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ABSTRACT : Chlodovsky( 1937) has proved the theorem 1.1 & 1.2 for Bernstein Polynomials
Bn(x):an(x;bn):Z FEEEEY (1~ on an unbounded interval.
k=0~ ™ n n

The object of this paper is to extend the above theorems for newly defined polynomials

4@ = Aab) =@+ Y (1 e p(5a)

k=0
on an unbounded interval .
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I.  Introduction & results
If f(x) is a function defined on [0,1], the Bernstein polynomial an(x) of fis an(x):z f(E)pn (),
k=0~ M

wherep, ; (x) = () (0 (1 = x)" .
If the function f(x) defined in the interval (0,b),b>0 .The Bernstein polynomialB,'(x;b ) for this interval is
given by

BB RGN (L= oo (L)

Further a small modification of the Bernstein polynomial due toKantorovich [2] and Anwar&Umar [3] makes it
possible to approximate Lebesgue integrable function in L; norm by a newly defined polynomial

n+1

Ap(Ex)=Mn+1) Z B (A} P (50)  wmemmememeees 1.2)
k=0

where

Oy D xxtka)* (1 —x+(m k)" 7K
Pk (% )= ) o (1.3)

such thaty p, , (x;0) = 1.

Let the function f(x) be defined on the interval (0,b),b>0. To obtain a modified polynomial A{l (%, a; b) for this
interval, we make the substitution

y=xb™ in the polynomial ~ A%(y) of the function ®(y) = f(by),0<y<1

and obtain in this way

A, () = AL (x,a;b) = (n+1) z U3 F(tb)dty pr (25 0) - (1.4)
where e

x \_ M0, @Gk A—f+0-ka"
Pk (b ; a)—(k) e (1.5)

Chlodovsky (1937) has proved the theorem by assuming b=b,, is a function of n, which increases to +oo with n
and f(x) defined in the infinite interval 0<x<oo.

Theorem 1.1:- If b,,=0(n) and the function f(x) is bounded in [0, +o0 ), say |f(x)|<M, then then B,(x) — f(X)
holdsat any point of continuity of the function f(x) .
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Theorem 1.2:- If b,,=0(n)
and
M(b,)e~®/bn - 0,
for each a > 0, then B,(x) — f(x) holds at each point of continuity of the function f(x).

In this paper our object is to improve the above results by taking the new polynomial A, (x) instead of By(x)
which may be stated as follows

Theorem 1.3:- If b,=0(n) and the function f(x) is bounded lebesgue integrable  in [0, +0), say |f(x)|<M,
then A, (x) — f(x) holdsat any point of continuity of the function f(x) .

Theorem 1.4:- If b,,=0(n)
and
M(b,)e P/bn 0, s (1.6)
for each B > 0,then A,(X) — f(x) holds at each point of continuity of the function f(x).

Il.  Lemmas
In order to proofour result we need the following Lemmas

Lemma2.1:[3] For all values of x € [ 0,1] and for a=an:0(§)

n+1

k+1
Wehave (n+1) E (e = 00240}y (5 )02
k=0

Lemma 2.2: If 0<x<l, the inequality,
3 x(1—x) L
0<z < ()2 2.1)
Implies
et 2
(n+1) E i P (0 dt < 2677 oo (2.2)
It—xlﬁz(@)f nt+l
Proof of lemma 2.2: Let ® be the generating function of the polynomial

T= 2 (k —n0p, (x:a),
which may be defined as

Em 1
q):q)n (ul S) = SZO;Tns (X)us
n © 1
=Zk=0Pn,k(x; o) § SZO;(k—nx)suS

- Zn pt(k—nx) (1’1) x(x+ka)* =1 (1 —x+(@n—-k)a)" K
k=0 k (14+na)"

e —nxu

Trnan L (1—-x+no)" +nx(1 —x+ (n—1a)" te*
nn—1)
+ T 1
O =™ (1 —Xx+ Xeu)n , for Ot:anZO(H)
and therefore

x(x+20)(1 —x+ (n— 2)o)"2e?* + - ... .. + x(x+no)*lem™

O =[e™(1—x+xeV)]" (2.3
To prove our result we first show that for |u| < % , the inequality
O < expfnx(1—0)u?} .o (2.9)

holds.
For (2.3) can be written as
® = [xe*(7¥) + (1 — x)e )"

www.iosrjournals.org 9 | Page



Degree of Approximationof Functionsby Newly Defined Polynomials onan unbounded interval

But since
xe 00+ (1-x)e™ =) L[x(1—x) + (1 - 0)(-x)']
v=0 vi

§1+Zw=2 L [x(1— ) + (1 =) ()]

2 . 2
<trx -0+l )

- u? 1 -1
=L+ x(1—x) (1 —<u)
<l+x(1—x)u? for  |ul

<ex(=u’gsek > +1

IA
N w

and hence
D < [ex(l—x)uz]n
=exp{n x(1 —x)u?} whichis (2.4).

Therefore if
N T I e N € (2.5)
then we obtain for 0 <u 532
vy, (w, x)+¥, (—u,x) and therefore , for a=an:0(%) , we have
v <exp2{n x(1 — x)u?} . -----mmm-mmmmmmen (2.6)
now we get our required result, we note that for ¢c>0 and u>0

k+1

(n+1) ([} avpusts o)

_k_
n+1

exp iulk —nx []=cy

z :” 254
Sﬁ (Tl + 1) {fil f(t)dt}eulk—nxl Pk (x; 01)5%

k=0 n+1
. 1 .
Now if we put c=; z?, we obtain

k+1
oD Z ([T dt)p, i (x; 0)<2e~
exmiﬂulk—nx”%ezz n+1

v
or

k+1
(n+1) E ([ dE)py i (v @)<2e~
lke—nx|2z2u"14nx (1—x)u n+l

since for the given range of t |k — nx| ~ |t — x|,
we have

n+1

k+1
(n+1) E E T dt)Pp, i (o @)<2e ™" —nomn @2.7)
lt—x|=z2u~"1n"14nx (1—x)u
Since 2.1 can be written as
1
0< z[nx(1 — x)]_fii2
1

But (2.7)holds for 0 <u 532 and therefore for u=z[nx(1 — x)] "z, we have

k+1
(n+1) E . (T dO)Dy (5 @)<2e77
[t—x IZZ[

x(ln—x)]7+z [x(ln—x)]f n+l
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k+1
(n+1) E (i de)p, ) (o a)<2e
|t_x|222[x(1n—x)]2 n+1

this completes the proof of lemma.

1. Proof of theorems
Proof of theorem 1.3:
We have

14,0 — FGI<(n + 1) z UFeb) = F@d p (25 0)
k=0

n+1
Let €>0 be arbitrary and choose infinitesimally small 6>0 such that
[fx) — f(x)|<e forlx —x'|<8

then
14,00 — £ < (n+ D (717 en) - @l p (5:0)
|bnt —x|< & .
o+ 1) Z I eb) = F1dt) P (5 a)
|bnt —x|=5 ntl
=l1+1, (31)

n+1

k+1
< (n+1) E (it} pus (35 0)
|bnt —x|< &

n+1

=€ (3.2)

b=+ 1) Z E1F(eb) — FGOlde P (550)
|bnt —x|< §

To calculate I, , we put u=bi and then we have
n

n+1

L=(n + 1) Z R (eb) = OOl po (X5 0)
|bnt —x|=5

n+1

K+l
<M (n+1) E {7 dt} por(ws @)
ez

n+1

<2M() 2 (n+1) z U — 0028} pyy (s )
k=0

<2M ()2 for all a=0(-)byLemma(2.1),

X

<2M (@)Zfor all largen & a:O(%)sincebn =o(n),
(>
bn

<eg (3.3)

Hence

|4, (x) — f0)|<ete=2¢

this completes the proof of theorem 1.3.

Proof of theorem 1.4:  Proceeding as in theorem 1.3 we obtain
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k+1

14, () — fFCOl < €+2M(b,) (n + 1) Z ([t dt} py s (W o)

It—ulzi nt
bn

The second term can be easily estimated by means of lemma(2.2), if
1

225, (2b,) ! (*2) 7
the condition (2.1) satisfied if we assume, for instance, 8<2x and that n is sufficiently large .
Hence by (1.6) we obtain
14,0 — F()I < € +2M(b,) exp (20

= e +2M(b,) exp {-52n[4= (1 - = )11}

=e+e=2¢ forlargen
this completes the proof of the theorem 1.4.

IV.  Conclusion
In this paper we have improved the results of Chlodovsky by taking the new Modified Polynomials 4,, (x)
instead of Bernstein Polynomials Bp(x).
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