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Abstract: Let M be a 2-torsion free prime I'- ving and U a Lie ideal of M. Let F : M — M be a mapping
defined by F (uav) = F(U)av + uk(o)v + uad(v), for all u v € U and a € I'. Then F is a generalized k-
derivation on U of M if there exists a k- derivation d on U of M. Also F is a Jordan generalized k- derivation
on U of M if there exists a k - derivation d on U of M such that F(uau) = Fuou + uk(e)u + uad(u), for allu e
U and o e I'. In this article, we prove that every Jordan generalized k - derivation on a Lie ideal U of a 2 -
torsion free prime I-ring M is a generalized k - derivation on U of M.
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l. Introduction

The I'- ring is a generalized form of a ring. Nobusawa [1] and Barnes [2] developed the concept of a T'-
ring. The definition of a I'- ring is as follows :
Let M and T be two additive abelian groups. If there is a mapping M X I' x M — M defined by (x,0, y) — xay
such that ;
(@) x ty)oz=x0z + yoz, x( o+B)y = xay + xPy, xa(y + z) = xay + xaz and
(b) (xay)Bz = xa(yPz) are satisfied for all X, y, z € M and o € T, then M is called a T'- ring in the sense of
Bernes [2]. Throughout the paper, we use M as a I'- ring.
In addition to the definition given above, if there is a mapping I' x M x I' — I' satisfying
(@*) (a+B)xy =axy +pxy, a(X+y)p=axp+ayp, ax(B +v) = oxp +oxy;
(b*) (xay)Bz = x(ayB)z = xa(ypz) ;
(c*) xay =0 impliesa =0, forall x,y,z e M and a, B, y € T'; then M is called a I'- ring in the sense of
Nobusawa [1] as simply a I'y - ring. Itis clear that M isa I'y - ring implies that I is an M-ring. M is called a

prime I'- ring, if for all x, y € M, XxI'MI'y = 0 implies x =0ory =0. And M is called a semiprime I'-ring if for
all x e M, xI'M I'x = 0 implies x = 0. It is clear that every prime I'- ring is also semi prime but the converse is
not true in general. Also M is called a 2- torsion free if 2x = 0 implies x = 0 for every x € M.

The concept of derivations and Jordan derivations were introduced by M. Sapanci and A. Nakajima [3]. H.
Kandamar [4] has developed the k-derivation of a I'- ring. The notion of Jordan k- derivation of a I'- ring was
first introduced by S. Chakraborty and A. C. Paul [5] and proved that every Jordan k- derivation on a 2- torsion
free prime I'y - ring M is a k- derivation on M. The generalized derivations of a I'- ring was introduced by Y.
Ceven and M. A. Ozturk [6] and proved that every Jordan generalized derivation of a I'- ring M is a generalized
derivation of M. M. M. Rahman and A. C. Paul [7] extended the results of [6] on Lie ideals of prime I'- rings.
In [8], S. Uddin and Paul worked on simple I'-rings with involutions and extended various results of Herstein [9]
in I'- rings. S. Chakraborty and A. C. Paul [10,11,12,13,14,15] worked on Jordan generalized k-derivations on
prime I’y - rings, completely prime and completely semiprime I'y - rings and developed the various
significant results on these fields. The definition of a k- derivation and a Jordan k- derivation are as follows:

Let M be aT-ring. Letd: M — M and k: I' — T be an additive mappings. If d(xay) = d(X)ay + xk(a)y + xad(y)
is satisfied for all X,y € M and a € T, then d is said to be a k- derivation of M.

Example : Let R be an associative Ring. Define M =M, ,(R) and I'=M,,(R).Then M is a I ring.

a 0
Define d : M — M by d((a, b)) =(0,b) and k: T—Tb k( ]Jz( j
y y (ﬂ Wy

Then d is a k- derivation of M for,

o8] Jxn) @] s @] oy
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= (bAx,bpy) + (-bpx,—bpy) + (0,acy +bpy)
= (bpx—bpx+0,bpy —bpy +aay +bpy)
=(0,aay +bpy).

Also (a, b)(ZJ(x, y) = (aax + b/ aay +b/y)

= d((a,b) Z (x,y)) =d((aax +bpx,acy +bpy))

=(0,aay +bpy)

~d((ab)) Z (xy)+(a b)k([;D(x, y)+(a b)@d (0,Y))

And if d(xox) = d(X)ox + xk(a)x + xad(x) holds for every x € M and a e T, then d is said to be Jordan k-
derivation of M. Note that every k-derivation is a Jordan k- derivation but the converse is not true always. Here

the notation [X, Y], is used for the commutator x and y with respect to a, which is defined by
[x,y], = Xay — yox. If Ais asubset of M , the centre of A with respect to M is Z(A) and is defined by
Z(A)={xeM :[x,a], =0forall a Aanda € I'}.The centre of aT- ring M is denoted by Z(M) and

is defined by Z(M)={XxeM :[x,y], =0 forallye Mand & €I'}. A I- ring M is commutative if
and only if M =2Z(M).

Throughout this paper, we shall use the condition (*) aabpc = apbac forall a, b,c e Mand a, p € I'. By the
condition , the commutator identities

[ach, x], =[a,x],ab+a[e, Blb+aclb,x], and [x aab], = ac[x,bl, +ala, Bl,b+[x a] ,ap
given in [4] reducesto  [aah,X], =aalb, x], +[a,x],ob and[x,aab], = aalx,b] ; +[x,a] ;ab.

In this paper, we prove that every Jordan generalized k- derivation on a Lie ideal U of M is a generalized k-
derivation on U of M.

1. Generalized and Jordan Generalized k- Derivation

Definition 2.1. Let M be a I'-ring and let k : T’ — I" be an additive mapping. An additive mapping F: M — M is
called a generalized k- derivation if there exists a k- derivation d : M — M such that F(uav) = F(u)av + uk(a)v +
uod(v) for allu,v € M and a € T'. And if F(uou) = F(u)ou + uk(o)u + uad(u) holds forallu e Mand a € T,
then F is said to be a Jordan generalized k- derivation.

Example : Let M be a I'- ring and let F be a generalized k- derivation of M.Then by definition, there exists a k-
derivation d: M—M such that d(xay) = d(x)ay + xk(o)y + xad(y) and F(xay) = F(x) ay + xk(a)y + xad(y) , for
allx,ye Manda eT.

Let M, =M xM and I; =" xI". Define the operations of addition and multiplication of M, and I, by
x,y)+(z, w) = (x+ 2z, y+ w)and (x, y)(a, B)(z, w) = (xaz, yBw) foreveryX,y,z,w e Mand a, B € I'. Then
M, isobviously a I'; - ring under these operations.

Let F:M;, >M,,d :M, >M,andk, :I, »>I; be the additive mappings defined by
F((xy)=(F(X).F(Y), di((xy)=(d(x).d(y)) ad  k((ap)) = (k(a).k(B))
forallx,y e Mand a8 € I. Then clearly d, isa K, - derivation of M.

Put (x,y)=aeM,,(a p)=yel], foranyx,y e Mand a,B € T'; then we have,
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F,(aya) = F ((x, y)(e, B)(x, )

= Fi(xex, ypy)

= (F(xax), F(yAY))

= (FO)ax +xk(a)x +xad (x), F(y) gy + Yk(B)y + ypd(y))

= (F()ax, F(y) gy) + (xk(@)x, yk(B)y) + (xad (x), y£d(y))

= (FO), F(YD(a, B)(%, y) + (% y)(k(a), k(B))(x, y) + (X, y)(a, £)(d (x),d(Y))

= R y)(@, B)(x y) + (%, y)ki (@, B)(% y) + (X, y)(e, £)d. (X, Y)

= F (a)ya+ak, (y)a+ayd, (a),

which follows that F, is a Jordan generalized K, — derivation of M associated with the K, -derivation d, of
M,.

Definition 2.2. Let M be a I'- ring. An additive subgroup U of M is called a Lie ideal of M if [u,m]_ €U

foreveryu e U, m € M and a € I'. Note that every ideal of a I'- ring M is a Lie ideal of M but the converse is
not true in general.

n.1
Example: Let R be aring and U be a Lie ideal of R. Let M =M ,(R) and I' = {O j ‘ne Z}.Then
Misal-ring. DefineN={(x,x):xeR} cM.ThenNisaTl-ring. Let U, ={(u,u) :ueU}.

Now (u, u)[gj(a, a)—(a, a)[gj(u, u)

= (una,una) — (anu,anu)
= (una—anu,una—anu) e U,.
Then U isa Lie ideal of N. Itis clear that U, is not an ideal of N.

Definition 2.3. Let M be a I'- ring and let U be a Lie ideal of M. Let k : T' — I' be an additive mapping. An
additive mapping F: M — M is called a generalized k- derivation on U of M if there exists a k- derivation d on
U of M such that F (uav) = F(u)av + uk(a)v + uad(v) forallu,ve Uand a e T.

Example: Let M be a I' - ring and let U be a Lie ideal of M. Let f: M — M be a generalized k- derivation on U
of M, then there exists a derivation d on U of M such that f(uav) = f(u)av + uk(a)v + uad(v) for all u, v € U and

ael. Let M, ={(x,x): xe M} and I'{(e,a): a € '} Define addition and multiplication of M are as
follows:

K X)+ (YY) =(X+y, X+Y), x x)(0 o)y, y) = (xay, xay) for all (X,X) e M, and («,a) €I;.Under
these operations M, isa I -ring.

Let U, ={(u,u):ueU}.Then clearly U, is a Lie ideal of M,. Define
F:M, >M,,D:M, > M, and k, :T; - I, by F((x,x)) = (f(x),f(x)), D((x, X)) = (d(x),d (X))
and kK, ((a, @) = (k(«),k(«)) forall xeU anda e I

Then F((x,X)(a, 2)(y, Y)) = F(Xay, X))

= (f(xay), f (xa))

= (f(X)ay +xk(a)y +xad(y), f (X)ay + xk(a)y + xad (y))

= (F(ay, f ()ay)) + (xk(a)y, Xk()y) + (xed (y), xad (y))
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= (£, T, a)(y, y) + (X, X)(k (@), k(@))(y, y) + (X, x)(a, a)(d(y)d(y))
= F((x X)) (e, a)(y, y) + (X, )k, (@, a))(y, y) + (x, X)(@, ) D((y, ¥))

Therefore F is a generalized k- derivation on U, of M, .

Also F:M — M is called a Jordan generalized k- derivation on U of M if there exist a k- derivation d on U of
M such that F(uou) = F(u)ou + uk(a)u + uvad(u) , foreveryu € Uand a € T

Example: Let M be aT -ring and let U be a Lie ideal of M. Let f: M — M be a generalized k- derivation on U
of M, then there exists a derivation d on U of M such that f(uav) = f(u)av + uk(a)v + vad(v) for allu, v € U and
ael.

Let M, ={(x,x):xe M} and I :{(o,): a € '}.Define addition and multiplication of M are as
follows:

X))+ @y, y)=x+y, x+y), X x)(0 a)y,y) = (xay, xay) for all (X,X) € M, and («, @) €I .Under

these operations M, isaTl; -ring. Let U, ={(u,u):u eU}. Then clearly U, is a Lie ideal of M.

Define

F:M, >M,,D:M, > M, andk, : T; > T, by F((x,x))=(f(x), f(x)),D((x,x)=(d(x),d(x))
and k, ((a,a)) = (k(a),k(a))forall xeU and o €T

Then F((X, X)(e, @)(X, X)) = F((Xex, xax))

= (f (xax), f (xax))

= (f(X)ax+ xk () x + xad (x), T (X)ax + Xk () x + xad (X))

= (f(X)ax, f(X)ax) + (Xk ()X, Xk (@) X) + (Xad (x), xed (X))

= (£, £ ()@, a)(x, x) + (X, x)(k(a), k(@) (X, X) + (X, X)(e, ) (d (), d (X))

= F((x, ))(@, a)(x, X) + (X, X)k, ((r, @) (X, X) + (X, X)(ex, &) D((X, X)).

Therefore F is a Jordan generalized k- derivation on U, of M,.

Lemma 2.4 Let M be a 2- torsion free I -ring satisfying (*) and U a Lie ideal of M such that uau € U for all
ueUand.LetF: M — M be aJordan generalized k- derivation on U, then
(M F(uav +vau ) = F(u)av +uk(a)v + uad(v) +F(v)au + vk(a)u + vad(u).
(i) F(uavpu) = F(u)avpu + uk(o)vBu + uad(v)pu + uavk(B)u + uavpd(u)
(iii) F(uavpw + wavpu) = F(u)avpw + uk(a)vpw +uad(v)pw +uavk(B)w + uavpd(w) + F(w)avpu +
wk(o)vBu + wad(v)Bu + wavk(B)u + wavpd(u).

Proof: We have uav + vau = (u + v)a(u + V) - uau - vav, and the left side as like as the right side is in U.
Hence  F(uav +vou) =F((utv)a (utv) - uou - vav)
=F (utv)a(utv) + (utv)k(a)(u + v) + (utv)ad(utv) -(F(u)ou + uk(a)u + uad(u) + F(v)av + vk(a)v + vad(v) )
=F(uw)au + F(u)av +F(v)au +F(v) av + uk(a)u + uk(a)v + vk(a)u + vk(a)v + vad(u)+ vad(v) +vad(u) +vad(v) -
F(u)au - uk(a)u - uad(u) -F(v)av - vk(a)v -vad(v).
= F(uav + vau) = F(uw)av + uk(a)v + vad(v) + F(v)a u + vk(a)u + vad(u).
Replacing v by upv + vpu we have,
F(ua(upv +vpu) +(upv +vBu)au) = F(u)a(uBv+vpu) +uk(e) (upv +vpu) + uad(upv + vpu) + F(ufv + vpu)au +
(uBv +vpu) k(a)u + (UBv + vBU)a d(U)................ (1)
Left side of (1) is equal to
F(uaupv + uavpu + upvau + vpuau) = F(uavpu + upvau) + F((uau)pv + vp(uau))
=F(uavpu + upvau) + F(uau)Bv + uauk(B)v + uaupd(v) + F(v)Buau + vk(B)uau +  vBd(uau)
= F(uavpu + upvou) + F(u)aupv + uk(a)upv + uad(u)Bv + uauk(B)v + uaupd(v) + F(v)Buau + vk(B)uau +
vBd(u)au + vBuk(a)u + vBuad(u).
Right side of (1) is equal to
F(u)aupv + F(u)avpu + uk(a)upv + uk(a)vBu + uad(u)pv + uauk(B)v + uauPd(v) +uad(v)pu + uavk((B)u +
uavpd(u)+F(u)pvau+ uk(B)vau + upd(v)au +F(v)Buau +
vK(B)uau + vBd(u)au + ufvk(eu + vBuk(a)u + upvad(u) + vBuad(u).
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Computing both sides we have,

F(uavpu + upvau) = F(u)avpu + uk(e)vpu + uad(v)pu + uavk(p)u + uavpd(u) +

F(u)Bvau + uk(B)vau + u d(v)ou + upvk(a)u + upvad(u).

Putting ufvou =uavfu we have,

F(2uavpu) = F(u)avpu + uk(a)vpu + vad(v)pu + uavk(p)u + uvavpd(u) + F(u)avpu +

uavk(f)u + vad(v)pu + uk(o)vpu + uavpd(u)

= 2F(uavpu) = 2(F(uw)avBu + uk(a)vfu + ua d(v)Bu + uavk(B)u + uavpd(u)).

Since M is a 2- torsion free, hence we have

F(uavpu) = F(u)avpu + uk(a)vpu + uad(v)pu + uavk(B)u + uavpd(u).

Replace u+ wfor u we have,

F((u+w)avp(u+w)) = F(utw)avB(utw)+ (utw)k(a)vfutw) + (utw)ad(v)B(utw) +utw)avk(p)(utw) +
(utw)avBd@+w) ......ooeeeei 2)

Left side of (2) is equal to

F(uavpu + uavpw + wavpu + wavpw) = F(uavpw +wavpu) + F(uavpu) + F(wavpw)

= F(uovpw + wavpu) + F(u)avPfu + uk(o)vpu + uad(v)pu + uavk(p)u + uavpd(u) + F(w)avpw + wk(a)vpw +
wad(v)pw + wavk(B)w+ wavBd(w) .

Right side of (2) is equal to

F(uw)avpu + F(w)avpu + F(u)avpw + F(w)avpw + uk(a)vpu + wk(a)vBu + uk(o)vpw + wk(a)vpw + uad(v)pu
+wad(v)Bu + vad(v)pw + wad(v)pw + uavk(B)u + wavk(p)u + vavk(B)w + wavk(B)w + uavBd(u) + vavpd(w)
+ wavpd(u) + wavBd(w).

Comparing both sides we get,

F(uovpw + wavpu) = F(uw)avpw + uk(a)vpw + uad(v)pw + uavk(B)w + uvavpd(w) + F(w)avpu + wk(a)vpu +
wod(v)pu + wavk(B)u + wavpd(u).

Definition: We define y/,, (u,V) = F(uav) — F(u)v —uk(a)v —ued(v) forall u,veU anda €T
Remark 2.6 : It is clear that F is a generalized k- derivation if and only if ¥, (u,v)=0.

Lemma?2.7:LetM, Uand F beasinabove. Then forall u, v, w e U and
a,B e T, the following relations hold :

@ ¥Y,(uv)+¥, (v,u)=0

@) ¥, (u+w,v)=Y¥_ (u,v)+¥, (w,vV)
@) Yu,v+w) =¥, (u,v)+¥,(u,w)
(iv) ¥, ,uv)="Y,uv)+¥,(uv).

Lemma2.8:Let M, U, Fanddbe defined as inabove,thenforallu,v,we U and a,f,y € T,

W, (u,v)Anyu,v], =0.

Proof: Consider A= (2uav)fwy(2vau) + (2vau) fwy (2ua).

From Lemma 2.4 (iii) we have, F(A) = F((Ruav)wy(2vau) + (2vau) fwy (2uav))

=F(2uav) fwy(2vau) + 2uavk(B)wy (2vau) + 2uav 5d (W) y (2veu) + 2uav SWKk () (2vau) +
(Quav) pwid (2vpu) + F(2vau) pwy (Quav) + vau)k(B)wy (2uav) + (2vau) fd (w)y (2uav) +
(2vau) Wk () (2uav) + (2vau) pwid (2uav)

=4[F(uav) fwy(vau) + uavk(S)wwau +uaevd (W) weal +uav Sk (7)veu +uav pwid (VAU) +
F(vau) fvpuav +vauk (S)wpuav + vaufd (W) av + veu SwK (7 )uav + vsufwid (uav)].

Agin A= (2uav) fwy(2vau) + (2vau) fwy (2uav) = ua(4vpwmw)ou + Vo (du ) ov
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= F(A) = F(ua(dvpww)au +va(dupwu)av)

=4[F(u)avpwwau + Uk (@)vpwwau + ucd (VBWN)au + uav fv vk (e )u + uavpwved (U) +
F(V)aupwmav + vk(a)upwmav +vad (Upwp)av + vau Swpuk (a)v + veu fwpuad (V)] using lemma 2.4(ii)
=4[F(u)avpwwau + Uk (@)vAwwau + ued (V) fvvau + uavk(S)wwau + uav Sd (W) wau +

uav WK (y)vau +uav pwid (V)au + uav pvvk(a)u + uavpwwed (U) + F (V)aufwpav +

vk(a)upwmiav +vead (U) Swpuav + vauk (B)wpuav + veuSd (W) puav + vau wk () uav +

vaupwud (U)av + vaupwpk (a)v +vauSwpad (V)]

Comparing both expressions we have,

A F(uav) fwwau + F(vau) fwvpuav +uav fwd (vau) + veupwd (uew)] = 4[F (u)av fw v au +

uk (a)vpbwwau +ued (V) fvpvau + uav pwid (V)au + uav pwvk(a)u + uavpwwed (U) + F (V)aupwpuav +
vk(a)upwmiav +vead (U) Swpuav +vauSwd (U)av + vau Swpuk (a)v + veu Sfwpuad (V)]

Since M is a 2- torsion free , we have

[Fluav) — F(u)av —uk(a)v —uad (V)] pwvveau +[F (vau) — F (V)au — vk(a)u —ved (U)] fwpuav +
uavpwyld(vau) —d(v)au —vk(a)u —ved (U)] + vaupwy[d (uav) —d (U)av — uk()v —uad (v)] =0

=y, (u,v)pwwvau +y, (v,u) vy +[d(veu) —d(vau)] +[d (uav) —d(uav)] =0

=y, (U V) Bwwau —y, (u,v) fwpiay =0

= -y, u,v)pwy(vau —uav) =0

=y, u,v)pwyu,v], =0

Lemma 2.9: [16, Lemma 2.10] Let U & Z(M) be a Lie ideal of a Prime I'- ring M satisfying the condition (*)

and a,be M (res.b e Uanda e M) such that
aaUBb=0foralla,p € I,then a=0,0rb=0.

Lemma 210 : Let U ¢ Z(M) be a Lie ideal of a 2- torsion free prime T'- ring M. Then
[u,v], pwyy, (u,v) =0.

Proof: From Lemma 2.8 we have, y, (u,Vv)oxu[u,v], =0

=[u,v], fwyy, (u,v)oxulu,v], pwyy, (u,v) =0 forall xeU.
In view of Lemma 2.9, we have [u,Vv] Awyy, (u,v)=0.

Lemma 2.11: Let U ¢ Z(M) be a Lie ideal of a 2- torsion free prime TI-ring . Then
v, (U,v)pwyx, yl; =0 forallu,v,w,x,ye Uand o, B,y,5 € T.

Proof: From Lemma 2.8 we have ¥, (U+X,V)Awy[u+Xx,v], =0
=y, (u,v) fwylu,vl, +y, (U, V) SwyIx,vl, +y, (X V) fwylu,vl, +, (X, v) pwy[x,v], =0
=Y, (u,v)pwyx,v], +¥,(x,v)Swylu,v], =0
=y, UVv)pwyx.vl, = -y, (x,v)swyu,vl],
= (v, (u,v) pwylx,v1,)opb(y, (u,v) fwyIx,vl,)
==y, (X, V) pwylu,v], Oy, (u,v) fwy[x,v],
— —y, (V) Ay ([u, V], B0, (U V) AwyTxv], =0 [by lemma 2.8]
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By Lemma 2.9, we have y_ (u,V) pwy[x,v], =0

Likewise by replacing v +y for v we get w,, (U,V) WX, Y], =0.covevivriinnnn )]
Proceeding in the same way as above , by the similar replacement in the result, we have

[x. 1, Awyy, (u,v) =0

Now putting a+ 96 for a in (i) we have, ¥ ¢ (u,v) Swyx, y]a+5 =0

=¥, UV) WYX, Y], + w5 (U V) WyIX Y], + v, (U V) ByIX ¥ + v, (U, V) X, y], =0
=y (V) AwyIx ¥, +v, (U, V) Awylx yl,; =0

= ¥, (UV)AyIX Y] =y, (u,v) Awylx v,

Therfore,

v, U)Wy X, yls @uy,, (U, V) vy X, Y], ==y (V) vy (X y1, ey, (U, V) fwylx, y1; =0 by (i)

Using Lemma 2.9, we have /,, (U,V) SWy[X, y]; =0.

Lemma 2.12: Let U ¢ Z(M) be a Lie ideal of a 2- torsion free prime I'- ring M , then Z(U) = Z(M).

Proof: We have Z(U) is both a sub I'-ring and a Lie ideal of M . Also we know that Z(U) cannot contain a
nonzero ideal of M. So by [17, Lemma 3.7], Z(U) is contained in Z(M) . Therefore , Z(U) = Z(M).

Lemma 2.13: Let U ¢ Z(M) be a Lie ideal of a 2- torsion free prime TI- ring M . Then
v,u,v)eZlU)=2(M) foreveryu,veU,a erl".

Proof : We have w, (U,v) fwy([X,y];) =0

Now 2y, (u,v),c]; fwrly,, (u,v),cl;

=2, (V)& — oy, (U, V) Awyly, (uv).cl,

=y, (u,v)o(2cpw)yly, (u,v),cls —2coy , (u,v) pwyly, (u,v),cl; =0,forevery c eU.
In view of Lemma 2.9, we have [V, (u,V),c]; =0,

=y,(u,v)eZU) andthatimplies v, (u,v) € Z(M) by Lemma 2.12.

Lemma 2.14: Let M be a 2- torsion free prime I'- ring satisfying the condition (*) and U a Lie ideal of M . Let
u €U besuch that [u.[u,x], ], =0forallxe M anda €I'. Then [u,x], =0

Proof: We have [u,[u,X],], =0forall xeMand« €T

Lety € M, then xay € M for all a € T'. Replace x by xay we have [u,[u,xey], ], =0

= [u. (xalu,y], +[u,x],)ay], =0

= [u,xelu,yl, 1, +[u.[u,x], ay], =0

= xafu,[u, Y1, 1, +[u, X1, alu, Y1, +[u,X], @u, Y1, +[u,[u,x],1,@ =0

= 2[u,x], afu, Y], =0

Since M is 2 - torsion free , we have [u, X], a[u,y], =0.

Putting y = upx , we have [u,x],ofu,upx], =0=[u,x], cuplu,x], =0 by using (*).
Hence by Lemma 2.9 we have [u,X], =0.

Lemma 2.15 : Let M be a 2-torsion free prime I'- ring satisfying the condition (*) and U be a commutative Lie
ideal of M , then U < Z(M).
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Proof : Since U is commutative ,we have [u,v], =0 forallu,veU anda €T
Also we have [u,x], €U forallueU,xeMand o T

Replacing v by[u, x] ,weobtain[u,[u,x], ], =0

By Lemma 2.14 we have [u,X], =0. Hence U = Z(M).

Theorem 2.16: Let M be a 2- torsion free prime I'-ring satisfying the condition (*) and let U be a Lie ideal of
M such that uau € U forallu € U and if F : M —M is a Jordan generalized derivation on U of M then,

w,(u,v)=0 forallu,veUand ael.

Proof: Let U be a commutative Lie ideal of M. Then by Lemma2.14, U < Z(M).
Since U is commutative, then [V, W] ; =0 implies vaw =wav, ,forevery v,weU,ael.
From Lemma 2.4 (iii) we have,

Fuavpw+wavpu) = F(u)avw + uk (a)vpw + uad (V) Sw + uavk(B)w + uav gd (w) + F (w)avSu +
WK (e)vpu +wed (V) Su + Wavk(S)u + wanv Sd (U)....eeeeeneenenee. (1)

Putting u = 2vpw in (1), we have

L.S.= F(2vBwavpw +wav[2v/w)

= 2F (VBwavpw + WAV av fw)

= 2F (vBwavw + VAW av fw)

= 4F ((vaw)a(vpw))

= 4(F(vAw)a (vpw) + vk (a)vpw + v wad (viw)).

AlsoR.S. = F(2vpB)avpw+ 2uppw(a)vpw + 2vwad (V) Sw + 2vwevk(S)w + 2vwevd (w) +
F(w)avp2vpw + wk (a)vB2vpw + wead (V) 2V AW + wavk(S) 2vpw + weav Sd (2v fw)

= F (2vpw)avpw + 2v AWk (a)vpw + 2vpwald (V) pw + vKk(B)w + vid (wW)] + 2F (w)av v pw +

2WK (a)vVpw + 2wad (V) SV W + 2wavk(B)Vw + 2wav d (v Aw)

= 2F (vBw)avpw + 2v Wk (a)vpw + 4vpwad (VAW) + 2F (W) fvav fw + 2wk (e )vpv pw + 2wead (V) Sv AW +
wk (S)vavpw.

Comparing both sides we get

2F (vow)avpw + 2vwk (e )vpw — 2F (W) Svav pw — 2wk (S)vev pw — 2w ad (V) av S — 2v Swk (e)vpw = 0
= 2(F(wpv) — F(w) v —wk(B)v —wpd(v))avpw =0

= 2y s(WV)avpw =0 =, (W, V)avpw =0

=y (W, v)avpwyxdy =0,wherexeU,y e M.

=y (W, V)axpywow =0

= (v 5 (W, V)axyy)pvow =0 using (*).

From Lemma 2.9, either y ,(W,V)axpy =0 or w=0.

Since weU,w =0, hence y ,(w,v)axy =0.Thatimplies y , (w,v)aUyy =0.

Using Lemma 2.9 we have , i, (W,V) =0.

Again if U is not commutative , i.e., U & Z(M), then from Lemma 2.11 we have

v, (u,v)pwyx,yl; =0. But [X,y]s; =0 impliesU < Z(M), a contradiction .

Hence w,(u,v) =0, forall u,veUand o eT.
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Corollary 2.17: Every Jordan generalized k-derivation of a 2 -torsion free prime I'- ring M is a generalized k-
derivation on M.
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