IOSR Journal of Mathematics (IOSRJM)
ISSN: 2278-5728 Volume 1, Issue 2 (May-June 2012), PP 16-27
www.iosrjournals.org

A NEW CLASS OF MEROMORPHIC FUNCTIONS USING D™
OPERATOR

Dr. Deepaly Nigam
Abstract: We introduce a new class M‘; (m, @) of functions of the form
1 3 ; ; P, —
f(2) :ZT+§ an+kz“+k , Ay, 20 k eNo which are regular in the punctured unit disk U* =

{Z : Zez : 0 < |Z] < 1}. Sharp results concerning coefficients, distortion, closure properties,
integral operator, neighborhood property, inclusion property and radii of starlikeness and
convexity for the class are determined.

l. Introduction
Let M :; denote the class of functions of the form

(1.1) f(z) :ip+z a,, 2™  a,, >0,peNandkeN,.
z n=0

which are analytic in puntured unit disk U* = {Z: Zez : 0 < |Z| < 1}. We define the differential operator D™
on functions belonging to the class M :; , using convolution as follows :

1
1.2 D"f(z)=———*f(z meN,={012,...}.
12 @5y @ meNo={012..)

or
(1.3) D)= 9 (mPr(y)

zPmidz™
or
m 1 - (M+p+n+Kk)! ek

1.4 D"f(2)=—
L4) 2) zp+§ m!(n +p +k)! An:k?

Clearly,
D%f(z) = f(2).

A function belonging to the class M E is said to be meromorphically starlike of order ‘a’ if and only if

(1.5) Re(— zf'(z)j>a ; (zeD, 0<a<p)
f(2)

The subclass of M:; consisting of functions which are meromorphically starlike of order o is denoted
k
by Sp (o).

We define a class M :; (m, a) of function of the form (1.1) which satisfies the condition

m+1 N
(L6) Re D™ (2) - m+l+p—a
D™f(z) m+1
where meNy, peN={1,2, ...} and0 <a <p.
Clearly,

M5 (0, 0) = S ().

www.iosrjournals.org 16 | Page



A NEW CLASS OF MEROMORPHIC FUNCTIONS USING D™ OPERATOR

Many important properties of certain subclasses of meromorphic p—valent functions were studied by
several authors including Aouf and Srivastava [1], Joshi and Srivastava [2], Liu and Srivastava [3], Liu and Owa
[4], Liu and Srivastava [5], Owa et.al. [6], and Srivastava et.al. [7].

Extending the work of Liu and Owa [5] we obtain the coefficient inequality, inclusion property,
distortion theorems, integral operator, neighbourhood properties, closure properties and radii of starlikeness and

convexity for the class M :; (m, o).

. Inclusion Property Of The Class M'g(m, a):
For proving the inclusion property, we first prove the following lemma :
Lemma 2.1: Let f(z)e M:; be given by (1.1), then

(2.1) z(D™(z))' = (m + 1)D™(z) — (m + p + 1)D™f(2)
Proof : In view of (1.4), we have
D™f(2) =~ Z (m+p+n+k)! . ek

= min+p+Kk)!
Consider

(m+1+p+n+Kk)! n+k
n+k

0 (m+1)
(m+DD"f (@)~ (m+p+Df(z) === ZO (M+1)(n+p+K)!

(m+p+1) Z (m+p+n+Kk)! a ek
M+ +p+k)! "

m+p+n+k
Z ( p ) (n+k)an+kzn+k
n=0 m'(n+p+k)|
= Z(Dmf(Z))
This completes the proof of lemma.

Theorem 2.2 : M';(m +la) M:;(m,oc) for each meNy{0,1,2,...}

Proof : Let f(z)e M p(M+10a), then

m+2
(2.2) Rel P j&) me2+p-a
D™ (z) m+2
Define a regular function w(z) in U = U*U{0} by
m+1
(2.3) re) DT (@) | _ (M+D)+(M+1+2p—20)w(z)
D"f(z) (1+m)(1+w(z))

Clearly w(0) = 0.
Logarithmic differentiation of (2.3) yields

z2(D™f(2)) z(D™(2))  z(m+1+2p-20)W'(2)  zW'(2)
D™ (2) D"™f(z) (M+1)+(M+1+2p-20)w(z) 1+w(2)
Using lemma (2.1), equation (2.4) reduces to
m+2
(M2 g o~ (M2 +p=o) = XD (o)
N 2(p— 0)zw'(2)
{(m+1)+(M+1+2p—2a)+w(z)}1L+w(z))

(2.4)

or
D™2f(z) ~(Mm+2+p-0a)
D™ (2) m+2 _2w()
(p—a)/(m+2) 1+ wW(2)
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N 2zwW'(2)
{(m+D)+(M+1+2p-2a)+w(z)}1+w(z))
or
5 D™?f(z)/D™f(z) ~(M+2+p-a)/m+2  —1+w(2)
' (p—a)/(m+2) 1+ w(2)
. 2zwH(2)

[(M+D)+(m+1+2p—2a)+wW(2)](L+w(2))

Suppose there exists a point z, in |z| < 1 such that |r|n|ax}| w(z) |5 w(zy) |=1. From a well known
z|<|zg

result due to Jack (1971), there is a real number K > 1 such that
(2.6) ZoW'(2o) = Kw(2o)
From (2.5) and (2.6), we obtain
D™*(z,) (M+2+p-o)
D™ (z,) m+2 =1+ w(zo)
(p—oa)/(m+2) 1+ w(z)
N 2Kw(z,)
[(M+D)+(M+1+2p—-2a)+wW(zy)]A+wW(zy))

Thus,

m+2
Dlif(z(’)—(m+2+p—a)
D™ (z,) 1

Re > >
(p—a)/(m+2) 2(m+1+p—a)

0

which contradicts (2.2). Hence, |w(z)| < 1 for zeU and from (2.3), it follows that f(z)e M :; (m, o).
k k
Therefore, My (M+10) = M;(m, o)

This completes the proof of theorem.

1. Coefficient Inequality
Theorem 3.1 : Let f(2) e M:; be given by (1.1), then f(z) e M:;(m, o) if

- (M+p+n+Kk)!
3.1 nN+p+k+|n+k—p+2alfta, . <2(p-
(3.1) Z()) TR {(n+p+k)+| p+2afta,, <2(p-a)
forO<a<p.
Proof : For 0 < a < p, consider the expression
(32) H(z) = ~D™(z) + D™ (z) | 4- D™ (2) +(m it 2p1— Zaijf(z)‘
+

Replacing D™f(z) and D™f(z) by their series expansions.

_i (m+p+n+Kk)! (n+p+k)a Sk

@=L ok men) o

2p-0) < (m+p+n+k)!(n+k—p+2a)a Sk
Mm+)zP = mi(n+p+k)! (m+1) Nk

for 0 <|z|=r < 1 we have
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rpH(z)<§: (m+p+n+k)!(p+n+k)a rn+k_p_2(p—oc)
Z mi(n+k+p) (m+1) MK (m+1)
- M+p+n+k)!n+k—p+2a| n+k=p
+ an,r
;%rmm+k+pﬂ (m+1) ek
Since this holds for all r, 0 <r <1, making r — 1 we have
H(z)<i (m+p+n+K!|(p+n+Kk)|n+k—p+2a| a _2(p-o)
T& mi(n+k+p)! (m+1) " (m+)
<0 (using (3.1))
From (3.2), we find
_D™i@) ) D™HE)  (m+1+2p-20)"
D™f(z) D™f(z) (m+1)

<1

or

D"Mf(2)

~ D™(2) o +[1_2[m +1—p+ocD
D™f(2) m+1

m+1
Re—D f(z)+2 >m+1—p+oc
D™f(2) m+1

<1

or

or

e[D""*lf(z)] _m+l+p—o
D™ (2) m+1

Hence, f(z)e M :; (m,a) .
Theorem 3.2 : Let f(z) e Mg be given by (1.1). Then f(z)e M :; (m, o) ifand only if

(m+p+n+k)!a
m!(n+k+p)!

(3-3) Z(n"'k"'a) n+k S(D—OL), an+k >0
n=0

forpl2<a<p.
Proof : In view of theorem (3.1), it is sufficient to show the “only if” part. Let us assume that f(z)e

k
My (m, o) then

D™(z)| m+l+p-
(3.4) Re[ — @] pP-a zeU.
D™f(z) m+1
Replacing D™f(z) and D™f(z) by their series expansions, we have
i+°° (Mm+1+p+n+k)! n+k
P m+1)(n+k+p)! " -
1+i (m+p+n+k)! n+k m+1
2P & (m)n+k+p) M
when z is real, @) is real and since ay.x > 0, making z — 1" through positive values (3.5) becomes
z

i I
1+Z (m+1+p+n+k)!
2 Mm+D)I(n+k+p) <m+1+p—oc
Z (M+p+n+Kk)! S om+l
1+
nz=c:> mi(n+k+p) "

| n+k
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hence, we get

- (M+p+n+Kk)!
n+k+a)a <
r;) m'(n+k+p)' ( OL) n+k p .

Hence the result follows.
Remark : The result is sharp. The extremal function being

(3.6) f(2)=— (p—a)m!(n+k+p)!

2" nkeN,={01.}
P (n+k+ao)(m+n+k+p)!

Corollary 3.3 : If f(z) e ME with p=1 and a,= 0, then theorem 3.2 holds true for 0<a<1.

AV DISTORTION THEOREM
Theorem 4.1 : If f(z)e Mk(m a), then
(4.1a) i_(p “jr <|Dmf(z)|<—+(p O‘jrk . (k=1)
r’ \k+a r° \k+a
and
P _(P-o)k+20) 4 m L p-a)(k+20) ka
4.1b < (D"f < , (k=2
R e R k=>2)

fora<izl=r<1 andp/2<a<p.
Proof : In view of theorem (3.2), we have

4.2) i (m+p+n+k)!an+ksp—a
= mi(n+p+Kk)! kK+a
Thus,for0<|z|:r<1

| D™ (2) |< +r"z (

m+p+n+Kk)!

S mi(n+p+k) "
(4.3) |D™f(2) |_ rp EE a; r*  (onusing 4.2)
and D7) |> r* % (ﬂ'J(ran:r pn++k|;)!! Anei
(4.4) > rip - EE J_r Z; r®  (onusing 4.2)

From (4.3) and (4.4), we get (4.1a).
Again, by theorem (3.2), we have
> (N+K)(M+p+n+Kk)! - (M+p+n+Kk)!
a <(p—a)-—
2, m!(n +p +k)! v < (P=a) anz(:) m!(n +p +k)!

o0

(m+p+n+k)!
S(p—a)+a§ m!(n+p+k)!

> (N+K)(M+p+n+Kk)! B p-a
2. moeprky k=P a)m(kmj from (4.2)

n+k

n+k

_ (p-o)(k +20)

(k+a)
Thus,
= (m+p+n+Kk)! (p—a)(k+2a)
“9 2, (k) mi(n+p+R) M = k+a)

Further, for using k > 2 and using (4.5), we get
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- | ke (M+p+n+Kk)! n+k-1
d D™f < — = IRy
an |( (Z)) |< rp+]_ r g ( ) m|(n +p+ k)' n+k
o (p—a)(k+2a) (kL
' rp+l (k+a)
o P Kl (m+p+n+Kk)!
d D™ (2))|x — - K)=——————=
an | (D™f(2)) > el nzzé (n+k) mi(n+p k)l 2T
@) . h (p—a)(K+20a) Pk
' ~ Pt (k+a)

Using (4.6) and (4.7), we get (4.1b).
Remark : The bounds in (4 1a) and (4.1b) are sharp. Since the equalities are attained for the function

f) = L, (-omik+p)
zP (k+(x)(m+p+k)'

Corollary 4.2 : If fiz)e M§ (0,) = Sf (c), then

i_(p‘“J <|f(z)|<—+(p O‘jrk (k>1)
r* \k+a

(z=4r).

P \k+a
and p _[(p—a)(mza)}k_l qf@ P Pook+20) hr o
(P (K + o) rP (k+a)

forO<|zl=r<1 andp/2<a<p.
For p =1, we get the following corollary.

Corollary 4.3a: If f(z)e M{( (m,a), then
1_(1‘0‘)% < D" (2) 'Sh[i_a}k (k>1)

r \k+a +a
and iz M k1 Dmf(z)| M (k> 2).
r (k+a) (k+a)

forO<|zl=r<1 and1/2<a<1.

Corollary 4.3b : If f(z) e Mf (m, o) with a, = 0, then corollary 4.3a holds true for 0< |zj=r<land0<a <1
for a = 0and m =0, we get

Corollary 4.4 : I f(z)e M § (0,0) = S§ (0) = Sk, then

1 p« p rk
= Prkgr < k>1
St @ P k2D

P

r p+1

and —prGF(2) |s%+prk’l (k=>2)
r

for a = 0 and p = 1, we get the following corollary.

Corollary 4.5a: If f(z)e M{( (m,0), then
11 O e
oI D™ () <=+ —  (k=1)
r k rk
1 1

and Sl g D™ @)= -rft (k=2)
r r

forO<|zl=r<1l and%2<a <1l
Corollary 4.5b : If f(z) e Mf (m,0), with ax = 0, then corollary 4.5a holds true for 0 < |z|=r<land 0 <a < 1.
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V. CLOSURE THEOREMS :
Theorem 4.1 : If () :ieri a,, 2" , a,,, =0
z n=0
and 9(2) = i"' z bn+kzn+k ) bn-¢—k >0
Zp n=0
are in M:;(m, a), then h(z) :ier%Z (@, +b,,)z"* isalsoin M:;(m, a). Forp/2 <o <p.
z n=0

Proof : f(z) and g(z) being in M :; (m, o), we have

o0

(5.1) > (n+k+a

)(m+n+p+k)!a

mi(n+p+k)! " <(p-o)

=}
I
o

(m+n+p+k)!b
m!(n+p+K)!

NgE

(5.2) and (n+k+a)

n+k < (p_a)

>
Il
o

for p/l2 <a<p.
It is sufficient for h(z) to be a member of M E (m, o) to show
52, (ko) e @ b < (0 0)
which will follow immediately by use of (5.1) and (5.2).
Theorem 5.2 : The class M :; (m, o) is closed under convex linear combination.
Proof : Let the function F;(z) given by

1 & K .
(5.3) Fi(z)=z_p+zo a2 (=12..), a,,;20
n=

bein M :; (m, o). Then it is enough to show that the function
H(z)=AF1(2) + (1-A)F2(2) (0<A <))
is also in M'S(m, a).For0<iac<1

1 o0
H(Z) = Z_p + Z (}\'an+k1 + (1_ }\')an+k,2 )Zn+k
n=0

we observe that

- (N+k+o)(m+n+p+k)!
nz(:) m!(n +p +k)! [ra

n+k1 + (1_ 7\')an+K2 ]

> (N+k+o)(m+n+p+Kk)!
=\ Ad +@-A
% m!(n +p +Kk)! et (L= )

n+k?2

Xi (n+k+a)(m+n+p+k)!
rd m!(n +p +Kk)!

SMp-a)+(1-2) (p—a)
<(p-a)
By theorem (3.2), we have H(z)e M :; (m, ).

1
Theorem 5.3 : Let fo(z) = s and
z

— | |
fro@)= L PmMOEKERY o g5
P (m+p+n+k)I(n+k+a)

Then f(z)e M :; (m, o) if and only if f(z) can be expressed in the form
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f(2)=> A, f,(2) A=Ay ==k, =0
n=0

where » A =1,2,>0and A, =0forn=1,2, ..k-1  (n<k andk>2).
n=0

Proof : Suppose that (z) = Z Ao fL(2)

n=0

1 (p—a)mi(n+k +p)! n+k
f(z) = p +§ 7»n+k{(m+p+n+k)!(n+k+oc)}z

thus,

Since

i(m+p+n+k)!(n+k+o¢)7L (p—a)m(n+k+p)! _ik
= (p-oym(n+k+p) " map+n+k)In+k+a) =M

Thus, by theorem (3.2) fz)e M5 (m, o).

Conversely : Suppose that the function f(z) defined by (1.1) belongs to M:;(m, a), then by theorem (3.2), we
have

(p—a)mi(n+Kk+p)!
(m+p+n+k)I(n+k+a)

a , h=>0.

n+k =

_(M+p+n+k)(n+k+a)a

. n+k
SING Aok = o ymi(n K+ )t
with Ay =2, =..=A ;=0 and > A, =1 4, >0
n=0
then

1 o0
f2)="5+2, a,,, 2"
z n=0

o —o)m! I
S (p-omintk+p)t , ok
P = (m+p+n+k)(n+k+a)

1 = 1
= _p+ z 7\‘n+k{fn+k __p}

z

1 < N
= —+(1— z 7\,n+kJ+ Z 7\‘n+k1:r1+k

n=0

- i A f(2)
n=0

This completes the proof.
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VI. RADII OF STARLIKENESS AND CONVEXITY :

Theorem 6.1 : Let the function f(z) defiOned by (1.1) be in the class M:;(m, o), then f(z) is meromorphically
p—valent starlike of order 3(p/2 < & < p) in the disk |z|< ry, where

1
(N+k+o)(m+p+n +k)!(p—6)}n+k+p heN,

(6.1) r1=r1(“’8):irlf{ (n+k+8mi(n+p+Kk)!(p—a)

Proof : It is sufficient to prove that

| zf'(z) + pf(2)

|31 forO<|z|<n
|2 (2) + (25-p)f (2)|
we have
. (n+k+p)a,, z"* ‘
| zf'(2) +pf(2) Iz‘ Zo "
20 @)+ @@ |26-P) , $ 14 k425 pja, 2
Zp = n+
‘ > (n+k+p)ag,z"H P ‘
— n=0
‘— 2(p-38)+ > (n+k+25-p)a,, 2"
n=0
Thus, the result follows if
‘ > (n+k+p)ag,z" P
n=0 <1
‘—2(p—6) + 3 (N+k+25—p)a,, 2" P
n=0

or > (n+k+p)ag, | z[™P <2(p-8)- D (n+k+28-p)a,, |z
n=0 n=0
which is equivalent to

Y (+k+8)a,, 2| < (p-3)
n=0
or

(6.2) Z (n +k+ 8) | 7 |n+k+p <1

n+k
n=0 p 6)
But, by theorem 3.2, we have

i(n+k+a)(m+p+n+k)!
= mi(n+k+p)l(p—a)
Hence, (6.2) holds if and only if for all neN,
(n+k+0d) nikep_ (N+K+a)(m+p+n+Kk)!
—an+k| | < Ak
(p-19) mi(n+k+p)l(p—a)
niksp o (N+K+0)(M+p+n+k)l(p-3)
~ (n+k+8)mI(n+k+p)(p-a)
1
7)< (n+k+a)(m+p+n+Kk)(p—03) |n+k+p
| (n+k+8)mMI(n+p+Kk)(p-a)
This completes the theorem.

<1

n+k =

or |z|
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Theorem 6.2 : Let the function f(z) defined by (1.1) be in the class M E (m, o). Then f(z) is meromorphically p—

valent convex of order 5(p/2 < & < p) in the disk |z| < r, where 1, = ry(a,)
1

_in{ (n+k+a)m+p+n+k)!(p-8)p }nkw heN,
(n+kK)(n+k+d3mI(n+p+K)!(p—a)

Theorem 6.3: Let function f(z) given by (1.1) be in the class M :; (m, o).

n

F(2) = %[(c+ 0)f(2)+2f'@)] . ¢>0

Then, F(z) isin M:;(m, a) for |z] < r(a, B), where
1

r(ot, B) = inf (n+k+a)(p=P)c 0.2
’ n | (n+k+B)c+p+n+Kk)(p-a) ’ e

The result is sharp for the function f,(z) given by (3.6).

Proof : F(Z) — ip + Zwan+kzn+k
n=0 C
m+1
Let W(z):l—(m+1){D - F(Z)—l}
(P—B) | D"F(2)
Then it is sufficient to show that
w(z)-1
w(z)+1
A computation shows that this is satisfied if
© |
6.3) Z (n+k+B)(mM+p+n+k)(c+p+n+Kk) a .|z |”+p+k£1
10 (p—B)mi(n+k+p)lc

Since f(z)e M :; (m, o), by theorem 3.2, we have

i(n+k+a)(m+p+n+k)!
= (P—o)mi(n+k+p)!

The equation (6.3) is satisfied if
i(n+k+[3)(m+p+n+k)!(c+p+n+k) |7 PP
n=0

<1

n+k =

a

n+k

(p—-B)Mi(n+k+p)lc
gi(”+k+0€)(m+p+n+k)!
o (p—a)mi(n+k+p)!

n+k

or
1

Izl{ (n+k+a)(p—B)c }kp

(n+k+B)c+p+n+k)(p—a)

VII. INTEGRAL OPERATOR
Theorem 7.1 : Let the function f(z) given by (1.1) be in M :; (m, o). Then the integral operator

1
F(z) =(c—p+1)_|'u°f(uz)du forp<c<o
0
O<u<l

isin M:;(m, 8) where
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_p(p+o)c+k+)—p(p-a)c—p+])
c—-p+D)(p—a)+(p+a)(c+k+1)
This result is sharp for the function
f(z . (p—omi(k +p)!
(z )— z"
zP (k+a)(m+p+k)!

Proof : Let f(z)e M:;(m, a). Then

1
F(z)=(c-p +1)I u®f(uz)du
0

1 ucP o
:(C—p+1).|. . n+kuc+n+kzn+k u
Z _

i C-— p+1 ‘ n+k
— c+n+k+1 Ans

It is sufficient to show that
Z (c— p+1)(m+n+p+k)'(n+p+8)61
o C+n+k+D)(p-3)(n+k+p)im!

(7.1) L <1

n+

Since f(z)e M¥ p (M, &), we have

i (m+n+p+K)!(n+p+a) _
=  mh+k+p)lp-a)

(7.1) is satisfied if
c-p+l)(n+p+d)(p-a)<s(c+n+k+1)(p-5 (h+p+a)

or

pe+n+k+D(n+p+o)—(c—p+H(n+p)(p-o) _ F(n)
B c-p+D(p-a)+(€C+n+k+D(Nn+p+a)
A computation shows that
F(n+1)-F(n)
(p—a)(c—p+D)[(n+p)(n+2p+1)+p(a+p+1)+pn+k(p—o)] 0

B [(c—p+D)(p-a)+(c+n+k+2)(n+1+p+a)][(c—p+D)(p-a)+(c+n+k+D(n+p+a)]

for all n > 0. This means F(n) is increasing and F(n) > F(0). Using this the result follows.

VIILI. NEIGHBOURHOODS FOR THE CLASS MK (m, a, y) :

M¥ is said to be in the class Mg(m, a, v) if there exist a function g(z) e

Definition 8.1 : A function f(z)e D

M :; (m, o) such that

@)
9(2)

Definition 8.2 : N;(f) denote the 3-neighbourhood of the function fe M:; of the form (1.1), i.e.

(8.1)

—].‘Sl—y , 0<y<l

1 & N
(8.2) Na(f):{geME :g(z):z—p+2bn+kz” k
n=0

and Z(n + k) | Anik — n+|< |< 8}

n=0
Theorem 8.1 : If g(z)e M:;(m, a) and
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(8.3)

B O(k+a)(m+Kk+p)!
K[(k + o)(m + Kk + p)-=m!(p —a)(k + p)!]

y=1

Then Ny(@)= M § (m, . ).
Proof : Let f(z)e Ns(g), then we find from (8.2) that

- o
(8.4) z | Anik — bn+k |S T
n=0 k
Since g(z)e M :; (m, o), we have from (3.3)
o (p—a)mli(k+p)!
8.5 b <
(&9 ,;) "7 (K + o)(M+p + K)!
i (an+k - bn+k)
So that ‘@ —J.‘ = =0
9(2)

1+> by
n=0

o0
z Ian+k _bn+k |

< n=0
1_i bn+k
n=0
o .

= T (0—o)mi(k s p) (using (8.4) & (8.5))

(k+o)(m+k+p)!
B d(K+a)(m+k+p)!
B K[(k—a)(m+K+p)—(p—a)mi(k+p)!]
= 177

where 7 is given by (8.3). Hence by definition 8.1 f(z)e M :; (m, a, y) which completes the proof.
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