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Abstract: Tachibana (1967) have studied on the Bochner curvature tensor. Singh (1971-72) studied on
Kaehlerian recurrent and Ricci-recurrent spaces of second order. Further, Negi and Rawat (1994) have been
studied some bi-recurrent and bi-sym metric properties in a Kaehlerian space.

In the present paper, we have been studied Hyperbolically Kaehlerian bi-recurrent and bi-symmetric
spaces also several theorems have been established and proved therein.
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l. Introduction
Spaces with additional structures which arise in theoretical Physics play an important part in the theory
of Riemannian spaces ¥, . Such spaces are, in particular, “Classical” Kaehlerian and Sasakian spaces as well as
hyperbolically Kaehlerian and Hyperbolically Sasakian spaces.

Definition (1.1): A four- dimensional Riemannian space K, is called a hyperbolically Kaehlerian space if,
along with Riemannian metric tensor g;; , a complex structure tensor El satisfies the following conditions:

FrEF = &P | .. (1Y)
g F + gy FF =0, .. (12
F;=0, .. (13)

where the comma (, ) followed by an index denotes the operator of covariant differentiation w.r.to the
Riemannian metric tensor.

Definition (1.2): An odd-dimensional Riemannian space 5, is called a hyperbolically Sasakian space if, along
with metric tensor g;; , a complex structure tensor Ff: satisfies the following conditions :

Frx* =0 | ... (L5
X;‘.X;L- =1, (16)
EREFJ.": +ER_i"F:.'H =10 , (17)
F= Xtgy —68x ... (1.8)

where X, _¥%g.. issome vector.
Differentiating (1.4), it is easy to establish that F* = X" . This definition of Sasakian spaces is over

determined. )
The Riemannian curvature tensor field R:h is defined as

A I R TER MR TER D

3 : .
where & == and {x'} denotes the real local coordinates.

The Ricci tensor and the Scalar curvature are respectively given by
Ri_i' = REEEJ' and R :gl"iRE_i'

If we define a tensor 5;; by

Sif =F:.'ERE_{ ) ... (L9

Then we have
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Sy = —Sﬁ , .. (1.10)

FES,; = —SE® .. (L11)

and

Fics_i'k.c = R_i'i.k - HR[,_{ . ...(112)

It has been verified in Yano([5]) pages 63, 68 that the metric tensor g;; and the Ricci-tensor denoted by R;;
are hybridin ¢ and j. Therefore, we get

Qi_i' = ﬂrsﬁrfi'\g ) (1-13)

and

R =R FF ... (1.14)

The Holomorphically Projective curvature tensor Pl:h is given by

Bl = RE + IHﬂ (RixGF — Rix6F + SyF" — SpFF + 25,88 ... (1.15)

The Tachibana H-Concircular curvature tensor and the Weyl-Conformal curvature tensors are respectively given
by

T = R + — = (96 — g6 + BBt — F B + 26, FE), .. (1.16)
and

Ch = = (Ru8 — Rix6F + g R} — g5 RF) — — — (g6} — g6} , - (117)
There is a Weyl-Concircular curvature tensor given by (Sinha, 1971)

Zf = Rl + ﬁ{gikﬁjh — gt ), ... (1.18)

If, we put _

Li; = Rij — gy . (L.19)

and

My =Fflg;=S;—F .. (1.20)

Then from (1.15), (1. 16) (1.16), (1.19) and (1.20), we get

Py =T + 5 (L8} — L8P + M B — My EP + 2MFF), ... (1.21)
and with the heIp of (1.17), (1. 18) (1.19) and (1. 20) we have

Che = 2 + 5 (LB} — Lix6? + ggel? — g LF). .. (122)

Now, we shall use the following:
Definition (1. 3) A hyperbolically Kaehlerian space K, is said to be bi-recurrent, if we have

RYy.ap — AgpRYE i = 0. ... (1.23)
for some non-zero tensor field A.z , and is known as recurrence tensor field.
A hyperbolically Kaehlerian space whose Ricci-tensor f;; satisfies the equation

= 0. or.equivalently Rig op — Agpfy;

ijk

R[_i'_ci:' —11,:3.3[_; =10, ... (1.24)
for some non-zero tensor 4., is called hyperbolically Kaehlerian Ricci-bi-recurrent space. Multiplying
the above equation by  g* , we have
Aoy —AgpR=0. . (1.25)
1. Hyperbolically Kaehlerian Spaces With Bi-Recurrent Properties
Definition (2.1). A hyperbolically Kaehlerian space satisfying the relation

Pi_?k_cb _Acaﬁ_.n = 0. or. Eq_LIlVElEﬂth P;._.m ab Acﬂﬁ_.m =10, (2-1)
For some non-zero tensor field ;5 , will be called hyperbolically Kaehlerian projective bi-recurrent space.
Definition (2.2). A hyperbolically Kaehlerian space satisfying the relation

Tl:h ob — Aap Tl:h =0, or, equivalently T op — AapTiju = 0. .. (2.2)
For some non-zero tensor field A, , will be called hyperbolically Kaehlerian space with Tachibana H-
Concircular bi-recurrent space.
Definition (2.3). A hyperbolically Kaehlerian space satisfying the relation

Cl_m ab — dai C = 0, or.equivalently Cl-_i-;l.;.“ AHCL_IM =0, .. (23)
For some non-zero tensor field ;5 , will be called hyperbolically Kaehlerian space with bi-recurrent Weyl-
Conformal curvature tensor.

ijk
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Definition (2.4). A hyperbolically Kaehlerian space satisfying the relation
Zh o —AZR =0, or,equivalently Zijniap — AgpZijm = 0. .. 24

LK, ab
For some non-zero recurrence tensor field A5 , will be called hyperbolically Kaehlerian space with bi-
recurrent Weyl-Concircular curvature tensor.
Now, we have the following:
Theorem (2.1) : If a hyperbolically Kaehlerian space satisfying any two of the following properties:

(i) the space is hyperbolically Kaehlerian Ricci-bi-recurrent ,

(ii) the space is hyperbolically Kaehlerian projective bi-recurrent ,

(iii) the space is hyperbolically Kaehlerian Tachibana H-Concircular bi-recurrent ,then it must also satisfy

the third.

Proof. Differentiating (1.21) covariantly w.r.to x® , again differentiate the result thus obtained covariantly

w.rto =¥ |, we have

ik ijki

= (L8] — LieanOF + MicanF? — MicanFP + 2Myj o0 BF), . (29)
Multiplying (1. 21) W|th Jlni, and subtracting the result thus obtained from (2.5), we have

P-'-"':- . = =
ifk.ab L_m ah

Pl b —AapP = Thean — 2anTile + g [ (Licad — AapLie) 67 — (Ljican — Aanlin)8F
+{ﬂfﬁi.cb mﬂf }F {n_m oh — r.'a* _.n}Fr + ?{PHL ab _Acbﬂfi_i'}ﬁ?:]
...(2.6)
The statement of the above theorem follows in view of equations (1.24), (1.25), (2.1), (2.2), (1.19), (1.20) and
(2.6).

Theorem (2.2). If a hyperbolically Kaehlerian space satisfies any two of the following properties:

(i) the space is hyperbolically Kaehlerian Ricci-bi-recurrent ,

(ii) the space is hyperbolically Kaehlerian space with bi-recurrent Weyl-Conformal curvature tensor,

(iii) the space is hyperbolically Kaehlerian space with bi-recurrent Weyl-Concircular curvature tensor , then

it must also satisfy the third.

Proof. A Hyperbolically Kaehlerian Ricci —bi-recurrent space, a Hyperbolically Kaehlerian space with bi-
recurrent Weyl-Conformal curvature tensor and hyperbolically Kaehlerian space with bi-recurrent Weyl-
Concircular curvature tensor are respectively characterized by the equations (1.24), (2.3) and (2.4).
Differentiating (1.22) covariantly w.r.to =% | again differentiate the result thus obtained covariantly w.r.to x? |

we have

Clear = Zhian to 5 " (Lizap6F — LixanbF + Gellan — gixltan) | ..(2.7)
Multiplying (1.22) with 4,3 and subtractlng the result thus obtained from (2.7), we have
Chean — AanCli = Zhiap — Al + g [(Lias — Aanlie) 6F — (Lixap — Aaplii) 7

ijk.ab Lk
+H(Lfas — Aaalf)ga — (Lfap — AaLP gl | (2.8)
The statement of the above theorem follows in view of (1.19), (1.20) (1.24), (2.3), (2.4) and (2.8).
Theorem (2.3). Every hyperbolically Kaehlerian bi-recurrent space is a hyperbolically Kaehlerian space with
Tachibana H-Concircular bi-recurrent space.
Proof. Differentiating (1.16) covariantly w.r.to x® | again differentiate the result thus obtained covariantly

w.rt. =¥, we have

Thas = R + 7oy (958} — 90! + FuF! — FuB* + 2, B!) -.(29)
Multiplying (1.16) by iz and subtracting the result thus obtained from (2.9), we have
k I:-'" gb—dgp k k k k
Tth ab — Agt Tl.llnh RE'R.EE' Ag Rl:h ) {Slhar E_i'iialr: + FthJr‘ - *th Fl:n + EEZJ'E‘F}a
(2.10)

Now, let the space be hyperbolically Kaehlerian bi-recurrent, then equations (1.23), (1.24) and (1.25) are
satisfied.
Making use of equations (1.23) and (1.25) in (2.10), we have

Tt._.n ab ‘:;l' Tt._m - 0,

which shows that the space is hyperbolically Kaehlerian space with Tachibana H-Concircular bi-recurrent space.
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1. Hyperbolically Kaehlerian Spaces With Bi-Symmetric Properties

Definition (3.1). A hyperbolically Kaehlerian space is said to be bi-symmetric if it satisfies the relation
Rijxapr =0, or, equivalently Ripgan = 0. .. (3D
Obviously, a hyperbolically Kaehlerian bi-symmetric space is said to be hyperbolically Kaehlerian Ricci-bi-

symmetric space if

Rijap =0, . (2
Multiplying the above equation by g“ , we get
R_EEE' = ﬂ. (33)

Definition (3.2). A hyperbolically Kaehlerian space satisfying the relation
Pl op = 0. or, equivalently By =0, ... 34

L LjkK

is called a hyperbolically Kaehlerian projective bi-symmetric space.

Definition (3.3). A hyperbolically Kaehlerian space satisfying the relation
Tijkap = 0. or. equivalently Tijpqp = 0. .. (35
will be called hyperbolically Kaehlerian space with Tachibana H-Concircular bi-symmetric space.

Definition (3.4). A hyperbolically Kaehlerian space satisfying the relation
Cliap = 0. or, equivalently Ciggp =0, ... (3.6)
will be called hyperbolically Kaehlerian space with bi-symmetric Weyl-Conformal curvature tensor.

Definition (3.5). A hyperbolically Kaehlerian space satisfying the relation
Eiﬁ'k_cb = 0. or, equivalently zijk].g_'b =0 .. 3.7

is called hyperbolically Kaehlerian space with bi-symmetric Weyl-Concircular curvature tensor.
Now, we have the following :

Theorem (3.1). If a hyperbolically Kaehlerian space satisfies any two of the following properties:

(i) the space is hyperbolically Kaehlerian Ricci-bi-symmetric,

(ii) the space is hyperbolically Kaehlerian projective bi-symmetric ,

(iii) the space is hyperbolically Kaehlerian Tachibana H-Concircular bi-symmetric, then it must also satisfy
the third.

Proof. A hyperbolically Kaehlerian Ricci-bi-symmetric space, a hyperbolically Kaehlerian Projective bi-
symmetric space and hyperbolically Kaehlerian space with Tachibana H-Concircular bi-symmetric space are
respectively characterized by (3.2), (3.4) and (3.5).

The statement of the above theorem follows in view of (2.5), (3.2), (3.4) and (3.5).

Theorem (3.2) . Ifa hyperbolically Kaehlerian space satisfies any two of the following properties:

(i) the space is hyperbolically Kaehlerian Ricci-bi-symmetric,
(ii) the space is hyperbolically Kaehlerian space with bi-symmetric Weyl-Conformal curvature tensor,
(iii) the space is hyperbolically Kaehlerian space with bi-symmetric Weyl-Concircular curvature tensor |,

then it must also satisfy the third.
Proof. A Hyperbolically Kaehlerian Ricci —bi-symmetric space, a Hyperbolically Kaehlerian space with bi-
symmetric Weyl - Conformal curvature tensor and hyperbolically Kaehlerian space with bi-symmetric Weyl-
Concircular curvature tensor are respectively characterized by (3.2), (3.6) and (3.7).
The statement of the above theorem follows in view of (2.7), (3.2), (3.6) and (3.7).

Theorem (3.3). Every hyperbolically Kaehlerian bi-symmetric space is a hyperbolically Kaehlerian space with
Tachibana H-Concircular bi-symmetric space.
Proof. From (2.9), it follows that in a hyperbolically Kaehlerian bi-symmetric space, the Tachibana H-
Concircular curvature tensor satisfies )

Tifias = 0,
which shows that the space is hyperbolically Kaehlerian space with Tachibana H-Concircular bi-symmetric
space.
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