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Abstract: We introduce a new class k
pM  (m, ) of functions of the form 
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 , kN0 which are regular in the punctured unit disk U* = 

{Z : Z : 0 < |Z| < 1}. Sharp results concerning coefficients, distortion, closure properties, 
integral operator, neighborhood property, inclusion property and radii of starlikeness and 

convexity for the class are determined.  

 
I. Introduction 

Let 
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which are analytic in puntured unit disk   U* = {Z : Z : 0 < |Z| < 1}. We define the differential operator Dm 

on functions belonging to the class 
k
pM , using convolution as follows : 
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 D0f(z) = f(z). 

A function belonging to the class
k
pM  is said to be meromorphically starlike of order „‟ if and only if 
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The subclass of 
k
pM  consisting of functions which are meromorphically starlike of order  is denoted 

 by 
k
pS (). 

We define a class 
k
pM (m, ) of function of the form (1.1) which satisfies the condition 
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 where mN0, pN = {1, 2, …} and 0   < p. 
 Clearly, 
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Many important properties of certain subclasses of meromorphic p–valent functions were studied by 

several authors including Aouf and Srivastava [1], Joshi and Srivastava [2], Liu and Srivastava [3], Liu and Owa 

[4], Liu and Srivastava [5], Owa et.al. [6], and Srivastava et.al. [7]. 

Extending the work of Liu and Owa [5] we obtain the coefficient inequality, inclusion property, 

distortion theorems, integral operator, neighbourhood properties, closure properties and radii of starlikeness and 

convexity for the class ).,m(Mk
p   

II. Inclusion Property Of The Class  α)(m,M
k
p : 

For proving the inclusion property, we first prove the following lemma : 

Lemma 2.1 : Let f(z)
k
pM  be given by (1.1), then 

(2.1)  z(Dmf(z))' = (m + 1)Dm+1f(z) – (m + p + 1)Dmf(z) 
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= z(Dmf(z))' 

This completes the proof of lemma. 

Theorem 2.2 : ),m(M),1m(M k
p

k
p   for each mN0{0,1,2,…} 
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Define a regular function w(z) in U = U*U{0} by 
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Clearly w(0) = 0. 

Logarithmic differentiation of (2.3) yields 
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Using lemma (2.1), equation (2.4) reduces to 
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result due to Jack (1971), there is a real number K  1 such that  
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which contradicts (2.2). Hence, |w(z)| < 1 for zU and from (2.3), it follows that f(z) ).,m(Mk
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This completes the proof of theorem. 

 
III. Coefficient Inequality  

Theorem 3.1 : Let f(z) 
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Proof : For 0   < p, consider the expression 
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for 0 < |z| = r < 1 we have 
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Since this holds for all r, 0 < r < 1, making r  1 we have 
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Remark : The result is sharp. The extremal function being 
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Further, for using k  2 and using (4.5), we get 
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)kn(r

r

p
|))'z(fD(| 







 


   

(4.7)       r
)k(

)2k)(p(

r

p 1k

1p



 


  

Using (4.6) and (4.7), we get (4.1b). 

Remark : The bounds in (4.1a) and (4.1b) are sharp. Since the equalities are attained for the function 

  r).(z         z
)!kpm)(k(

)!pk(!m)p(

z

1
)z(f k

p





  

Corollary 4.2 : If f(z)
k
pM (0,)  

k
pS (), then  

  1)(k      r
k

p

r

1
|)z(f|r

k

p

r

1 k

p

k

p


























  

and          2).(k     r
)k(

)2k)(p(

r

p
|)z('f|r

)k(

)2k)(p(

r

p 1k

1p

1k

1p


















 






 

 

for 0 < |z| = r < 1   and p/2   < p. 
For p = 1, we get the following corollary.  

Corollary 4.3a : If f(z)
k
1M (m,), then   

  1)(k      r
k

1

r

1
|)z(fD|r

k

1

r

1 kmk 
























  

and           2).(k     
)k(

)2k)(1(

r

1
|)'z(fD|r

)k(

)2k)(1(

r

1
2

m1k

2










   

for 0 < |z| = r < 1   and 1/2   < 1. 

Corollary 4.3b : If f(z)
k
1M (m,) with ak = 0, then corollary 4.3a holds true for 0 < |z| = r < 1 and 0   < 1. 

for  = 0 and m = 0, we get 

Corollary 4.4 : If f(z)
k
pM (0,0)  

k
pS (0)  

k
pS , then  

  1)(k     r
k

p

r

1
|)z(f|r

k

p

r

1 k

p

k

p
  

and  2)(k     pr
r

p
|)z('f|pr

r

p 1k

1p

1k

1p
 






 

for  = 0 and p = 1, we get the following corollary. 

Corollary 4.5a : If f(z)
k
1M (m,0), then 

  1)(k     
k

r

r

1
|)z(fD|r

k

1

r

1 1k
m1k 


  

and  2)(k     r
r

1
|)'z(fD|r

r

1 1km1k    

for 0 < |z| = r < 1   and ½   < 1.  

Corollary 4.5b : If f(z)
k
1M (m,0), with ak = 0, then corollary 4.5a holds true for 0 < |z| = r < 1 and 0   < 1. 
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V. CLOSURE THEOREMS : 

Theorem 4.1 : If 0a     ,            za
z

1
)z(f kn

kn
kn

0n
p

 








  

and      0b     ,            zb
z

1
)z(g kn

kn
kn

0n
p

 








  

are in 
k
pM (m, ), then kn

knkn

0n
p

z)ba(
2

1

z

1
)z(h 







    is also in 
k
pM (m, ). For p/2   < p. 

 

Proof : f(z) and g(z) being in 
k
pM (m, ), we have 

(5.1)  )p(a
k)!p(nm!

)!kpn(m
)kn( kn

0n





 





  

(5.2) and  )p(b
k)!p(nm!

)!kpn(m
)kn( kn

0n





 





  

for p/2   < p. 

It is sufficient for h(z) to be a member of 
k
pM (m, ) to show 

 )p()ba(
k)!p(nm!

)!kpn(m
)kn(

2

1
knkn

0n





 





  

which will follow immediately by use of (5.1) and (5.2). 

Theorem 5.2 : The class 
k
pM (m, ) is closed under convex linear combination. 

Proof : Let the function Fj(z) given by 

(5.3)  0a     1,2,...),(j       za
z

1
)z(F jk,n

kn
jk,n

0n
pj  








  

be in 
k
pM (m, ). Then it is enough to show that the function  

H(z)=F1(z) + (1–)F2(z)    (0    1) 

is also in 
k
pM (m, ). For 0    1 

  
kn

k,2nk,1n

0n
p

z)a)1(a(
z

1
)z(H 







   

we observe that 

 ]a)1(a[
k)!p(nm!

)!kpn(m)kn(
k,2nk,1n

0n











  

  )1(a
k)!p(nm!

)!kpn(m)kn(
k,1n

0n





 





  

   k,2n

0n

a
k)!p(nm!

)!kpn(m)kn(




 


  

    (p – ) + (1 – ) (p – ) 

    (p – ) 

By theorem (3.2), we have H(z) 
k
pM (m, ). 

Theorem 5.3 : Let f0(z) = 
pz

1
 and 

  0,1,2...n     ,    z
)k(n)!knp(m

)!pkn(!m)p(

z

1
)z(f kn

pkn 



 

  

Then f(z) 
k
pM (m, ) if and only if f(z) can be expressed in the form 
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 0...                  )z(f)z(f 1k21nn

0n

 





  

where n

0n






=1, n  0 and n = 0 for n = 1, 2, … k–1       (n < k  and k  2). 

Proof : Suppose that )z(f)z(f nn

0n






 

thus, 

  
kn

kn

0n
p

z
)k(n)!knp(m

)!pkn(!m)p(

z

1
)z(f 





 










   

Since 

  




















0n

knkn

0n )k(n)!knp(m

)!pkn(!m)p(

)!pkn(!m)p(

)k(n)!knp(m
 

  





1n

n  

           = 1 – 0  1 

Thus, by theorem (3.2) f(z) 
k
pM (m, ). 

Conversely : Suppose that the function f(z) defined by (1.1) belongs to 
k
pM (m, ), then by theorem (3.2), we 

have 

0.n   ,       
)k(n)!knp(m

)!pkn(!m)p(
a kn 




  

Setting     
)!pkn(!m)p(

a)k(n)!knp(m kn
kn




 

  

with 0  ,1 and    0...  nn

0n

1k21  




  

then  

  
kn

kn

0n
p
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z

1
)z(f 







  
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p

z
)k(n)!knp(m

)!pkn(!m)p(

z

1 










   

        








 





 pknkn

0n
p z

1
f

z

1
 

        knkn

0n
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0n
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f1
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1






















   

        nn

1n
pn

1n

f
z

1
1 










 









 

        nn

1n

00 ff  




 

        )z(fnn

0n






 

This completes the proof. 
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VI. RADII OF STARLIKENESS AND CONVEXITY : 

Theorem 6.1 : Let the function f(z) defi0ned by (1.1) be in the class 
k
pM (m, ), then f(z) is meromorphically 

p–valent starlike of order (p/2   < p) in the disk |z|< r1, where 

(6.1)  0

pkn

1

n
11 Nn      

)p()!kpn(!m)kn(

)p()!knpm)(kn(
inf),(rr 
















 

Proof : It is sufficient to prove that 

  1r  |z|  0for                 1
)z(f)p2()z('zf

)z(pf)z('zf





 

we have 



















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






0n
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knp

0n
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z
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)z(f)p2()z('zf
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















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



0n

pkn
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0n
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kn
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Thus, the result follows if  

1
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za)pkn(

0n
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0n
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
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


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









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











 

0n

pkn
kn

0n

pkn
kn |z|a)p2kn()p(2|z|a)pkn(  

which is equivalent to 

  )p(|z|a)kn(
0n

pkn
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




  

or 

(6.2)  1|z|a
)p(
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0n

pkn
kn 










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But, by theorem 3.2, we have 

 1a  
)p()!pkn(!m

)!knpm)(kn(
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0n











  

Hence, (6.2) holds if and only if for all nN0 
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pkn

kn a  
)p()!pkn(!m

)!knpm)(kn(
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)p(

)kn(






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
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|z| pkn






 

pkn

1

)p()!kpn(!m)kn(

)p()!knpm)(kn(
|z|















  

This completes the theorem. 
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Theorem 6.2 : Let the function f(z) defined by (1.1) be in the class
k
pM (m, ). Then f(z) is meromorphically p–

valent convex of order (p/2   < p) in the disk |z| < r2 where r2 = r2(,) 

 0

pkn

1

n
Nn      

)p()!kpn(!m)kn)(kn(

p)p()!knpm)(kn(
inf 
















 

Theorem 6.3: Let function f(z) given by (1.1) be in the class
k
pM (m, ).   

  0c   ,    )]z(zf)z(f)pc[(
c

1
)z(F 1   

Then, F(z) is in 
k
pM (m, ) for |z|  r(, ), where 

 ....2,1,0n  ,    
)p)(knpc)(kn(

c)p)(kn(
inf),(r

pkn

1

n

















 

The result is sharp for the function fn(z) given by (3.6). 

Proof : 










0n

kn
knp
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c

)knpc(

z
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
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
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
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
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

1
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)p(

)1m(
1)z(w

m
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Then it is sufficient to show that 

  1
1)z(w

1)z(w





 

A computation shows that this is satisfied if 

(6.3)    1|z|a  
c)!pkn(!m)p(

)knpc()!knpm)(kn( kpn
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0n




 






  

Since f(z) 
k
pM (m, ), by theorem 3.2, we have 

  1a  
)!pkn(!m)p(

)!knpm)(kn(
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0n


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






  

The equation (6.3) is satisfied if 
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a |z| 
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







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)!knpm)(kn(










  

or 

pkn

1

)p)(knpc)(kn(

c)p)(kn(
|z|















  

 

VII. INTEGRAL OPERATOR 

Theorem 7.1 : Let the function f(z) given by (1.1) be in 
k
pM (m, ). Then the integral operator 

  

1u  0                                                           

cpfor            du)uz(fu)1pc()z(F

1

0

c



   

is in 
k
pM (m, ) where 
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)1kc)(p()p)(1pc(

)1pc)(p(p)1kc)(p(p




  

This result is sharp for the function 
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p
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)!kpm)(k(

)!pk(!m)p(

z

1
)z(f 




  

Proof : Let f(z) 
k
pM (m, ). Then 

     du)uz(fu)1pc()z(F
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0

c
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u
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1

0 0n
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  



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
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
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0n
p
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1knc

1pc

z

1 




 


   

It is sufficient to show that 

(7.1)  1a
!m)!pkn)(p)(1knc(

)pn()!kpnm)(1pc(
kn

0n











  

Since f(z) 
k
pM (m, ), we have 

 1
)p()!pkn(!m

)pn()!kpnm(

0n










 

(7.1) is satisfied if 

  (c – p + 1) (n + p + ) (p – )  (c + n + k + 1) (p – ) (n + p + ) 
or 

  )n(F
)pn)(1knc()p)(1pc(

)p)(pn)(1pc()pn)(1knc(p





  

A computation shows that 

F(n + 1) – F(n) 

   0
)]pn)(1knc()p)(1pc)][(p1n)(2knc()p)(1pc[(

)]p(kpn)1p(p)1p2n)(pn)[(1pc)(p(





  

 

for all n  0. This means F(n) is increasing and F(n)  F(0). Using this the result follows. 

VIII. NEIGHBOURHOODS FOR THE CLASS 
k
pM (m, , ) : 

Definition 8.1 : A function f(z) 
k
pM  is said to be in the class 

k
pM (m, , ) if there exist a function g(z) 

k
pM (m, ) such that 

(8.1)  1. 0    ,      11
)z(g

)z(f
  

Definition 8.2 : N(f) denote the –neighbourhood of the function f
k
pM  of the form (1.1), i.e. 

(8.2)  





 





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0n

kn
knp

k
p zb

z

1
)z(g:Mg)f(N  

   












0n

knkn |ba|)kn(   and  

Theorem 8.1 : If g(z) 
k
pM (m, ) and 
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(8.3)  
])!pk)(p(!m)!pkm)(k[(k

)!pkm)(k(
1




  

Then N(g)
k
pM (m, , ). 

Proof : Let f(z) N(g), then we find from (8.2) that 

(8.4)  
k

|ba| knkn

0n


 





  

Since g(z) 
k
pM (m, ), we have from (3.3) 

(8.5)  
)!kpm)(k(

)!pk(!m)p(
b

0n

kn









  

So that  

kn

0n

knkn

0n
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)ba(

1
)z(g

)z(f




















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kn
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




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











  

  


















)!pkm)(k(

)!pk(!m)p(
1k

    (using (8.4) & (8.5)) 

])!pk(!m)p()!pkm)(k[(k

)!pkm)(k(




  

  = 1 –  

where  is given by (8.3). Hence by definition 8.1 f(z) 
k
pM (m, , ) which completes the proof. 
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