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Abstract: The main purpose of this paper is to obtain fixed point theorems for sequence of mappings under
partial metric spaces which generalizes theorem of four authors [5].
Key Words: Common fixed point, coincidence point, weakly compatible pair of mappings, partial metric space.

I. Introduction
Partial metric spaces were introduced by Matthews [1] in 1992 as a part of the study of denotational
semantics of dataflow networks. In fact, it is widely recognized that partial metric spaces play an important role
in constructing models in the theory of computation.

II.  Preliminaries

Before proving our results we need the following definitions and known results in this sequel [1, 2, 4].
Definition2.1. ([1]). A partial metric on a nonempty set X is a function p: X x X —> R, such that for all x, y, z
€ X:
(p1) x=y <==> p(x, X) = p(x, y) = p(¥ ),
(p2) p(x, X) < p(x, y),
(p3) p(x, y) = p(y, X),
(p4) p(x.y) < p(x,2)* p(z.y)-p(z.2).
A partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial metric on X.
Remark 2.2. It is clear that, if p(x, y) = 0, then from (p1) and (p2), x =y. But if x =y, p(X, y) may not be 0. A
basic example of a partial metric space is the pair (R p), where p(x,y) = max{x,y} for all x, y € R, .Each partial
metric p on X generates a T topology T, on X which has as a base the family of open p-balls
{Bp(x, €),x €X,e >0} where Bp(x, €)= {yeX: p(x,y) <p(x,x)+ €} forallx € X and € > 0.
If p is a partial metric on X, then the function p* : X x X =R, given byp*(x, y) =2p(x, y)-p(X, X)-p(y, y) is a
metric on X.
Definition 2.3. Let (X, p) be a partial metric space and {x,} be a sequence in X. Then
(i){x,} converges to a pointx € X ifand only if p(x, x) =lim _, _ p(x,x,)

(ii) {4} is called a Cauchy sequence if there exists (and is finite) lim S ie p(Xp, X )-

Definition 2.4. A partial metric space (X, p) is said to be complete if every Cauchy sequence {x,} in X
converges, with respect to 1, to a point x € X, such that p(x, x) =lim_ N (X, Xpm) -

Remark 2.5. It is easy to see that every closed subset of a complete partial metric space is complete.

Lemma 2.6 ([1, 2]). Let (X, p) be a partial metric space. Then (a) {x,} is a Cauchy sequence in (X, p) if and
only if it is a Cauchy sequence in the metric space (X,p°),

(b) (X, p) is complete if and only if the metric space (X,p®) is complete. Furthermore,

lim _y _p°(k,x) =0ifandonlyifp(x,x)=lim _, _ p(x,x) = lim o Xy, X))

Matthews [1] obtained the following Banach fixed point theorem on complete partial metric spaces.

Theorem 2.7[1]. Let f be a mapping of a complete partial metric space (X, p) into itself such that there is a real
number ¢ with 0< ¢ < 1, satistying for all x, y € X:p(f;,f,) <c p(x,y).Then fhas a unique fixed point.

JIIR Main Results
Before stating the main results, we recall the following definitions.
Definition 3.1. Let X be a non-empty set and T,, T,. X—> X are given self-maps on X. If w = T|x = T,x for
some x € X, then x is called a coincidence point of T, and T,, and w is called a point of coincidence of T, and
T2.
Definition 3.2 [3]. Let X be a non-empty set and T, To: X—> X are given self-maps on X. The pair {T;, T,} is
said to be weakly compatible if T T,t = T,T;t, whenever Tt = T,t for some t in X.
Our main result is the following.
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Theorem 3.3.Suppose that S;, T; /1 are self-maps of a complete partial metric space (X, p) such that T;X < S;X
Vv 1, and p(Tix,Tiyy) <@ (M(X,y)) - (3.1) V ;and for all x, y € X, where ¢ € ®and

M(x,y)=max {p(Six, S;y),[p(Tix,Sx)+p(Tiy,Siy)1/2, [p(Tiy, Six) +p (Tx,Siy)]/2}.If one of the ranges T;X and S;X
V i is a closed subset of (X, p), then S; and T; \v i have a coincidence point, (ii)Moreover if the pairs {S;,T;} V' i
is weakly compatible, then T; and S; V/ i have a unique common fixed point.

Proof.

Let x¢ be an arbitrary point in X. Since T;X C S;X, V i there exists x; € X such that

Six; = Tix,. Continuing this process, we can construct sequences {X,} and {y,} in X defined by

Von = TiXont1= SiXon OF Yoni1 = TiXonto= SiXons1 ----- (3.2) for everyn € N VY i.

We claim that {y,} is a Cauchy sequence in the partial metric space (X, p).

We have, M (Xap, Xop+1) S max {p(SiXap, SiXop+1), [P(TiX2p, Sixop)t P(TiXopr1,SiXop+1)1/2,

[p (Tixape1, Sixap) + p(TiXap, SiXop+1))/2} V1.

=Max {p (y2p-1, Y2p)> [P (Y2p-1 Y2p-1) T P (¥2p,¥20))/2, [P (Y25 Y2p-1) + P (Y2p-15 Y2p))/2} V1,

= Max {p (Y2p-1, Y2p)> [P (Y2p-1> Y2p-1) TP (Y2ps¥2p))/2} V1,

=P (Y2p-15 Y2p)-

Using that ¢ is non-decreasing function, we get:

P M (Xap, Xop+1)) < @ (max {p (Yop-1, Yap)}) - (3.3)

From the contraction condition (3.1) with x = X, and y = X,p+1, We get:

P (Vaps Yapr1) < @ (P (Yap-1» Y2p))

Since, @ (t) <t for each t >0, the above inequality implies that p (y2p.1, Y2p) =0 and p (yap, y2p+1) = 0 and

then yap.1 = yop and o, = yape1.

Hence we have Yop-1 = Yop=Y2p+1 T Yopt2 Teeeeiiiiiiiiiiiins

Then {y,} is a Cauchy sequence in (X, p). The same conclusion holds if we suppose that there exists p € N

such that p (y2p, Y2p+1) = 0.
Now, we assume that p (y,, ya+1) > 0, for sufficiently largene N

Then from (3.3) as ¢ (t) <t for all t > 0, we have

P Vs Yor1) <@ {p (Yaoyn)} foralln>1.......ooooonin, (3.4)

Repeating this inequality n time we obtain p (Yn, yn+1) < @ " (p (Yo,y1)) ------- (3.5)

By the properties (p2) and (p3) we have Max {p (Yu,Yn) P (Yn+1,¥n+1)} <P (¥ns Ynt1)

Thus from (3.5), max {p (ya,¥n) P (Ya:1,¥a+1)} < @ " p (Yo, y1)------(3.6)

Therefore, p*((Yn, Yue1)=2P(Yas Ynr1)= P(YnsYn)-PYore1:Yn1) S2P(Yao Yoe 1) TPV Y) TP (Va1 Y1)

<49"p (Yo, Y1))-
Now by the triangle inequality for the metric p® and (3.6), for any k, n € N* we have

pS(YnaYmk) < PS(YmYn+1)+ pS(Yn+17Yn+2)+ ------------ +pS(Yn+k-1 ,Yn+k),
<4 0" p (Yo, y) 40" p (Yo, Y1)) +--mmmmemv +4¢ ™" ((yo, 1))

n+k—1

<4(X_, 20 GLy))
<4 (X, 20 Goy)
Hence and from the property (b), lemma 2.6 of ¢ we conclude that for an arbitrary € > 0 there is a positive

integer ng such that p*(y,,yak) < € for every n>ng and allk €N

Thus we proved that {y,} is a Cauchy sequence in the metric space (X,p®).

Since (X, p) is complete, then from Lemma2.6,(X,p%) is a complete metric space.
Therefore, the sequence {y,} converges to some y € X, that is, lim, 5, ., p*(y,,y) =0
From the properties (b) in Lemma 2.6, we have

Py, y)=lim _y _py.,y) =lim__ s 0 Yn)---—- 3.7

Moreover, since {y,} is a Cauchy sequence in the metric space (X,p°), then limnm N P° (¥, ¥m) =0 and
so from (3.6) and the property (b) in lemma 2.6 of ¢

We have lim | 5 oo P, V) = Oemmmmemmmmeeeeeee (3.8)

Thus from the definition of p* and (3.8), we have lim _ o (¥, ¥m) =0

Therefore, from (3.7), we have
p(y,y)=lim _y _pQny) =lm _ . P ¥n) =0 - 3.9
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Thus from (3.10) we have lim _y p(Tixz,,¥) =lim _y »p(SiXp41,y) =0V jmoeemmmoee (3.11)

Now we can suppose, without loss of generality, that S;X Y/ iis a closed subset of the partial metric space
(X, p). From (3.11), there exists u € X such that y= Sju. Vi
We claim that p (Tju, y) =0. ¥ i Suppose, to the contrary, that p (T;u, y) > 0. Vi
By (p4) and (3.1) we get
p (v, Tiw) < p (v, Tixan+2) P (Ti, TiXan+2) - P (TiXant2, TiXone1) Vi
<p (v, Tixzns2) +p (T, Tixon+1)
<p (¥, Txonio)t @ (M(U,X2012))

By (3.2) we have M(u,Xan+1)=max {p(y,yan+1),[P(Tl,Y)+p(Yan+1:Y2n DV 2, [P(Y2nt1,9) (Tt yon )] } V 1
< max{p(y,yan+1) [P(TWY)FP(Y2nt1,¥20:1)1/2, [PY2ns1,Y)HP(TL,Y) DY, Youe)-PY Y2} W i e (3.12)
Since @ is continuous, from (3.12), (3.9), and letting n —> o we obtain

p(y, Tw < lim _y [Py, ¥2ns1) + @ (M(UX202))]
:limn — © p(y' YZn+1) + ¢ (limn — © M(u' X2n+2))

= ¢ (12p(Tu,y)).
Hence, as we supposed that p (Tiu, y) >0V iand as ¢ (t) <t for t > 0, we have
P(y, Tiu) <1/2 p(y, Tiw) V 1, i=1, 2, 3,........ Which is a contradiction.
Thus we deduce that p(T;u,y)=0 and y=Tu\/1........ccceenen.. (3.13)
Since y = SjuV i, then T;u = Sju V/ 1, that is, u is a coincidence point of S; and T; V/ i
Hence the proof of (i).
Since the pair {T}, S;} V1 is weakly compatible, from (3.13),
We have S;y=ST,=TSju=Ty. V;
We claim that p (T}y, y) =0. V/ i Suppose, to the contrary, that p (Tjy, y) > 0. V i
We have p(Tiy,y)< p(Tiy,y20:1)TP(Yani1,Y) = P (Tiy,Sixons2) +p (Yan+15 )
<@ (M(Y,X202)) +P (Yans1, y) =-mmmmmmmmmmmmm (3.14)
On the other hand, we have M(y,Xa,0)= max {p(S;y,SiXan+1),[P(Tiy,Siy)+ p(TXon+1,SX2n42)1/2,
[P(Tixans2, Siy)+Hp(Tiy, SiX2n2) )2}V 1
= max{p(T;y,y2n02),[p(Tiy, Tiy)p(yan+1,¥202) V2, [P( Yare1, Ty)tP(Tiy,yone2) /2 }. W
Using (3.9) and (p2), we get
For all i we have,
M(y.x2n2)= max{p(Tiy.y), [p(Tiy, Tiy)+01/2,p(Tiy,y)} Vi
=p (Tiy, y) as n —> +00 ====mmmmmmmme- (3.15)

Using (3.15), the continuity of ¢, (3.9) and letting n —>+ oo in (3.14), we obtain

p(Ty, <@ 0Ty, y)<p(Ty,y Vi

Which is a contradiction. Then we deduce that p (T;y, y) =0 and T;y=S;y=y V 1 --------- (3.16)

That is, y is a common fixed point of S;, and T;. Vi

Uniqueness

Let us suppose that z€ X is a common fixed point of S;, T; V iwith p (z, y) > 0. V1.

Using (3.1), we get p (v,2)=p(Tiy, Tiz)

< ¢ {max(p(Siy,Tiz),[p(Tiy, Tiy)+p(Tiz,Tiz))/2,[p(Tiz.Siy)+p(Tiy,Siz)1/2)} Vi .

= ¢ {max(p(y,2),[0+0)/2.[p(z,y)+p(y.2))/2}=¢ {max(p(y.2).p(y,2))} <P (p(¥,2))< P(y.2)

P(y,2)< p(¥,2)

Which is a contradiction. Then we deduce that z=y.

Therefore, the uniqueness of the common fixed point is proved.

That is, the proof of the theorem is complete.

Corollary 3.4. Suppose that S and T are self-maps of a complete partial metric space (X, p) such that TXZ SX
and p(Tx,T,) <@ (M(x, y)) for all x,y € X, where ¢ € and

M(x,y)smax {p(Sx,Sy), 1/2[p(Ts,S:)+p(Ty.Sy)1.1/2[p(Ty, S)+p(Tx.Sy)] }-

If one of the ranges TX and SX is a closed subset of (X, p), then (i) S and T have a coincidence point, (ii)

Moreover, if the pairs {S, T} are weakly compatible, then T and S have a unique common fixed point.
Proof. The proof follows from above theorem 3.3.
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Example3.5 ([Theorem 3.3]). Let X= {1, 2, 3} with the partial metric p is given by p(X,y)=max{x,y}

for all x,y € X. Itis clear that (X,p) is a complete partial metric space.

Define the mappings T;,S;; X —> X by T;1=T;3=1, T2=2, V¥ i

Sil=1, S2=3, S;3=2V/ i.

We have T;X C S X=XV i,

Consider the following ¢ (t)=(5/6)t, for all te R.

We have p(Ti1, T;2)=2<[5/6](3)=(5/6)p(Si1,S2)= ¢ (p(Si1,S:2)).

p(Ti13, Ti2)=2<[5/6](3)=(5/6)p(8:3,52)=¢ (p(Si3,S:2)).

Then the contractive condition (1) is satisfied for every x,y € X.

Moreover, the pair of mappings {T;,S;} ¥ 1 is weakly compatible.

Now all the required hypotheses of theorem 3.3 are satisfied.

Then, we deduce that the existence an uniqueness of a common fixed point theorem of T;and S;. ¥/ i .Here 1 is
the unique common fixed point.

Now if X with metric d given by d(x,y)=Ix-yl ~ for all x,y € X.

We have d (T;l, T;2) =I 1-2 I=1<max {d (S;1, Si2), [d (Til, S;1) +d (T:2, Si2)]/2, [d (T2, S;1) +d(T;1, S;2)1/2}.
=max {d(1,3)[d(1,1)+d(2,3)]/2,[d(2,1)+d(1,3)]/2} Vi
=max {2, 1/2(0+1), 1/2(1+2)}

=max {2, 1/2, 3/2} =2.

Therefore the contractive condition (1) is satisfied for any function ¢ € .
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