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Abstract :This paper is concerned with the development of non-polynomial spline function approximation
method to obtain numerical solution of ordinary and partial differential equations. The parametric spline

function which depends on a parameter p <0, is discussed which reduced to the ordinary cubic spline [1]
when the parameter p =0.

The numerical method is tested by considering an example.
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I. Introduction

We consider a mesh A with nodal points X, on the interval [a,b]such that

Ara=X, <X <..<Xy =Db,where h=x —x_,,i =1(1)N . Assume we are given the values {yi}iN:o of
the function y(X),with [&,Db] as its domain of definition. A spline function of degree m with nodes at the
points X;,1=1,.., N isafunction S, (X) with the following properties :
(i) S, (X)is a polynomial of degree M in each subinterval [X., X ,],1=0,1,2,..., N -1.
(ii) S,(X)and its first (M —1) derivatives are continuous on [a,b].

A cubic spline function s, (X), of class C*[a,b]interpolating to a function Y(X) defined on[a,b] is such
that in each interval[X, ;,X], S,(X) is a polynomial of degree at most three and the first and second

derivatives of S, (X) are continuous on [a,b].

Il. Parametric Spline Function.
Given an interval [a,b] and a mesh points with knots a=X;, <X, <..<X,=Db,with

h=x —X_,,i=12,...,N. Afunction s,(x) = C*[a,b]which interpolates the function y(X) at the knots
X, depends on the parameter P <0 and reduces to a cubic spline function in the interval [X, ,, X ]as p=0is
termed a parametric spline function. The parametric spline function when p > Qis discussed in [2]. If S; (x) is
a parametric spline function in the interval [XH, Xi] , then it satisfies the following differential equation:

X =

5/(x)— p’s, () =(M, , - pZyil)(Tx}(Mi - pYy, )[H”j ®

h
where M; =Y"(X),S,(X) = Y(X)and p is a parameter and we denote to Y(X;) by V;,
Solving the differential equation (1) on the interval [X;, ,,X,], subjectto S,(X) =Y, and S, ;(X,_,) =Y, , we

obtain:
2

h . )
S, (X) =———{M.sinhkz. ., — M. . sinhkz.
|( ) kgsinhk{ i i-1 i-1 I}

_%{(Mi_Wyi)zi—l_(Mi—l_Wyi—l)Zi} (2)

— X. 2
where Z, , = (%) Wz% and k = ph
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The continuity of the first derivative of S;(X) at X; inthe form S'(X,) =S/, (X;) which gives

yi+l_ y +y| l_h2 {aM|+l+2ﬂMi+aMi—l} (3)
where

a =k (1-kcschk) (4)
f=-k?(1-kcothk) (5)

The consistency relation for (3) leads to equation 2a+2f=1. Which may also be expressed as
k/2=tank/2. This equation has a zero root and an infinite number of non-zero roots. The smallest positive
being k =8.986818916 and fork/2=tank/2=0, a+f=1/2 . For the cubic spline
a=1/6, p=1/3.

From equation (2) some spline relations are derived which useful in solving boundary value problems .

differentiate (2) at X;, X; , then

/(%) =—h(aM,., + AM,) + [”ﬂ]”j (6)
S1(%..) = (M, , + M, ) + [”ﬁ]”j (7)
S/(x)+5/(X,,) =h(B-« )(M,+1+M,)+2£y'+1 j ®)
Si’(xi+l)+si,(xi):h(ﬁ+a)(M|+l+Ml) (9)

when p = Oequation (1) take the form

5/(X) = (Mi_l)(¥)+(Mi )(X‘hxi-lj (10)

which leads to the cubic spline function

s(X)=(M,,) (x _hX) +(M, )_(X _:1)

6
R (L B ) (e
+(yi—l_€Mi—le+(y' 6 M; j h (1
X, <

X<X.

I11.  Application

() Numerical method for solving second-order differential equation.
Consider the second order differential equation

y"'=f(x,y), as<x<b 22)
y(@) =Yy, (13)
y(0) =y, (14)

The difference equation (3) can be used to determine the approximate values of Y(Xi) at the knots points

i b—a
{Xi } A=12,...,N where N = T The difference equation when equivalent to (3) is given by

2

Vi =2V +Y, = h {(1 k cschk) f,,, —2(1—kcothk) f, + (1—k cschk) f,_,}  (15)
where f. = f(x;, I)
Equation (15) is explicitin Y, ; and its suitable for solving the differential equation (12)-(14).
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(b) Numerical Example.

Consider the differential equation which describe the fluid flow inside a circular cylinder in the polar form

Vi =0

0° 10 10°
By Loy 15y
or° ror r°o6
with boundary conditions

where Viy =

v =0, onr=1
w=rsing as r—o
V= 0 for 0= 0, T
By using the transformation I = e' the problem transform to
0° 0?

g+ %=0

ot° 06
with boundary conditions

v =0, ont=0

v =e'sind as r—oo
v =0 for =0,

(16)

by considering the parametric spline function approximation in t —direction with step size h =0.2 and mish
points t =t,+ih, 1=12,..,N In @- direction we apply finite difference approach with step size

| =0.17 with knots points Hj =6,+jl, j=12,...,L .and t_ is taken as 0.3 . Equation (16) can be

written in the form
l//i,j+1_2Wi,j Vi1

Mi’j+

and by using equation (3) we have the system
2

1 h
Vi ZE(Wi+l,j +l//i—l,j)_?{aMi+l,j +213Mi,j +aMi—1,j}

Viin— 2tV
Mi;=- 2
i=12,..,N-1 j=12,..,L-1
From the boundary conditions we have

M,; =0,
1
MN,j :I_z(‘//N,j+1_2‘//N,j +WN,j—l)’
Vo j =0,
wy,; =€’sing;

The exact solution i =2sinhtsin & we use Mathematica program to obtain the following numerical result
with N =6,L =10. The computational results are present in the following table with the exact values

between the brackets. This problem has earlier been discussed in [2].

t=0.2 t=04 t=0.6 t=0.8 t=1.0

9 =017 0.125356 0.255717 0.39629 0552692 0.731165

=Y. (0.124432) (0.253859) (0.393474) (0.54888) (0.726314)
9=0271 0.23844 0.486403 0.753791 15128 1.39067
=Y. (0.236686) (0.485633) (0.748431) (1.4403) (1.38153)
9=0.371 0.328185 0.669477 1.0375 1.44697 1.91421
=Y. (0.325768) (0.664611) (1.03013) (1.43699) (1.90152)
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[1]
[2]

(3]
[4]

9=04 0.385805 0.787017 1.21966 1.70101 2.25029
=VU.ar (0.382964) (0.781297) (1.21099) (1.68928) (2.23537)
0 _ 0 5 0.405659 0.827519 1.28243 1.78855 2.3661
=V.on (0.402627) (0.821505) (1.27331) (1.77621) (2.3504)
9 _ 0 6 0.385805 0.787017 1.21966 1.70101 2.25029
=u.bw (0.382964) (0.781297) (1.21099) (1.68928) (2.23537)
9-=07 0.328185 0.669477 1.0375 1.44697 1.91421
=uU.fr (0.325768) (0.664611) (1.03013) (1.43699) (1.90152)
9-08 0.23844 0.486403 0.753791 1.5128 1.39067
=VU.07  |(0.236686) (0.485633) (0.748431) (1.4403) (1.38153)
0 _ 0 9 0.125356 0.255717 0.39629 0.552692 0.731165
=V.97 (0.124432) (0.253859) (0.393474) (0.54888) (0.726314)
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