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Abstract: Complete triple Hypergeometric functions of the second order which were denoted
by H,, ,Hp, ,H¢, . Each of these triple Hypergeometric functions has been investigated extensively in many
different ways including for example in the problem of finding their integral representations of one kind or
other. Here in this paper we aim at presenting further integral representations for each triple Hypergeometric
functions Hy, , Hg, , He, .
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I.  Introduction
The great success of the theory of Hypergeometric functions of a single variable has stimulated the
development of a corresponding theory in two and more variables. In 1880 p. Appell considered the product of
two Gauss functions viz.

2Fl(a,b;c;x)zFl(a’,b’; c';y) .
_ N @n(@)aB)m (B x™ y"
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m,n=0
We are led to five distinct possibilities of getting new functions .One such possibility is

(@ msn(D)min ﬁﬁ
(©man m!nl’
mn=0
Thus the reaming four possibility lead to the four Appell function of two variables
Which are defined as F,, F,, F;, F, Lauricella (1893) further generalized the four Appell functions
Fj, ..., Fyto functions of n variables and defined as Fj, FZ, FF, F} atn = 2thatis
F, = F},F, = F} ,F; = Ffand F, = F?

Lauricella (1893) (10, p.114) introduced 14 complete hypergeometric functions of three variables and of second
order, he denoted his triple hypergeometric functions by the symbols F,, F,, .. , F;,0of which
F,, F,, Fs, and F, corresponding, respectively to the three variables Lauricella functions

E®, F®, F®, F®defined in [10,p.113]; see also [13, p.33,ct seq.] and [2]. Saran (1954) initiated a
systematic study of ten of the triple hypergeometric function from lauricella’s set. Exton [9] introduced 20
distinct triple hypergeometric functions, which he denoted by X;, ... ,X,,. Out of these Exton [9] defined and
gave integral representations of some hypergeometric functions of three variables which is denoted
by X,, X4, X, Xg, and X,,. In the course of further investigations of Lauricella complete 14 hypergeometric
functions in three variables, Srivastavas [4, 5](1964a, 1967b) noticed the existence of three additional complete
triple hypergeometric functions of the second order. These three functions are Hy, ,Hp, ,H¢, (had not been
included in Lauricella set) which are defined as follows see in [11, p.43 eq. 1.5 (11) to 1.5(13)]
(11) HAl(allaZ'aS;Cl'CZ; x,y,Z)

(al)m+p(a2)m+n(a3)n+p ﬁ yn
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mn,p=0
(Ix|=:t < 1; lyl=:s < Llzl=:t < (1 = (1 = 9);
(1.2) HB1(a1'a2'a3 5C1,C2,C33 X, Y, Z)
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(1.3) H¢,(aq,az,a3; ¢; X,Y,2)
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(Om+n+p m! nl p!’
m,n,p=0

(t=lx];s=ylit=lzlit + s+t — 2\/(1 -1 -s)1-t)<2).
Where with C and z; denoting the set of complex numbers and the set of non -positive integers respectively
(A)n is the Pochhammmer symbol defined (for Aec )

r ] =0).
(14) WDyi= 7(? (:)”) - {Mi D Ghbn— 1) i o=
n—1),if(neN ={1,2,3...}).

I'(z) being the well known Gamma function .Of course, all 20 of Exton’s triple hypergeometric function
X1, Xz0 as well as Srivastava’s triple hypergeometric Hy, ,Hp, ,Hc, are included in the set of the
aforementioned 205 distinct triple hypergeometric function which we presented systematically by Srivastava’s
Karlsson [11,chapter 3]. The above stated three dimensional regions of convergence of the triple hypergeometric
series (1.1), (1.2) and (1.3) for H, , H, respt. Were given by Srivastava [4, 5] (see also Srivastava and Karlsson
[11, section 3.4]).
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(min {R(a), R(B1), R(y —a — B1)}> 0).
Here in this chapter, our aim is to investigate some further integral representation for each of the three
Srivastavas function H,,, Hp, , He, .

I1.  Integral Representation Of H,
THEORM 1: - Each of the following integral representation for H,, holds true:
(2.1) Hy, (a1,az,a3; ¢4, €25 X,Y,2)

— L 1 az—1 _ \c—az-1 _ -a,
~ I(a)(c; — a) fof 1= (1-y9

(1= 28 oF, (a0, @i 015 Gspag) 46 (R(cy) > R(as) > 0);
(2.2) Hy, (aq,a;,a3; ¢4, C3; X,Y,2)
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Where
_ (B — @)% —¥)? _
[B-a)E-M—-B-NE-ay][B-)E-1V)— B-NE—-a)z]’

(2.4) Hy,(a1,a5,a3; c1,Ca; X,Y,2)
— F(CZ) ° az—1 aj+az—cy
NN —ag)fo SR
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(R(cz)>R(as) > 0);
(2.5) Hy,(aq,a3,a3; ¢q, €33 %,Y,2)

() 7l oyt
e G £ o e

.(1 —ysin?§)™% (1 — zsin? §)™*
x

“ 2 Fl al, az; Cl;

(1 — ysin2é)(1 — zsinzf)) %,

(R(cy)>R(a3) > 0).

Here 2|:1 denotes the well- known gauss hypergeometric  function defined by
(26) ,F@bcz)

_ N @a(b)n 2"

n=0

cec\zy:lzl <1;z| =1(z # —-1)
andR(c—a—-b)>0;z=—-1and R(c—a—b) > -1

1. Proof Of Theorem H ,
Proof: The integral representation (2.1) was derived by Srivastavas himself [4, p. 100] as an intermediate result
in his demonstration of the integral representation (1.5) [4,p. 100, eq.(3.3)]. In fact Srivastavas derivation of
(2.1) involved writing the triple hypergeometric series in (1.1) as a single series of the Appell function F; as
follows:

(3.1) Hy,(ay,a;,a3; ¢1, ¢35 X,Y,7)

- (@) (@) x™
= ————F F,[aj,a, + m,a;, + m;c,;y, 2] —,
4 Dm 1las, a; 1 2 Y ]m!

And then applying Picard’s integral formula [12, p.29, eq.(4)]
(32) Fl[a'ﬁ' ﬁ, ; Y, X ,Y]

1
r ,
) = J Tl — )1 (1 — xt)B(1 — yt)f'dx,
0

" T@I(Y —
(R(y) > R(a) > 0;yeC\Zp).
To each term on the right-hand side of (3.1). The transition from (2.1) to Srivastavas
Final result (1.5) was made by appealing to the following classical result (see, for Details, [4, pp.99-100])

(33) 2Fi(aB;v;2) )
r) a1
=— 7 11 =) a1(1 - zt) B
M@r Y —a) f (1 -1 (1 —zt) Pdr,
0
(R(Y) > R(a) > 0; yeC\Zp).
The assertions (2.4) and (2.5) of theorem1 would follow from Srivastava’s resultupon setting

¢ ag
$o1F B and  (0,1) - (0,)

and & - sin?&,d& - 2sinécoséd§ and (0,1) » (0,%) respectively.
Each of the integral representations (2.1) to (2.5) can also be proved directly by expressing the series definition
of the involved hypergeometric functions in each integrand and changing the order of the integral sign and the

summation,and finally using one or the ottier oFthe following well- known relationships between the Beta functions
B(a, B), the gamma functionI"(z) and their various associated Eulerian integral (see, for example [6, p.26
and pp. 86, problem]).
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flta—l (1 — t)B—l dt, (min{ER((x) >0 :ER(B)} > 0);
(34) B(apB) =1°

r(are) _
m; (a, Bec\zy)
(35) B (0.p) =2, 2(sing)*** (cos®)*$~d6 = [T

(min{R(a) > 0,R(B)} > 0)

b — a —MNB —a)*(p —t)B1
36 B@p=" C)a)f,ﬂ,; - f e

t"‘ 11 —p)h1

—ane [ g
A+D* | = e
0

A> -1,
(min{R(a) > 0,R(B)} > 0);

IV.  Integral Representation Of Hp,
THEOREM 2:- Each of the following integral representation for Hg, holds true
(4.1) Hg, (ay,az,a3; ¢1,C2,€3;X,Y,2)
= 41—‘(611 + aZ) Jlfal_l(l _ E)az_l
r'(a,)r(az J,
Xalag + az,a35¢1, 05,055 x§(1 =€), y(1 = §), z8]dé,
(min{R(a,), R(az)} > 0);
(4.2) Hg,(ay,a,,a3; ¢1,¢5,€35%,Y,2)
_I'(a;+a) (B=—y)*"(a—y)*"
S T(a)l(az (B — a)ute-t
B

[ 6-om - wmag -y

Xy [ag + ay,a3;¢q,¢5, ¢35 01,05y, 05z]d &,
(min{R(a;),R(a;)} > 0;y < a < p).

Where
” _:(a—y)(ﬁ—y)(f—a)(ﬁ—f)
v B-a)* (¢ —-v)* '
(a—y)B-%) B-rE-—a)

PEB-0CE-» P TE-0CE-n’

(4.3) Hg,(aq,a;,a3; €1,€5,C3;X,Y,2)

T
_2(at+a) (Z, 5 ek 2 ;yaz—2
- st jo (sin? £)"72(cos? £)%3

Xa(ay + az,as; ¢4, 63, ¢35 01%,0,Y,032)d §,

(min{R(a;)R(a;)} > 0).
Where
o, == sin? Ecos? &,0, = cos? & ,03:= sin? §;

(44) Hp,(ay,a3,a3; ¢1,C2,€3;X,Y,2)

T
2l (a, + a)(1+ D)% [ (siné ) Z(cos? £)%"s
T T(apl(ay f (1 + Asin?§)@1+az
.X4(a1 + a,,as; ¢4, ¢y, C3; 01X,0,Y, a3z)df,
(min{R(a,)R(a)} > 0; 1 - 1);
Where
(1 + A)sin?&cos?& cos%¢ (1 + A)sin®¢
T T A 0sinze) T T asinze’ T 1+ Asin2é
(4.5) Hp, (ay,az,a3; c1,¢4,¢55 x,Y,2)
I'(a; + ay)A™ %(sinzf)al_%(coszf)az_%
T T(a)l(ay) J, (cos?E + sin2E)a+az
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. X,(ay+ ay, as; cq, €y, C3; 0,%,0,Y,052)d &,

(min{R(a,),R(az)} > 0).

Where
_ Asin*§cos*§ _ cos?¢ _ Asin?&
o= (cos?& + Asin?é) 102 = cos?& + Asin?é 03 = cos%¢& + Asin%¢”’
Here X, denotes one of Exton’s twenty hypergeometric functions defined by (See [9] and [11, p. 84, Entry

(45a)]).

V. Proof Of Theorem Hpg,
Proof: A similar argument as in the demonstration of theorem1 will establish the results asserted by theorem 2.
Instead of the Gauss hypergeometric series in (2.6),we make use of the double hypergeometric series in (2.6) for
Exton’s function X,
Alternatively, the assertion (4.1) to (4.5) of Theorem 2 can be proven directly and much more
systematically by first writing the definition (1.2) in the following form
(51) H81 (alﬂ az,a3;C€1,C,,C3; X, Y, Z)

[oe]

_ (al)m+p(a2)m+n(a3)n+p y zP
A pe0 (CPNCINCIN mlnl p'

_ r(al + aZ) (al + a2)2m+n+p(a1)n+p x™ y z?
1—'((11)1—'((12) Z (Cl)m(cz)n(CS)p m! n' P'

.B(ay +m+p,a2 +m+n),
(min {R(a;), R(az).}> 0).
Replace the beta function B(a, + m + p,a, + m + n) by on or other of its numerous Eulerian representations
and the interpreting the resulting triple hypergeometric series by mean of the definition (2.6). In this manner, of
course, we can derive a considerably large number of other integral representations for Hp involving the triple
hypergeometric function X, defined by (2.6).

VI.  Integral Representation Of H,
THEOREM 3:- Each of the following integral representation for H¢, holds true

(6.1) H¢,(ag,a3,a3¢; x,y,2)

1
= & a;—1 _ ©\c—aq—-1 _ —a, —az
" Tare—ay ) F1T A =DTHTA - x) ™ (1 - 29)

y(1-%)

eass) 46 (R© > R(a) > 0)

P15 (az‘a3;c —ag
(6.2) Hc (ay,az,a3 ; C;x,Y,2)
r'(c)(1+ 1%

= Tare—ap ) & @797

(1A% [ 4 A8 — (1 4+ Vg% [1+28 - (1 + A)zE]_a3

y(1+2)(1 -9 ) i,
]

[14+2A8— (1 +)xE][1+A8— (1 +1)zk
R()>R(ay) > 0;4 > —1);

- (az,a3; c—ag;

(6.3) Hc, (a1, az,a3;C;%,y,2)
— r() (B - y)al (a— y)c—a1
r(‘hgr(c —a;) (B—a)caz-az-1

J (B — §) 1 (€ — @)@~ (£ — y)@os~¢
IB-DE-v) - B - V)E - x]
1B - )E=y) = (B —y)(E— a)z]
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2F; (ay,a3; ¢ —ay; oy)ds,
R(c)>R(a) >0y >a>p);

B-—a) (a=VE-VEB-Y

[(B-a)E=V)—B-VE—aX][B-a)E—V)— B—V)E—a)z]
(6.4) He, (a4, ay,a3; C;x,¥,7)

Where

0. =

ING))

= mo FT (1 + 9B BT(L+E - )R

(A+E- EZ)_a3 oF; (ay,a35 ¢ —ayg; oy)dé, (R(c) > R(a,) > 0);
Where
1+¢

T Uti-wa+i-t)’

(6.5) Hc (a4,a3,a3; G x,Y,2)
T
re
C
= — sin?&)M % (cos?E)%2 %
R EN e Oj (sin?E) % (cos?E)

(1 — xsin® £)7%2(1 — zsin%) ™% ,F,; (a,a3;c — aq; oy) dé,
(R(c) > R(ay) > 0),
Where
cos?¢
"~ (1 — xsin2¥)(1 — zsin2¥)
Here ,F, denotes the gauss hypergeometric function given by (2.6)

O:

VIl.  Roof Of Theorem H,

Proof: Now proof of Theorem 3 is much akin to that of Theoreml, which we have already presented in a
reasonably detailed manner, but instead of Picard’s integral formula we use another form of Picard’s formula as:

(32) Fl[a'ﬁ' ﬁ,; Y x'Z]

1
1—‘(}/) a—-1 !
= 11 =)yt (1 — xt) (1 — yt) P dr,
s | A e = -y F e
0
(R(Y) > R(a) > 0; yeC\Zp).
And other evaluation is same as Theoreml, so that we get the required solution.

VIII. CONCLUSION

Integral representation for most of the special functions of Mathematical physics and applied Mathematics
has been investigated in the existing literature. Here we have presented only some illustrative integral
representation for each of Srivastavas functions H,,, Hg , Hc, .A variety of integral representation of Hy,, , Hp,
and He, which may be different from those presented here, can also be provided. Furthermore, just we
mentioned in connection with the single- and double- integral representation (2.1) and (1.5) for Hy_, srivastava’s
double- integral representation (1.6) for Hc, can easily be deduced from the assertion (6.1) of theorem 3 by
appealing to the classical result (3.3).
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