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Abstract: In this article we introduce and study the notions of A?V'r) -lacunary strongly summable, A?V'r) -
Cesaro strongly summable, A?\”)— statistically convergent and A?v,r) -lacunary statistically convergent

sequence of fuzzy numbers. Consequently we construct the spaces Ly, (sz,r) ) e (A?v,r) ) sk (AS ) and

(v.r)
Sy (A

(v,r)) respectively and investigate the relationship among these spaces. Further we show that

Lg (A?V',)) and (71': (A?V],)) are complete metric spaces.
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I.  Introduction
The concept of fuzzy sets and fuzzy set operations was first introduced by Zadeh [15] and subsequently
several authors have studied various aspects of the theory and applications of fuzzy sets. Bounded and
convergent sequences of fuzzy numbers were introduced by Matloka [7] where it was shown that every
convergent sequence is bounded. Nanda [9] studied the spaces of bounded and convergent sequence of fuzzy
numbers and showed that they are complete metric spaces. In [13] Savas studied the space m(A), which we call
the space of A-bounded sequence of fuzzy numbers and showed that this is a complete metric space.

Let D denote the set of all closed bounded intervals A = [Ai, Az ] on the real line R. For A, B € D define

A<BIiff A;<B;and A, < B,,
h(A, B) = max(JA;-B4|, |A,-B,).
Then (D, h) is a complete metric space. Also < is a partial order relation in D.

A fuzzy number is a fuzzy subset of the real line R which is bounded, convex and normal. Let L(R) denote
the set of all fuzzy numbers which are upper semi continuous and have compact support. In other words, if
X € L(R) then for any o € [0, 1], X* is compact where

@ t: X@{t)>aif a €(0,1],
t: X (t) > 0if @ =0.
Define a map d: L(R) x L(R) — R by
d(x, ) =sup d (X, Y“).
0<a<l
It is straightforward to see that d is a metric on L(R). In fact (L(R), d) is a complete metric space.
For X, Y € L(R) define X <Y iff X*<Y®forany a€]0, 1].

A subset E of L(R) is said to be bounded above if there exists a fuzzy number M, called an upper bound of
E, such that X <M for every X E. M is called the least upper bound or supremum of E if M is an upper bound
and M is the smallest of all upper bounds. A lower bound and the greatest lower bound or infimum are defined
similarly. E is said to be bounded if it is both bounded above and bounded below.

We now state the following definitions (see [7, 9]).

A sequence X = (X) of fuzzy numbers is a function X from the set N of all positive integers into L(R). The
fuzzy number X, denotes the value of the function at ke N and is called the k-th term or general term of the
sequence.

A sequence X = (Xy) of fuzzy numbers is said to be convergent to the fuzzy number X, written as lim,X, =
Xo, if for every ¢ > 0 there exists noe N such that

dl(Xkﬂ Xo) <g¢ fork> No
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The set of convergent sequences is denoted by c™. X = (X,) of fuzzy numbers is said to be a Cauchy sequence if
for every ¢ > 0 there exists ng € N such that
di(Xk, X)) <e fork, I >ng
A sequence X = (X,) of fuzzy numbers is said to be bounded if the set {X\: ke N} of fuzzy numbers is
bounded and the set of bounded sequences is denoted by EZ :

Functional analytic studies of the space of strongly Cesaro summable sequences of complex terms and
other closely related spaces of strongly summable sequences can be found in [5].

The notion of difference sequence of complex terms was introduced by Kizmaz [6]. This notion war
further generalized by Et and Colak [2], Tripathy and Esi [16], Tripathy, Esi and Tripathy [17] and many others.

In this article we introduce the difference operator A?V’r) which we describe below and extend the notion of

difference sequence to fuzzy sequences. This new operator generalizes all previous difference operators.

The idea of the statistical convergence of sequence was introduced by Fast [3] and Schoenberg [12]
independently in order to extend the notion of convergence of sequences. It is also found in Zygmund [18].
Later on it was linked with summability by Fridy and Orhan [4], Maddox [8], Rath and Tripathy [11] and many
others. In [10] Nuray and Savas extended the idea to sequences of fuzzy numbers and discussed the concept of
statistically Cauchy sequences of fuzzy numbers. In this article we extend these notions to difference sequences
of fuzzy numbers.

The natural density of a set K of positive integers is denoted by &(K) and defined by
.1
s(K)=lim=card{k <n:k e K}
nn
A sequence X = (X,) of fuzzy numbers is said to be statistically convergent to a fuzzy number X, if for

1
every ¢ >0, lim—=card {k <n:d(X,, X,) = g} = 0. We write st-lim X, = Xo,
nn

I1.  New Definitions and Main Results

Throughout the article we denote by W' the set of all sequences X = (Xy) of fuzzy numbers.
By a lacunary sequence 0 = (ky); p =1, 2, 3. . ., where k, = 0, we mean an increasing sequence of non-
negative integers with h, = (ky — kp.1) — o0 as p — . We denote |, = (k,4, ko] forp=1,2,3. ..
Let r and s be two non-negative integers and v = (vi) be a sequence of non-zero reals. Then for a lacunary
sequence 8 we define:

Ly (A% )=1 X ew I|m—Zd( i X1 Xo ) =0, forsome X, ¢

pA)OO p kel,

where(A(v 0 X ) (szlr)x Afvlr)Xk+r)and Aln Xy =V, X, forall k e N, which is equivalent to

the following binomial representation:

(V T)X Z( 1) ( }/IH—FI K+ri *

In this expansion it is important to note that we take Vv, ;=0and X, ;= 0 for non-positive values of k-
ri.
If Xe LF (Afv " ) , then we says that X is A?v’r) -lacunary strongly summable sequence of fuzzy numbers.

A sequence X = (X,) € W™ is said to be Afv’r) - Cesaro strongly summable if X € 0'1': (A?v,r) ) , Where

ol (An)= {X ew" :lim= Zd( X Xo) =0, forsomexo}

n—>oo

Asequence X = (X) € W' is said to be A(V r - Statistically convergent if X Sk ( W, r)) where

SF (Afv Y

)= {X ew” :fim = card{k<n d(As,

X, Xo) 2 £} =0, forevery £ > 0and some XO}
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A sequence X = (X)€ W is said to be Afv’r) -lacunary statistically convergent if X e Sg (A?V r))
where
.1
S, (A?V r)) {X ew” Ilgnh—card{k el, 1d(AL Xk Xg) 2 g} =0,foreverye > Oandsomexo}
P
Theorem 2.1. Let 6 be a lacunary sequence. Then if a sequence X = (X,) is A?v,r) -lacunary strongly summable

then it is A(V n - lacunary statistically convergent.

Proof. Suppose X = (Xy) is strongly A?V " -lacunary strongly summable to X. Then

I|m—2d( X X)=0.

p~>oo

Now the result follows from the foIIowmg inequality:

(A% X X, )zecard{k e 1,1 d(A, )X, X,) > &)
kel

(v.r)
Theorem 2.2. If a sequence X = (Xy) is A?V’r) -bounded and A?v,r) - statistically convergent, then it is A?V',) -
Cesaro strongly summable.
Proof. Suppose X = (Xy) is A?v,r) -bounded and Afv’r) - statistically convergent to Xo. Since X = (Xy) is Afv’r) -
bounded, we can find a fuzzy number M such that

d(AL. Xis Xg) <M forallkeN

Again since X = (Xy) is A?v,r) - statistically convergent to X,, for every ¢ >0

lim 1card{k <n:d(A
n

Now the result follows from the foIIowmg inequality:

1 1
ST (MK X=X A XX X A, X Xo)

N 1<<n N 1<k<n 1<k<n
d(Afy,n Xk Xo)2e d (A, Xk Xo)<e

(Vr)Xk,XO)Zg}:O

<Mcard{k<n d(AY, X\ Xo) 2 &} +2
n

(v,r)
Theorem 2.3. Let 6 be a lacunary sequence. Then if a sequence X = (X isA(, , -bounded and Ay, ,-

lacunary statistically convergent, then it is A?V',) - lacunary strongly summable.
Proof. Proof follows by similar arguments as applied to prove above Theorem.
Theorem 2.4. Let 0 be a lacunary sequence and X = (X) be A(V ry -bounded. Then X is A(V n - lacunary

statistically convergent if and only if it is A(v'r) - lacunary strongly summable.
Proof. Proof follows by combining the Theorems 2.1 and 2.3.

h
Theorem 2.5. If a sequence X = (X,) is Afv n- statistically convergent and lim inf, (—p > 0 then it is A(V M-
’ p
lacunary statistically convergent.
Proof. Assume the given conditions. For a given ¢ > 0, we have
{kel,1d(Ay, , X\, X) 2 e} < {k<n:d(A}, )X, X,) 2 £
Hence the proof follows from the following inequality:
1
Ecarol{k < prd(Al,, Xy, Xo) 2 g}zgcard{k el,1d(Ay, , X, Xo) 2 £
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Xy Xo) 2 &}

h 1
:—ph—card{kel Sd(AG

Ph,

Theorem 2.6. LF (A(V r)) is a complete metric space under the metric g defined by

9(X, Y) = Sup Zd( X MY )

p p kel
Proof. It is easy to see that d is a metric on L (Afv ,)) To prove completeness, let (X') be a Cauchy sequence
inL, (Afv r)) where X' = (XL):(XI X;) for each ie N . Then for a given ¢ > 0, there exist a positive

integer ng such that

g(Xi’xi) sup Zd( (Vr)X Ai‘vr)xkj) <gforalli,j>n,

p kel
It follows that

—Zd(A(Vr)X AL X )<ef0ralllj>noforallpeN
pkel

Hence

Xy, Al

d (AS )

W) X/} )<gforaII|J>noforaIIkeN

This implies that (A X, ) is a Cauchy sequence in L(R) for all k=1. But L(R) is complete and so

(v.r)
(4

W, r)Xi ) is convergent in L(R) for all k>1.

For simplicity, let IImAfV r)X' Z( 1)“( }/ v = Ni, say for each k=1. Considering k =1, 2, .

., we can easily conclude that llm Xk = Xy, exists for each k>1.

I—>0

It remains to show X = (X) € L} (A?V ,))
Now one can find that

IIm Zd( b X A X )<gforaII|>n0andpeN

p kel
Thus

Ilm Zd( (vr)X;, Al X )<gforalliznoandpeN.

p kel
This implies that

g(Xi,X) <gforalli>ng
This shows that X = (X,) € L (A?V " ) and this completes the proof.
Theorem 2.7. o; (A(V r)) is a complete metric space under the metric g’ defined by

g(X, Y)—sup{ > (AL XA Y )}

]_k<p
Proof. Proof is same with the proof of above Theorem. In fact for = (2°);p=1,2,3.. .,

LF (A?v r)) (A?v r))
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