N is the set of non
{xs'l, x>0

0, x<0

-b
, 0<x<1
Kpe0) = 0 05T S and 0 (9) = 3 3, 1 )1

Yib.c (@)are all bounded and are seminorms, Yo,b,c 1S @ norm. We now provide the following topology in Ej, ..

A sequence {g;} > 0 in E, . if and only if y; . (¢;) — 0 for each k € N.ThusE, . is provided with a structure
of a countable multi-normed space. Also, E_, . is the inductive limit of E, .as b - —oo. This means that a
sequence {¢;} > 0 in E_,, if and only if there exist a b < ¢ such that ¢; € E, . and {¢;} - 0 in E, . (i.e.
Yibe (@) = 0asj — o).

In a similar manner, E, ., is the inductive limit of E, . asbh — a,c - o and E_,,,, is the inductive limit of E}, .as

'

b - —, ¢ > w.E,, is the dual of E,, and E_,,, isthe dual of E_,,,,.

negative integers. We set x31 = so that x$~* belongs to E, . if b < Res < c.Put

1. Generalized Mellin Whittaker Transform:
For f(x,t) € MW, ,, we define distributional Mellin Whittaker transform of a function f(x, t) as,

1
MW{f(x,0)} = F(s,9) = (f(x,), x*"Le 2" ()" W, (pyg))(&l)
RHS of (3.1) has meaning, for f € MW, ,and xS~le 9t )" W, (pyt) € MW, .

V. Initial Value Theorem For Generalized Mellin-Whittaker Transform:
In this section we have proved initial value theorem for generalized Mellin-Whittaker transform.
Theorem: Let f(x, t) be locally integrable function with distributional derivatives w.r.to x belonging to E, , for

some real number a and having compact support for x in [0, a]. Moreover
fxt)
ect

lim  f(xt)
x=a 0
t—0 (log%) tn

is absolutely integrable for ¢ € R.

=B Rev>-1, n>-1.Then
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im  sVTyTlEGsy) .
S ST DEmamkan) pin the half plane Res > «,
1
m+5
whereB(m,n,m, k,q,p) = : P mfri(lzflmmm :
[7(‘1+P)] r(m—k+n+3)
1
[7n'+-1n +'U +—1,1n,—-k +'§j ]
q—Dp
X 2F —q Tp
|l m—k+ n+ %; Jl

Proof: We prove the theorem for a restricted type of functions i.e. when f(x, t) is seperable.
Let f(x,t) = g(x)h(t) (4.1)
Therefore we can assume that 8 = B;. B,, where By, B, are real numbers such that, property (ii) becomes
i@aﬂa)vz Bi Rev>-—1)
(log;)
(4.2)

lim h(t) _ )
=0 =F n>-1 |

. 4
If we put x = ae™" then é‘:”o% =p1 (4.3)

(4.2) and (4.3) = S, LMD _ g o — p

t—0 (log %)vt’?

lim g aeV h(t)
Orvlzo% = PP =8

t—0 Wy
We know that (M(g(x))) (s) = a*(Lg(ae™))(s). (4.4)
Alsoforn > —1and t >0

o ) 4 m—l
Jo the by 2, (pyt)de =y,,%3(m.n,m, k,q,p) (4.5)

[ Dtory > —1  (4.6)

svtl

Jy vre=Vav =
Now consider,

|s"*1y"*1F (s,y) — B[(v + 1)a*B(m,n,m,k,q,p)|
0 a
syt [ [ emte o0 W (pyD g (IR dxdt = By Bof(0 + DB, m kg, p)
0 0

4.7)
** f(x, t)has compact support in [0, a] w.r.t. x.
Put x =ae™ .« xldx = —a’e~VaVv

Also f(x,t) = g(x)h(t) = g(ae™V)h(t) and as x varies from 0 to a and V varies from
ooto 0.
Therefore absorbing negative sign and using (4.5), (4.6) we have LHS of (4.7) as,
o0 a
svtlyn+l f f e 9 (yt)m'%Wk‘m (pyt)ase™sV g(ae V)h(t)dVdt
0 J0

o0 0

— By Bys ! f VeV av asyn f e~ (y)" 2 W, (pyt)dt
0 0

grHyn f f e P O™ EIW  (pyDate ™ [g(ae ™ IA(E) — By. BV ]dVde
0 0

SUHLYTHL [ [ e B ()" W (pyt)ate ™ [gae ™ IR(E) — By BV e )aV |

LHS =

<1+ (4.8)
where
Y Y q 1
Iy = [svriyne f f e b (O™ IW,  (pyD)ate ™ [g(ae™"A(E) — Br. BV Ve dxdt
0 0
I = [so+1yn+t f f e P O™ IW  (pyDate ™ [g(ae ™ A(E) — By. BV V" ]dxdt
Y Y

As Wyn(2) =0 (Zke_%), |z] -
=0 ("), |zl > 0,m<0
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1
=0(=z"2), |z]l-0m>0
1
The function sv+lyn+le3" (t)" 2W  (pyt)a*e™" is bounded as s — oo and y — oo,
1
That is |[sv+1yn+le " )" 2W  (pyt)ae V| < Mass »wandy »ofor0 <x <Yand 0 <t <Y.
sup

Therefore I; < goyey IMY?||g(ae™)h(t) — ;. B,V 7|

o<ty
> 0 there exists 6 > 0 such that
€
E x| < 8,1t < 8, = |g(ae™Dh(O) = i V"t < s
w1 < Sast = 0,V — 0 using (3), for all €> 0. (4.9

€
2My?2

~fore=

Now forl, = [sv+1yn+t [* f;oe_%yf (yt)m_%Wk,m(pyt)ase_SV [glae™)h(t) — Bl.BZV”t”]dth|

4
By the property (i) fg‘:) is absolutely integrable hence g(aee—“)h(t) is absolutely integrable and I, can be written
as,

12=

soHynt f f @2 ey i W, (pyt)ate e [g(ae VIA(E) — By BV V]Vt
Y Y

1

Now the function e~V e 2@ ’Z”t(yt)m‘%wk,m (pyt) is finite and continuous in Y < T < ocand it—> 0 ast — o
if Re(q + p)x > 2c.

Let the upper bound of this function be attained at the point (V,t) = (11, 7;) and

Sy [ lg(ae™)h(t) — Bi.B,V¥e"]dVdt = M;say then

L <M [e_srle_%(qy_zc)rl(yrz)m_%Wk,m (Pyrz)] svHly1tt - (4.10)

Choose y sufficiently small so that r.h.s. of (4.10) becomes less thang.

Hence (4.8) becomes

v+1,,n+1 _ s E E:
[sPHiy" I E (s, y) [)’[(v+1)aB(m,n,m,k,q,p)lsll+12<2+2 €

Hence the theorem is proved.

V. Final Value Theorem For Generalized Mellin-Whittaker Transform:

In this section we established final value theorem for generalized Mellin-Whittaker transform.
Theorem: Let f(x,t) be locally integrable function with all distributional derivatives w.r.to x belonging to
E: . for some real number w and having compact support for x in [b, «). Moreover
%is absolutely integrable for some ¢ € R.

}Tw% =f Rev > —1, Ren > —1.Then

t—o (logg) t7

lim sVHLyntlp(sy)
Is—0 bSI'(v+1)B(m,n,m,k,q,p)

= fin the half plane Res > a,

y=0
1
MM (m+m4n+1)
whereB(m,n,m, k,q,p) =5 2 m+m+13+1m . 3
[zGa+p)] Fm—k+n+2)
[ ! |
mtm+n+lm=—k+o;
| qQ—p |
X 2F1 | q + p |
[ m-—k+n+ ;; ‘

Proof: We prove the theorem for a restricted type of functions i.e. when f(x, t) is seperable.
Let f(x,t) = g(x)h(t) (5.1)

Therefore we can assume that 8 = ;. f3,, where ;, B, are real numbers such that,

Property (ii) becomes

)gi—r?oc g(i)v = ﬁl Re v > _1\
(log3)

. (5.2)
tlinoo% = ﬁz n >—1 J

We also know that (M(g(x))) (s) = J; g (x)x*'dx
Since g(x) has compact support in [b, ) we have,
www.iosrjournals.org 21| Page



Abelian Theorem for Generalized Mellin-Whittaker Transform

= fboog(x)xs_ldx
If we put x = be" in above equation

= [ gbe")b’e dv = b® [ g(be" eV dv

= b*(Lg(be"))(e™s). (5.3)
Alsofor n > —1and t >0

0 _4q. _1 1
[ e (yt)" W (pyt)dt = e B(m,n,m,k,q,p) (5.4)
[vvesay = %fomev > -1 (5.5)

Now consider,
|sv*1y"*1F (s, y) — Bb°T'(v + 1)B(m,n,m, k,q,p)|

svrlyntl f f x5~ Le ™V ()" 2W, . (pyt) g GOR(E)dxdt — By B, b°T (v + 1)
0 b
B(m,n,

m, k, q,p)| (~+ g(x)has compact support in [b, ). )(5.6)

Put x = be’ =« xSldx =b"1e"6"V be"av = bse¥dV
As x varies from b to co and V varies from 0to .

Using (5.4), (5.5) and the suggested substitution (5.6) becomes
|s"*1y"*1F (s,y) — Bb°T (v + 1)B(m,n,m, k, q,p)|

syt [ [ e e, ybte g (be Ve
0 0

— B1.Bo(~1)"* 15"+ ps f vres dy yn f £~ (YO 2 (pyt)dt
0

= syt [ e o0 W yobe Lge () ~ frfoV e lavae
0 J0
<L+ (5.7)
where
Y rY q 1
b= {5yt [ e bt gomiw, (oyobse Lg(be () — i v erlavde
0 J0
=[5yt [ et Gom i, Gyobe [gtbe () — by fov e lavde
Yy Jy
Consider
vorY be")h(t
11 = SV+1yn+1j J e—%yt (yt)m_%Wk‘m (pyt)bseSVVvt" [% - ﬂl.ﬁz] dth
0 J0
Using the asymptotic behaviour of W, ,,(z) = O (zke‘%), |z] »
=0@""), lzZ>0, m<0
1
=0 (z"72), |z]| >0,m >0
4
As f(;c‘t) = g(xjf(t) = g(l;ecex(t) is absolutely integrable for some ¢ € R.
4
Therefore g(b‘:# is absolutely integrable as b°¢ is constant.
Therefore
vy be")h(t
I = [sviyn+t j f B (YY" IW  (pyD)bT eV VU [%_Bl-ﬁz] avdt
0 J0

14
Therefore foy fOYe_”VV"t" [M - ﬁl.ﬂz] dvdt =M

vven
Let (11, 72) be the point where the r.h.s. function has upper bound M.

sup )
< o<V<Y Sv+lyn+1e_%yr2(yrz)m—iwk'm(pyrz)bse(s+c)r1 M.
0<t<Y
Choose y sufficiently small that r.h.s. < % (5.8)
Consider

12=

soHynH f f e P (O EW  (pyD)bTe [g(beV Ih(E) — By. BV eT 1AVt
Y Y
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sUHLyntle =g (yt)m_%Wk‘m (pyt)bse®Vis finite and continuous in ¥ <t <o and Y < x < o and it converges
tozeroast —» cand V — .
Therefore it is bounded (say) by M ast — cand V — oo.

lim g(be")h(t) _

Now property (ii) = Von— o h— = BB
t—oo
= for all ( - for ﬁ also ) there exists M such thatforV > Y,t > Y
g(be)h(t) €
“vve BiB:| < M
aly <Mo-=2 (5.9)

Using (5.8) and (5.9) statement (5.7) becomes
|sv*1yTt1F(s,y) — BbST' (v + 1)B(m,n,m, k,q,p)| < €
Hence the theorem.
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