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ABSTRACT : This note presents the discussion regarding the flow of a dusty viscous fluid through hexagonal
duct, i.e. , the cross-section of the long rectilinear duct is a regular hexagon. Developed integral transform and
trilinear co-ordinates have been employed to solve the problem. The pressure gradient has been taken any
function of time. A few particular cases, i.e. , flow under an impulsive pressure gradient and flow under constant
pressure gradient have also been discussed.

l. INTRODUCTION

Unsteady laminar viscous incompressible flow through large rectilinear duct has been studied by Chien
Fan (1965) when the axial pressure gradient is any arbitrary function of time. Saffman (1962) studied the
stability of the laminar flow of a dusty gas where in dust particles were uniformly distributed and their size and
shape were also uniform and neglected the bulk concentration. Michael (1965) , Michael and Norway (1968)
and Rao (1969) have studied unsteady flow of a dusty viscous fluid for viscous geometries.

In this chapter we consider the unsteady flow of dusty viscous fluids through a rectilinear duct having
cross-section as a regular hexagon and pressure gradient is assumed to be any function of time. For the
suitability of boundaries a special not-orthogonal co-ordinate system, a system of trilinear co-ordinates, has been
used and the corresponding integral transform has been considered to solve the differential equation. Two
particular cases have also been discussed.

1.  GOVERNING EQUATIONS OF MOTION
Using Cartesian co-ordinates (x,y,z) , let z —axis be along the axis of the duct. For the present

geometry, the components of the fluid velocity w,,u,,u, and those of duct particle v,,v,,v, are assumed
as:

y’
u, =0, u, =0, u, = u,(x,y,t)

and
v, =0, v, =0, v, = v,(x,y,t).

It is further assumed that the number density of the duct particle N = N,,, a constant.

The governing equation of motion (Saffman, 1962) are

ou, 1dp 0°u, 0%u,\ KN,
% —; &‘F 14 (axz + ayz) (v, —u,) - (D
and
dv,
= K(u, —v,) R ¢2)

where K is the Stoke’s resistance coefficient, v is the kinematic viscosity, p is the fluid density, m is the
mass of the dust particle and p is the fluid pressure.

We further assume —% Z—p = any function of time = f(t) v cev e ver vee v eeewee . (3)

zZ
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Eliminating v, between (1) and (2) and using (3), we get

azuz+K(N°+1)auz (K >(t)+ (K a) azuz+02uz '
at2 p m/ ot \m ot f v at) \axz " ay? R (/)

Let f(t) =P +F(t) e (B)

where P isaconstant and F(t) is a function of time. Also let

u, =u (x,y) + uy(x,y,t) TRV UTPRRRIRRS (<)
where wu; is steady component and u, is unsteady component of velocity of the fluid.
Substituting (5) and (6) in (4) and separating the steady and unsteady parts, we get

0%u; 90%u, P

W-l_ 3y? +;= 0 cr e e e e e e e (7))
0%u, N, ou, (K 0 K 09\ (0%u, O0%u,

" C(E e Dp () (B Ty
ot? + (p +m) ot (m ot ©+v m+8t dx? + dy? ®

Equations (7) and (8) are main governing equation of motion.

I1l. TRANSFORMATION OF THE GOVERNING EQUATION IN TRILINEAR CO-
ORDINATES AND INITIAL AND BOUNDARY CONDITIONS
Let us consider a reference equilateral triangle of side ‘3a’ , so that the hexagonal cross-section has
three alternative sides as the sides of the reference triangle and remaining three alternative sides will be given by
constant perpendicular distances from the reference triangle sides. Hence the regular hexagon will have the side
of length ‘a’. Expressing the equations of motion and boundary conditions in terms of trilinear co-ordinates, we
have

) P
Vi, =0 R )
0%u, Ny 1\0du, (K 0 K 9\ ._,
32 (p E) T (E‘l‘a)F(t) + V(E-I-a) Vapylta oo e (10)
and
K
u1(0,8,7) =wy = u1< ,ﬁ;)/ﬂ
2K
U (a, 0, y) =w; =Y (CZ,?,V) } ee war wer war wer e eve ee wee ree wee s (11)
2K\ |
u(a,B,0) =w =y (“ ﬂ»?”
uZ(“!ﬂ!Y!O)ZO A
2K
UZ(O,ﬁ,y,t) =0= Uy (?,ﬁ,)’,t)
\ ..(12)

2K )
3 ;y;

2K
uy(a,B,0,t) =0 =u, (a,ﬁ,?,t>

uz(aOy,t)—O—uz(
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where K is the perpendicular distance from a vertex of the reference triangle to its opposite side and the
trilinear co-ordinates «, 8,y of any point are related by

a+pf+y=K cer ree e e e e e e e e e (13)

and

VZ

a

LI R LI LI R
pr= (W 952t 57 " Baop  apay 8y8a>

The other physical requirement is that w must be finite.

IV. SOLUTION OF THE PROBLEM
To solve this problem we shall use the following developed integral transform of function of trilinear co-
ordinates :

K1 rKy rK3
Tf(a,B,y)] =f*(m) = fo fo ; f(a,B,v) (sin 2mma + sin 2nmp + sin ZHI;ny) da dp dy

K K
e (14)

where K; =K, = K; =K, = %K, p and g being integers and K being constant such that « + f +y =K .

Also m is an integer.

The transform has the inverse formula

ma 2mmp Z”my) e (15)

f(a,ﬁ,y)=Zf*(m)cm (sinan + sin I + sin <

where — = i(in

Cm 2 \p

With the help of operational property

4 2002
") ...(16)

rw rasni=-y [ [ [5 rap) ]: dx, dx, —

where i # sands #t and dn; are the perpendicular distances to the sides of the reference triangle in the
trilinear system of co-ordinates and the function w,, is

. 2mma_ 2mmf | 2mmy
um=<sm X + sin X + sin K) e v e (17)
Now solution (9) satisfying the boundary condition (ii) is
_ +§:2 <K>2P<.2nma+.2nmﬁ+_2nmy> 18
Uy =w , mn 5mm) 3 ST sin— sin— v ere e e e e = (18)
me

This solution can be verified by substituting in (9) and knowing that (by Fourier Series Law)

www.iosrjournals.org 46 | Page



A note on unsteady flow of a dusty viscous fluid through hexagonal duct

2nma | 2mmfB 27tmy)
sin

1 - 2
Z=E[3K—2(a+ﬁ+y)]=z—( X + sin X + sin X

Again for the solution of (10) with respect to boundary and initial conditions (12) we use Laplace transform for
the time variable so that (10) becomes

[sz +K (% + l) s—v (% + s) Vi,ﬁ,y] u, = (% + s) € N ¢ L)

m

Applying the integral transform of trilinear co-ordinates as defined by (14) to (19), we eliminate Viﬁjy
operator from it so as to obtain

410 (2 st (B 5) () | = g (5 )7 2D

T 27mm

Whence we have

_ 4K3 ?(S) %4‘6 _%‘l‘(,b (21)
uz - 277Tm (9_¢) S _6 S_¢ WEE EEE EEE BRSO EEE EEE REE EEE EEE REE EEE EEE REE ® B

where 6, @ are the roots of the equation

2

2, [KNo K (67Tm)2 LK <6nm> o -
s > Tm Vi st —\% = ren e e e e een e e e nen e e e (22)

To get the solution in terms of the original variable a, 8,y and t we make use of inversion theorem (15) and
inverse Laplace transform, we get

( t)_iZ (3)3 4K3 ( 2nma+ _ 2mmp
w@h =) 3 \3x) 7ama—¢) "k TR

m=1

+sin220) [(%+ 0) fo e pe-0 di— (Kag) fo 9 f(e—0) df]

e (23)

which obviously satisfies the initial and boundary conditions.
Substituting (18) and (23) in (6), we get

S 2 K\P/ 2mma 2rmf | 2mmy
u, =w; + Z—( ) — (sm + sin + sin )
Lo mm

2rm/ v K K K
N 1 _ 2mma 2mmf  2mmy

+ Z3ﬂm(9_¢) (sm o Tsin—— +sin—p )Tm e e en (24)
=
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where T, = [(2+0) [y e% f(t—&) di— (S+¢) [y e f(t— ) dg] e (25)

Substituting the value of u, in equation (1), we have

(taking trilinear co-ordinates into consideration)

o 2 K\*P/ 2mma  2mmB  2mmy
v, =w; + Z — (—) — (sm + sin + sin )
£ mr

2mm/ v K K K

- 1 _ 2mma | 2mmf | 2mmy
+ Z3nm(9_¢) (sm X + sin X + sin X )Tm
m=

d i 1 ( 21tma+ ) 27tm[3+ ) 27tmy> T ST
5% m_13nm(9—¢>) sin— sin— sin—z -

2P 4mT, C 2mma | 2mmf | 2mmy
- VZ(mnv+3K2(9—¢)> (sm X + sin X + sin K )Tm
m=

p
T kN,

e (26)

These equations (24) and (26) give the general solutions for u, and v, satisfying all the boundary and initial
conditions.

V. FLOW UNDER AN IMPULSIVE PRESSURE GRADIENT
Let f(t)=—-A46(),

where A is a positive constant and &(t) is the Dirac delta function. Physically this represents the case

when an impulsive pressure gradient of magnitude pA is suddenly impressed on the fluid at ¢ = 01 . Without
loss of generality we can take A = 1 for convenience.

Hence equations (24) and (25) give

w4t i 2 ( K )2 P ( ] 27Tma+ ] 27'tm,8+ ] 27Tmy>
u, =w , pyemg bwll Gl s sin—¢ sin—
m=

4 i 1 ( ] ana_l_ ] 2nm,8+ ) 2nmy> [(K +0> ot (K 4 ) ¢:]
137Tm(9—¢>) sin X sin X sin X - e - ole
m=

_ +§:2(K)2P<.2nma+.2nm,8+_2rrmy>
v, =wy —\5) 7 \sin—¢ sin—¢ sin—

m=1
0

1 . 2mma | 2mmf  2mmy
+ 2137""(9 — % (sm X + sin X + sin % ) R,
m=

d i 1 ( . 2mma i 2rmp i 27rmy> R+ F@)
5% 13nm(9 s sin— sin—¢ sin— m
me

Z(ZP 4 4mmR,, ) ( 2nma+ ] 2nm,8+ ) 27rmy>
v mmv T 3K2(8 = ¢) sin sin

p
* &N,

K K sin K

where

o =[Er0) - o)
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VI
Let f(t)=—AH(),

FLOW UNDER CONSTANT PRESSURE GARDIENT

where A isa positive constant and H(t) is the Heaviside unit step function. Then

u, = w, —_—
z 1 mm
m=1

and

0

=wit Yo (o
V2 =W mm \2mm

m=1
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Zpy/ 2mma  2mmB  2mmy
) — (sm + sin + sin
v K K
- A C 2mma | 2mmf | 2mmy
+ 2—3”"1(9_95) (sm X + sin X + sin K )Sm
m=

2

2mm

P(l
— | SIn
v

X + sin X + sin e

2mma 2mrmfB 2nmy)

4 i A ( 21tma+ ) 27tm[3+ . 2mmy
13nm(9—¢>) sin— sin— sin—
m=

P
TN,

0

—VZ<ZP

m=1

)s

2rmf . 2mm

d i 1 ( 2nma+ ) 4
5% 13nm(9 s sin— sin— sin
m=

+ 4mS,, ) ( . 2mma +si 2mmf +si 2mmy
mmv ' 3KE(0—¢)) U kMK TNk
3 ( +6) et —1 (K > e?t —1
B 0 m ¢
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