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Abstract. The main purpose of this paper is to obtain common fixed point theorem for weakly compatible 

mappings in generalisation symmetric spaces and a Property (E.A) introduced in [M. Aamri, D. El Moutawakil, 

Some new common fixed point theorems under strict contractive conditions, J. Math. Anal. Appl. 270 (2002) 

181-188]. Our theorem generalizes theorems Duran turkoglu and ishak altun, a common fixed point theorem for 

weakly compatible mappings in symmetric spaces satisfying Bol. Soc. Mat. Mexicana (3) Vol. 13, 2007. 
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I. Introduction 
It is well known that the Banach contraction principle is a fundamental result in fixed point theory, 

which has been used and extended in many different directions. Hicks [5] established some common fixed point 

theorems in symmetric spaces and proved that very general probabilistic structures admit a compatible 

symmetric or semi-metric. Recall that a symmetric on a set X is a nonnegative real valued  function d on X × X 

such that (i)  d(x, y) = 0 if, and only if, x = y, and (ii) d(x, y) = d(y, x).Let d be a symmetric on a set X and for r 

> 0 and any x ∈ X, let B(x, r) ={y ∈ X: d(x, y) < r}. A topology  d on X is given by U ∈  d if, and only if, for 

each x ∈ U, B(x, r) ⊂ U for some r > 0. A symmetric d is a semi-metric if for each x ∈ X and each r > 0, B(x, r) 

is a neighbourhood of x in the topology  d .Note that               = 0 if and only if xn  x in the topology 

 d. 

 

II. Preliminaries 
Before proving our results, we need the following definitions and known results in this sequel. 

Definition 2.1([4]) let (X, d) be a symmetric space. (W.3) Given {xn}, x and y in X,               = 0 and 

              = 0 imply x = y. (W.4) Given {xn}, {yn} and x in X               = 0 and                

= 0 imply that               = 0. 

Definition 2.2 ([12]) Two self mappings A and B of a metric space (X, d) are said to be weakly commuting if  

d (ABx, BAx) ≤ d (Ax, Bx), ∀x ∈ X. 

Definition 2.3([6]) Let A and B be two self mappings of a metric space (X, d). A and B are said to be 

compatible if                    = 0, whenever (xn) is a sequence in X such that 

         =          =t for some t ∈ X. 

Remark 2.4. Two weakly commuting mappings are compatibles but the converse is not true as is shown in [6]. 

Definition 2.5 ([7]) Two self mapping T and S of a metric space X are said to be weakly Compatible if they 

commute at there coincidence points, i.e., if Tu = Su for some u ∈ X, then TSu = STu. 

Note 2.6. Two compatible maps are weakly compatible. M. Aamri [2] introduced the concept property (E.A) in 

the following way. 

Definition 2.7 ([2]). Let S and T be two self mappings of a metric space (X, d). We say that T and S satisfy the 

property (E.A) if there exists a sequence {xn} such that           =         =t for some t ∈ X. 

Definition 2.8 ([2]). Two self mappings S and T of a metric space (X, d) will be non-compatible if there exists 

at least one sequence {xn} in X such that if                    is either nonzero or non-existent. 

Remark 2.9. Two noncompatible self mappings of a metric space (X, d) satisfy the property (E.A).In the sequel, 

we need a function : R
+
   R

+
 satisfying the condition 0 <   (t) < t for each t > 0.  

Definition 2.10. Let A and B be two self mappings of a symmetric space (X, d). A and B are said to be 

compatible if                    = 0 whenever (xn) is a sequence in X such that                

=               = 0 for some t ∈ X. 

Definition 2.11. Two self mappings A and B of a symmetric space (X, d) are said to be weakly compatible if 

they commute at their coincidence points. 

Definition 2.12. Let A and B be two self mappings of a symmetric space (X, d).We say that A and B satisfy the 

property (E.A) if there exists a sequence (xn) such that                =               = 0 for some t ∈ X. 
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Remark 2.13. It is clear from the above Definition 2.10, that two self mappings S and T of a symmetric space 

(X, d) will be noncompatible if there exists at least one sequence (xn) in X such that                

=               = 0 for some t ∈ X. but                    is either non-zero or does not exist. 

Therefore, two noncompatible self mappings of a symmetric space (X, d) satisfy the property (E.A). 

Definition 2.14. Let (X, d) be a symmetric space. We say that (X, d) satisfies the property (HE) if given {xn}, 

{yn} and x in X, and                                     =0 imply                . 

Note that (X, d) is not a metric space. 

 

III. Implicit Relation 
Implicit relations on metric spaces have been used in many articles. (See [4], [10], [13]. 

Let R+ denote the non-negative real numbers and let F be the set of all Continuous functions F: R+R+ 

satisfying the following conditions: 

F1: there exists an upper semi-continuous and non-decreasing function f: R+R+, f (0) = 0, f (t) < t for t > 0, 

such that for u ≥ 0, F (u, v, v, 0) ≤ 0 or F (u, v, 0, v) ≤ 0 or F (u, 0, v, v) ≤ 0 implies u ≤ f (v).  

F2: F (u, 0, 0, 0) > 0 and F (u, u, u, 0) > 0,  u > 0. 

Example (3.1). F (t1, t2, t3, t4) = t1 -α max {t2, t3, t4}, where 0 < α < 1. 

F1 : Let u > 0 and F (u, v, v, 0) = u-αv≤ 0, then u ≤ αv. Similarly, let u > 0 and F (u, v, 0, v) ≤ 0, then u ≤ αv and 

again let u > 0 and F (u, 0, v, v) ≤ 0, then u ≤ αv. If u = 0 then u ≤αv. Thus F1 is satisfied with f (t) = αt. 

F2: F (u, 0, 0, 0) = u > 0,  u > 0 and F (u, u, u, 0) = u(1 − α) > 0 ,  u > 0. 

Thus F  

Example (3.2). F (t1, t2, t3, t4) = t1 −  (max {t2, t3, t4}), where: R+  R+ is upper semi-continuous, non-

decreasing and ψ (0) = 0, ψ (t) < t for t > 0. 

F1 : Let u > 0 and F (u, v, v, 0) = u − ψ (v) ≤ 0, then u ≤ (v). Similarly, let 

u > 0 and F(u, v, 0, v) ≤ 0, then u ≤ ψ (v) and again let u > 0 and F(u, 0, v, v)≤0,  

 then u ≤ ψ (v). If u = 0 then u≤ ψ (v). Thus F1 is satisfied with f = ψ. 

F2 : F(u, 0, 0, 0) = u > 0,  u > 0 and F(u, u, u, 0) = u −  ψ (u) > 0 ,  u > 0. 

Thus F    

 

IV.Main Result 
Theorem 4.1: Let d be a symmetric for X that satisfies (W.3), (W.4) and (HE).Let {Ai}, {Aj} (i≠j)and S be self 

mappings of (X,d) such that 

(1)F(∫        
          

 
∫        

        

 
∫        

         

 
∫        

         

 
)≤0. 

for all (x,y)X
2
, (i≠j)  where F    and  : R+  R+ is a  Lebesque-integrable mapping which is summable, 

non-negative and such that (2) ∫ dtt)(
 

 
>0 for all  >0. 

Suppose that AiXSX and AjXSX, (i≠j) (Ai, S) and (Aj,S) (i≠j) are weakly compatible and (Ai, S) or ( Aj, S) 

(i≠j) satisfies property (E.A). If the range of one ofthe mappings {Ai}, {Aj} or S (i≠j)  is a closed subspace of X, 

then {Ai}, {Aj} and S (i≠j) have a unique common fixed point in X. 

Proof: Suppose that {Aj} and T,  j satisfy property (E.A). Then, there exists a sequence {xn} in X such that 

that                 =               = 0 for some z ∈ X.  j 

Therefore, by (HE) we have                   = 0.  j 

Since Aj(X)   S(X) j, there exists in X a sequence {yn} such that Ajxn = Syn.  j 

 Hence,                 = 0. 

Let us show that                   = 0. i.  

Suppose that                   > 0. Then, using (1), we have 

F(∫        
            
 

∫        
          

 
∫        

           

 
∫       

            

 
)≤0.(i≠j) 

We have, 

F(      ∫            
   

∫        
           

 

            
 

      ∫        
           

 
)≤0. 

(i≠j). From F1, there exists an upper semi-continuous and non-decreasing function 

f : R+  R+  f(0) = 0, f(t) < t for t > 0  

such that    
   

∫ 
            

 
(t)dt≤ f (    

   
∫       

           

 
)<    

   
∫        

           

 
(i≠j). 

Therefore     
   

∫        
           

 
  which is a contradiction. Then we have 

that    
   

∫         
            

 
. By (W.4), we deduce that                 = 0. i.  
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Suppose that SX is a closed subspace of X. Then z = Su for some u  X. Consequently, we have 

                  =                 =                =               =0. 

We claim that Au = Su. Using (1), 

F(∫        
            
 

∫        
         

 
∫        

           

 
∫        

          

 
)≤0. 

and letting n∞, we have F(∫        
            
 

     )≤0. i,j(i≠j). 

which is a contradiction with F2, if     
   

∫ 
            

 
(t)dt>0 

Thus we obtain       ∫ 
           

 
(t)dt=0 and (2) implies that 

                   =0 (i≠j). 

By (W.3) we have z = Aiu = Su.  i  The weak compatibility of {Ai} and S i  implies that 

AiSu = SAiu i ; i.e., Aiz = Sz.  i On the other hand, since AiX  SX,  i there exists 

v   X such that Aiu = Sv.  i We claim that Ajv = Sv.  j If not, condition (1) gives 

F(∫        
          

 
∫        

        

 
∫        

          

 
∫        

         

 
)≤0. (i≠j). 

And we have, F(∫        
          

 
∫        

          

 
∫        

         

 
)≤0. (i≠j). 

From F2, ∫        
          

 
∫         (∫       

          

 
)

          

 
(i≠j). 

Which is a contradiction since∫          
          

 
 by (2) 

Hence, z = Aiu =Su = Ajv = Sv. (i≠j), the weak compatibility of {Aj} and S  j implies that AjSv =SAjv  

i.e., Ajz = Sz.  

Let us show that z is a common fixed point of {Ai}, {Aj}, and S (i≠j). 

If z≠ Aiz,  i using (1), we get  

F(∫        
         

 
∫        

        

 
∫        

          

 
∫        

         

 
)≤0. (i≠j) 

And we have, F(∫        
        

 
∫        

        

 
∫        

        

 
 )≤0. (i≠j) 

Which is a contradiction with F2, since ∫ 
        

 
(t) dt >0 by (2) 

Thus z=Aiz=Sz i 

If z≠Ajz using (1) we get 

F(∫        
          
 

∫        
        

 
∫        

          

 
∫        

         

 
)≤0. (i≠j) 

And we have F(∫        
        
 

  ∫        
         

 
∫        

        

 
)≤0.(i≠j) 

which is a contradiction with F2 since ∫ 
 (     )

 
         by (2).  

Thus z =Ajz = Sz=Aiz. 

The cases in which AiX or AjX is a closed subspace of X are similar to the cases in which SX is closed  

since AiXSX and AjXSX.(i≠j) 

Uniqueness. 

For the uniqueness of z, suppose that w≠ z is another common fixed point of {Ai}, {Aj} and S. (i≠j) 

Using (1), we obtain, F(∫        
          

 
∫        

         

 
∫        

         

 
∫        

         

 
)≤0. (i≠j) 

And we have, F(∫        
      

 
∫        

      

 
∫        

      

 
 )≤0. (i≠j) 

which is a contradiction with F2 since∫        
      

 
> 0 by (2). Thus z = w, and the common fixed point is 

unique. This completes the proof of the theorem. 

 

Corollary4.2: Let d be a symmetric for X that satisfies (W.3),(W.4) and (HE).Let A,B and S be self mappings of 

(X,d) such that (1)F(∫        
        

 
∫        

        

 
∫        

         

 
∫        

        

 
)≤0. 

for all (x,y)X
2
, where F    and  : R+  R+ is a  Lebesque-integrable mapping which is summable, non-

negative and such that (2) ∫ dtt)( 
 

>0 for all ε>0. 

Suppose that AXSX and BXSX, (A, S) and (B, S) are weakly compatible and (A, S) or (B, S) satisfies 

property (E.A). If the range of one of the mappings A, B or S is a closed subspace of X, then A, B and S have a 

unique common fixed point in X. 

Proof. The proof of Corollary 4.2 follows from theorem 4.1 by putting Ai=A; Aj=B. (i≠j). 
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Theorem4.3. Let d be a symmetric for X that satisfies (W.3),(W.4) and (HE).Let {Ai},B  i be self mappings of 

(X,d) such that (1)F(∫        
          

 
∫        

        

 
∫        

         

 
∫        

          

 
)≤0. i  

for all (x,y)X
2
, where F    and  : R+  R+ is a  Lebesque-integrable mapping which is summable, non-

negative and such that (2) ∫ dtt)( 
 

>0 for all ε>0. Suppose that AiXBX i, (Ai,B)  i is weakly 

compatible and (Ai,B)  i satisfy the property (E.A). If the range of one of the mappings {Ai}, or B is a closed 

subspace of X, then {Ai} and B    i have a unique common fixed point in X. 

Proof. Suppose that Aj and B  j satisfy property (E.A). Then there exists a sequence {xn} in X such that that 

                =               = 0 for some z ∈ X. 

Therefore, by (HE) we have                   = 0.  i. 

Since AiX   BX i, there exists in X a sequence {yn} such that Aixn=Byn. 

 Hence,                 = 0. 

Let us show that                   = 0. i.  

Suppose that                    > 0. Then, using (1), we have 

F(∫        
            
 

∫        
          

 
∫        

           

 
∫        

               

 
)≤0.  i  

And we have,  (      ∫        
            

 
      ∫        

           

 
        ∫        

           

 
)  

      From F1, there exists an upper semi-continuous and non-decreasing function 

f: R+  R+  f(0) = 0, f(t) < t for t > 0 such that    
   

∫ 
            

 
(t)dt   ≤   

f (    
   

∫       
           

 
)  <    

   
∫        

           

 
(i≠j). 

Therefore     
   

∫        
           

 
   which is a contradiction. Then we have 

that     
   

∫         
            

 
. (2) implies that                  =0 

By (W.4), we deduce that                 = 0. i.  

Suppose that BX is a closed subspace of X. Then z = Bu for some u  X. Consequently, we have 

                  =               =                                =0. We claim that Au 

= Bu. Using (1), F(∫        
          

 
∫        

         

 
∫        

          

 
∫        

           

 
)≤0.  i  

and letting n∞, we have F(∫        
          
 

     )≤0. i. 

which is a contradiction with F2, if     
   

∫ 
          

 
(t)dt>0.  Thus we obtain       ∫        

          

 

  and (2) implies that                 =0  i. 

By (W.3) we have z = Aiu = Bu.  i The weak compatibility of {Ai }and B i, implies that 

AiBu = BAiu i; i.e., Aiz = Bz.  i  

The proof is similar when AiX  i is assumed to be a closed subspace of X, since,AiXBX i 

Uniqueness. 

If Aiu=Bu =u and Ai v=Bv=v  i and u≠v then (1) given, 

F(∫        
          

 
∫        

        

 
∫        

          

 
∫        

         

 
)≤0.  i  

And we have 

F(∫        
      

 
∫        

      

 
∫        

       

 
 )≤0.  i. 

which is a contradiction with F2 since∫        
      

 
> 0 by (2). Thus u=v and the common fixed point is unique. 

This completes the proof of the theorem. 

 

Corollary4.4: Let d be a symmetric for X that satisfies (W.3),(W.4) and (HE).Let A,B  be self mappings of 

(X,d) such that (1)F(∫        
        

 
∫        

        

 
∫        

        

 
∫        

        

 
)≤0.  

for all (x,y)X
2
, where F    and  : R+  R+ is a  Lebesque-integrable mapping which is summable, non-

negative and such that (2) ∫ dtt)(
 

 
>0 for all ε>0. 

Suppose that AXBX, (A, B) is weakly compatibles and (A, B) satisfy the property (E.A). If the range of one 

of the mappings A or B is a closed subspace of X, then A, B have a unique common fixed point in X. 

Proof. The proof of Corollary 4.4 follows from theorem 4.3 by putting Ai=A i. 

If (t) = 1, Ai = A, i and in Corollary (4.4), we obtain Theorem 2.1 of [1]. 
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