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. Introduction
In 1992, Troy L Hicks [5] introduced the notion of d-complete topological spaces as follows:
1.1 Definition: A topological space (X, t) is said to be d- complete if there is a mapping d : X x X —[0,00)

such that (i) d(x,y)=0< x=Yy and (ii) <x, > is a sequence in X such that Zd(xn,xml) is
n=1
convergent implies that < x,, > converges in (X, t).
Troy.L.Hicks and B.E.Rhoades[6] proved the following theorem in d — complete topological spaces .

1.2 Theorem: Let T be a selfmap of a topological space (X, t) and d : X x X — [0, o) such that O(u) has a
cluster pointz € X . If
a) G(x)=d(x, Tx) is T-orbitally continuous at zand Tz
b) T isorbitally continuous at z and

¢) d(Tx, T%) <d(x, Tx) forall x,TxeO;(u) ,then Tz=z.
In this paper we introduce d,- complete topological spaces as a generalization of d-complete
topological spaces. In fact, we define d,, - complete topological spaces for any integer p>2. For a non-empty

set X, let X P be its p-fold cartesian product.

1.3 Definition: A topological space (X, t) is said to be d , - complete if there is a mapping dp : XP 510, «)
such that (i) d, (X, Xz, .. ., X,)=0&X =X, =. . . =X, and (ii) <x, > is a sequence in X with
lim d(x,, X

n—oo

complete topological space is denoted by (X, t, d ) .

X -+ Xnyp1) =0 implies that <X, > converges to some point in (X, t). A d-

n+lr An+20 - -

1.4 Remark: The function d in the Definition 1.1 and the function d, (the case p =2) in Definition 1.2 are
both defined on X x X and satisfy condition (i) of the definitions which are identical. Since the

0
convergence of an infinite series Zan of real numbers implies that lim «, =0, but not conversely; it
N—o0
n=1

follows that every d-complete topological space is d, - complete, but not conversely. Therefore the class of
d, - complete topological spaces is wider than the class of d-complete spaces and hence a separate study of

fixed point theorems of self-maps on d, - complete topological spaces is meaningful.

The purpose of this paper is to establish fixed point theorems of self-maps of
d, - complete topological spaces for p>2.

Il. Preliminaries
Let X be a non-empty set. A mapping d, : X P [0, «) will be called a p-non-negative on

X provided d, (X3, Xz, .. -, Xp)=0X =X, =. . . =X
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2.1 Definition: Suppose (X, t) is a topological space and d, is a p-non negative on X. A sequence <X, > in X
issaidtobea d, - Cauchy sequence if d, (X,, Xp,q, -+ - Xpyp) >0 @S N—>o00.
In view of Definition 2.1, a topological space (X, t) is d, - complete if there is a p-non- negative d ;on X
such that every d, - Cauchy sequence in X converges to some point in (Xt).

If T is a self map of a non-empty set X and Xxe€ X, then the orbit of x, O;(X) is given by

Or(x) = {X,TX,TZX, . } If T is a self map of a topological space X, then a mapping G: X —[0,0) is said
to be T-orbitally lower semi-continuous (resp. T-orbitally continuous) at X*e X if <x, > is a sequence in
Or (x) for some x € X with X, = X™* as N — oo then G(x*) < liminf G(x,,)

n—o0
(resp. G(x*) = limG(x,) ). A self map T of topological space X is said to be w-continuous at xe X if
N—oo
X, —> X as N —> o0 implies Tx, »>Tx as n —»o.
If d, is a p-non-negative on a non-empty set X, and T:X — X then we write, for simplicity of
notation, that
22)  Gy(x)=d,(x,TXT?x,...,TP7x) for x € X
Clearly we have
(2.3) G, (x) =0 ifand only if x is a fixed point of T.

I11.  Main results
3.1 Theorem: Suppose T is a self-map of a topological space (X, t) and d, isa p-non-negative on X.

Suppose that there is a u e X such that O (u) has a cluster point ze X . If
a) G, (x) is T-orbitally continuous at zand T z
b) T is orbitally continuous at z, and
¢) G, (TX) <G, (x) forall x,TxeOr (u) (the closure of Oy (u) ),
then Tz =2z
Proof: Let &; =Gp(Tiu) for i >1. Then, by (c), we get a;,; <a; and therefore lima; =« exists and

n—o

in fact, « =inf a;. Since z is a cluster point of Oy (u), there is a sequence <Thu> in O; (u) such that
1

Thu—z as k > . Therefore, by (a), we have
(32 G,(»)=lima,
k—w K

Also, it follows from (b) that Tik+lu:T(Tiku)—>Tz as kK—o and since G,(x) is T-orbitally
continuous at Tz we get

(33) G,(T)=lima,
Now (3.2) and (3.3) imply that G,(Tz) =G (z) which forces Tz=z (For if T z #z, then (c) gives
G,(T2) <G, (2)).

IV. Consequences
To present certain consequences of the main result, we introduce some notations:
If d, isap-non-negative on a non-empty set X and T is a self-map of X, then for any

X,y € X we write
41)  Hy(xy)=d, (Y, Ty, T2y, ... . TP?y)
(42)  E,(xy)=d,(XV,Y,-..,Y)

Clearly
(4.3) Hp(xTX)=G,(x) and E,(x,x)=0.

4.4 Theorem: Let T be a self-map of a topological space (X, t) and d,, be a p-non- negative on X. Suppose
that there isa u e X such that O (u) has a cluster point z € X. If
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a) G, (x) is T-orbitally continuous at zand T z
b) T is orbitally continuous at z, and

M, (X)
¢) Hy(Tx,Ty) < M, ()

M1 () =max H , (%, y). H p (6 TY) H o (6 ) E (8,70, G (%) Hp (6. TY), G (v): B (v, T
and M, (x) =max{H , (x, Ty), E, (y, TX)f forall X,y € X with x=Ty or y=Tx, then Tz=z.
Proof : Takingy =T x in the inequality of the theorem and using (4.3), we get
max{Gp(x). H,(x,T?%),G,(x).H p(x,sz)}
2
H o (X, TX)
G, (X).H (%, T?x)
2
H, (X, TX)
= G,(TX) <Gy (x)

, Where

Gp(Tx) <

= G,(Tx) <

and therefore the theorem follows from Theorem 3.1.

45 Remark: Note that, the result of Hicks and Rhoades ([6], Corollary 3, pp.849) is a particular case of
Theorem 4.4 and the corresponding result for metric spaces has been proved by Achari ([1], Theorem 1).

4.6 Theorem: Let T be a self-map of a topological space (X, t) and d,, be a p-non- negative on X. Suppose that
there isa u e X such that O (u) has a cluster point z € X. If

a) G, (x) is T-orbitally continuous at zand T z
b) T is orbitally continuous at z, and
¢) Hy(Tx,Ty) < max{H p (X, Y), M
Hp (X )
forall x,ye X with XYy, where A(x,y)=a(x,y,Ty, ..., TP?y) and a: X P —[0,).Then Tz=z.
Proof: Taking y =T x in the inequality of the theorem and using (4.3), we get

G,(x).G,(Tx)
G G ,¥
p (TX) < max{ o (X) G, (0 }

G, (Tx) <max{G , (x), G, (T
which implies G, (Tx) <G, (x) and therefore the theorem follows from Theorem 3.1.

4.7 Remark: Note that, the result of Hicks and Rhoades ([6], Corollary 4, pp.849) is a particular case of
Theorem 4.6 and the corresponding result for metric spaces has been first proved by L. B. Ciric ([2], Theorem
2).

A Y)-Hp (% y).E, (y,TX)}

4.8 Theorem: Let T be a self-map of a topological space (X, t) and d, be a p-non-negative on X. Suppose that
there isa u € X such that O; (u) has a cluster pointz € X. If

a) G, (x) is T-orbitally continuous at zand T z

b) T is orbitally continuous at z and

¢) H, (MXTY)H 5 (%, y) <H, (X ViagH 5 (%, ) + 8,6, (X) + a5G , (y) + a4 B, (v, TX)
+35G, ()G, (Y)-
5

forall X,y e X, where a; >0 and Zai =1.Then Tz=1z and z is unique.

i=1
Proof: Taking y = T x in the inequality of the theorem and using (4.3), we get
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G, (TX) G, (X) <G, (X){aG, (X) + 8,6, (X) + 285G, (TX) |+ a5G , ()G, (TX)
=G, (TG, () <a,[G, W] +a,[6, (0 +a:6,(x) G, (TX) +a5G, ()G, (TX)

=G, (MG, (x)<(a +a2)[Gp(x)]2 +(a3 +a5)G, (X) G, (TX)
3(1_a3 _aS)Gp(TX)<(a1 +a2)Gp(X)

a, +a
:>Gp(Tx)<1_1—_2.Gp(x)

3 5
a, +a
=G,(TX) < ——2—G,(x)

which gives G, (Tx) <G (x) and therefore the theorem follows from Theorem 3.1.

4.9 Remark: Note that, the result of Hicks and Rhoades ([6], Corollary 5, pp.849) is a particular case of
Theorem 4.8 and the corresponding result for metric spaces has been first proved by K.M. Ghosh ([4], Theorem

2).
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