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Abstract: Intrigues most researchers about the Riemann zeta hypothesis is the ability to employ cum different
approaches with instinctive mindset to obtain some very interesting results. Motivated by their style of
reasoning, the result obtained in this work of redefining or re-representation of Riemann zeta function in
different forms by employing different techniques on two functional equations made the results better, simpler
and concise new representations of Riemann zeta function.
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THE OSBORNE'S RULE APPROACH
Osborne’s rule gave a more comprehensive method for hyperbolic functions interms of
the Euler method.

recall from coshx = elte and the fact that e = cosf + isin8
Implying that R(e*) = coshx (1.0)
R (ezl"x) = coshi?@‘;— Inx) (1.1)
From the Riemann zeta function
— 2.2 E 3 l N
(s) = m{f Yoy e nmx ((nn) mext — Ennnxﬁ:) cosh (Elnx) dx} (1.2)
Substltutlng (1.0), into equation (1.1), then the equation (1.2) becomes
5 1 s

{(s) = —S(S TN ){f Yo_, eTmnmx ((nn)znzxz — %nnnxi) e2™* dx} (1.3)
con51der1ng the right arm of the r. h. s side of the equation(1.3)

w 5 LA
J, Tnoiemmm ((nn)2n2x4 - %nnnxde) e2™ dx (1.4)

w 5 Iy s
= [, Xha ((nn)2n2x4 - %nnnx‘t) e T gy (1.5)
s ® o S,
(f ((nn)zn x4e—nnnx Hlnx gy fl %nnnxﬂee nnmx +5lnx dx) (1.6)
con51der1ng the left hand side of the equation (1.6) i.e
w 5 _ s
no1(n)?m? [ xre T 2 . (1.7)

5 s
Letl = fw xte ™™ ¥21"% gy and introducing the integration by part:

s w 2 _ s
then,I = (18+4 )[ —nnmx +3lnx —g(nn)3n3 J‘l X3 X +lnx dx] (1.8)

From equation (1.8)

® 9
Suppose M; = f xte "X Hinx gy by furthering the integration by part from (1.9),
1
13 s o 1B 4s
M, = g(nn)Bn.B [:_ere—nnnx +5lnx +%nnﬂfl X & T RInx g, ‘ZL_ZMl] (2.0)
substituting (2.0) into (1.8), we obtain:

_ 18 4 ? o nmx +Sinx _ 3 3[ _ 4 —nnmx +oinx 4 w B nmx +Sinx ]
I=(GGxe 2 (nn) M+E M—13x4e 2 +13nmrf1 xte 2™ dx
(2.1

26 4 13 s 4 © 13 s
From (2.0),we have M; = (—) —xF e I 4 f x & e MmN gy
(2.0) 1= \26v 45/ 13 L
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substituting 2.0 into 1.8

18(nn)?w2\4 2 _ s 4(nn)?n? [ 18 26 4 1B _ s 4 B o_ s
I=( (nn)“m )§x4e nnmx +3lnx _ (nn)“n ( )[( ) 2 i re nnmx +3lnx +Enm'[f1wx4e nnnx+zlnxdx]

18+4s 9 18+4s 26+4s/ ~13
@n
_ (18(nn)2n2)i %e_mmx +%lnx _ 468(nn)%n? ' (4 Ee_mmx +%lnx) _ 144 (nn)"’ 4]‘ xlfe nnmx +5 Sinx dx
18+4s 9 1053 +396s+36s 1053 +234s
2.2)
considering the right hand side of the equation (1.6)i.e
1 s s
21 3 o = _ 21
1f ~nnmxie "™ 2 dx = ~nnm J[ xreTME I gy (2.3)
S
2
Suppose MZ N xie T I g (2.4)

applying integration by part on equation (2.4)

_ 5 4 5 _onmx +3inx 16nnr 2 _pnmx +Sinx 16 2 2 [®© % nnmx +Sinx
M, = (5+25) [ xte 2 4 ——xie 2 4+ - (n)’m J; xte 2™ dx —
16nnms901ox54e— nnmx+s2inydx]
(2‘5) ?1L —nnmx +3inx 2 1 —nnmx +3lnx
recall M, =f xde "M T2 dx then from (1.6) M, = (m)f xde " T2 dx, we obtain
1 T/ Jq

10 4 2 _pnmx 5 | 16nnm 2 _ppoy 43y | 16 22 (®. 2 _nnmx +3inx
— = X4€e 2 —X4e 2 —nn)"m x4e 2 dx —
nnm (15+65) [5 t 45 t+ 45 ( ) fl
16nnms901ox54e— nnmx+s2inyd,

M2=

2.6
(fro)m the equation (1.6), substituting I and M,, to obtain
Equation (1.6), becomes

(18(”n)2”2)i 2 nnmx +%lnx _ 468(nn)%n? (i B nmx +ilnx) _ 14 (nn)4 4f x4e —nnmx +> lnxdx

x4e 4 e 2
18+4s 9 1053 4+3965+3652 \13 1053 +234s

10nnmrl5+6545x546— nnmy+s2iny+16nnadsx94e— nnax+s2nx+1645nn2m2 1o x94e— nnmy+s2inyady
—16nnms9010cx54e—nnmx+s2inxdx 2.7

0

© 1 s
recall M, = J xhe T I gy =J
1

&l —nnmx +alnx * J —nnmx +ainx
x4e 2%dx, M, = x4e 27 dx
1 1

18 272\ 4 2 _ S 468 2.2 144 _
( (nn)°m )a ie nnnx+zlnx _ (nn)“m (nn)4 4.f X4€ nnmx += lnxdx

18-+4s (1053 +396S+3652)(ix%efnnnx +5inx > 1053 +234s
13

40x546— nnmx+s2inxnna75+30s+160nnmx94e— nnmx+s2inxnnm675+3270s— 16nn2r2nnab675+270s

M1+16nnmsnnmzl375+540s/ 2.8)
collecting like terms, we have:

5 s 9 s
_ (18(”")2”2) 4 %e—nnnx +§lnx 468 (nn)?n? (i ?e—nrmx +%lnx ) __ 40x%e X Rl 160 nnm xde TE Fainx
- 18+4s 9 1053 +3965+3652 \13 nnm (75+30s) nnm (675+3270s)

144 4_4 (° B nmx +Sinx 16 (nn)?n? 16nnns

—(nn)*n x4ie 2 dx —
1053 +234s (nn) fl nnm (675+270s) 1 | nnm (1375+5405)

(2.9)
recall from (1.6), by simplifying we obtain

5 s
0 18mn)? w4 2 _pnmx +Sinx 468(nn)?n? 4 B e +3imx 40x T ITX Folnx
= [(—==)=x1e N (—xre My -t
18+4s 9 1053 +396s+36s54 ~13 nnm (75+4305s)

160nnmx94e— nnmx+s2inxnnm(675+3270s)— 1441053 +234s(nn)4mwd1ox134e—nnax+s2inydy—16(nn
)2m2nnm(675+270s)M1+16nnmsnnm(1375+540s)/
(3.0)

s
Slnx

9
P 160 nnm xTe2

o —nnmx 18(m)?n2\ 4 2 Sy 468(nn)’m? Sinx 40x4e2
n=1€ ————)cxtez ————— (—x4 ez’ ) — -
18+4s 9 1053 +3965+365s nnm (75+30s)  nnm (675+32705)

1441053 +234s(nn)dmd1ox134e— nnmx+s2inydx—16nn2m2nnm(675+270s)M1+16nnwsnnn(1375+540s)/
3.1
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0

s s
Let Z e ™™ = (x)and e™** = x2

n=1
Then equations 3.1 becomes
5 9
18(nn)%n? 2 468(nn)%n? 4 B 40x% 160nnm x %
—v,l)(x)x ((—)) Xt ———————— (- X4) — + —
18+4s /9 1053 +396s+365s2 “13 nnm (75+30s)  nnm (675+3270s)
144 4_4 —nnmx + Inx 16 (nn)2m? 16nnmws
—(nn x 4 e dx 3.2
1053 +234s (nn)"m f nnw (675+270s) 1 ' nnm (1375 +5405) G-2)

Substituting (3.0) into (1.2)
9 5
{(s) = W{l/)(x)x [(M)gxi _ _468(n)’n? s0xi 160nm x4 ]

18+4s 1053 +3965+3652 (E ) nnm (75+30s)  nnm (675+32705)

1441053+234s(nn)dr4lox134e— nnmx+s2inydy—16(nn)2n2nnm(675+270s)M1+16nnrsnnm(1375+540s)
/. (3.3)

from the above represenation the {(s)is valid fors > 1

Conclusion

This representation really shows how the complex part of the equation could be eliminated by
introducing a hyperbolic function from Enoch and Adeyeye(2012) result which was the reason why employ the
technique of the Osborne’s Rule approach. Also from the result obtained, by observation one see how much
primes numbers are been played around the synthetic process. This actually obeys the rules guiding the Number
theory (every integer is a product of prime). This method helps in removing the "i"in the result using the Euler’s
Method though we could not see how the integers are been expressed in the products of primes much but this
validate some of the claims of researchers like Euler (1748), Odgers (2004). Thus, the Osborne’s approach is
more preferable.
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