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Abstract: This paper consist inverse thermoelastic problem of heat conduction with the application of partially
distributed heat supply and internal heat generation. In this paper unknown temperature, displacement stress
functions are determined by using finite Marchi-Zgrablich transform and Fourier cosine transform. The results
are obtained in the form of Bessel’s function and infinite series.
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I.  Introduction

Roychaudhari S.K.[5] has discussed the thermal stresses in thin circular plate. Khobragade N.W. and
Lamba N.K.[1] have investigated the thermal stresses of thin annular disc due to partially distributed heat supply
where they have determined the stress functions, displacement function and temperature. This paper deals with
the determination of thermoelastic displacement, stress functions, unknown temperature with the effect of
partially distributed heat supply and internal heat generation occupying the space D:a <r < b,0 < z < h.The
finite Marchi-Zgrablich transform and Fourier cosine transform is used to find the results. The results are
obtained in the form of infinite series and Bessel’s function.

II.  Statement Of The Problem
Consider a thin annular isotropic disc of thickness h occupying the space D:a <r < b,0 < z < h. The
differential equation governing the displacement function U(r, z, t) as

92U 10U
— +

t o =

(1 +v)a, (1)

With U, =0 at r = aand r = b, vand a, are the Poisson’s ratio and the linear coefficient of the thermal
expansion of the material of the disc respectively and T(r, z, t)is the temperature of the disc satisfying the
differential equation
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Where kand athermal conductivity and thermal diffusivity of the material of the disc subject to the initial
conditions

T(r,z,0) =0 3)

The boundary conditions and interior condition are

7+ %]zf =20 £(¢,,t) (known) @)
7 +k, "T(arr’z’t)]rza =F, (zt) )
5, =Reo ©)
52, , = a0 ™
[T(r,2,)],2 = G(2,t) (Unknown) (8)
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The stress functions o,,. and gy, are given by

Opp = —2#:; (9)
a%u

Where u is the Lame’s constant, while each of stress functiona,, ,0,,,04, are zero within the disc in the
plane state of stress.
The equations (1) to (10) constitute the mathematical formulation of the problem under consideration.

1. Solution Of The Problem
The finite Marchi-Zgrablich integral transform of order p is defined as

= b
) = [ xf (), (ky, Koo, x)dx (11)
And inverse Marchi-Zgrablich integral transform as

fp (n)Sp (k1.k2'unx)

n

fe) =27 (12)

Where
50 2) = 1, ) ) + 6,0}~ G 1, )0 ) 4y )
Cn = 7{5p2(k1'k2: Hnb) =51 (k1: ky, “’nb)'sp+1(k1'k2' Hnb)} -

2

a

7{Sp2(k1'k2' Hna) = Sp1 (kl: Kz, Hna)-5p+1 (ki ky, Hna)}
An operational property is given by

2 2 a
LR+ + s (kukam,x) = 28, (ki ko B) [f + ko] =55, (kkoma) £ +

k1d/Oxx=a—pn2/pn

13
(13) If f(x) satisfies Dirichelet’s condition in the interval (0, a) and if for that range its finite Fourier Cosine
transform is defined to be

fQ) = [ f(0)cos == dx (14)

Then at each point (0, a) at which f(x) is continuous, Inverse finite Fourier Cosine transform is given by

fa) =E2 4250 fW)cos™ (15)

Applying Finite Marchi-Zgrablich transform stated in (11) to (13) to the equations (2),(3),(6) and (7)
and using equations (4), (5), also again applying Finite Fourier Cosine transform as in (14),using given
boundary conditions and then taking their inverses it gets

T= = 1[En—1e u( h—zjt [.[ {ésg [:1{1: kz;UmE\)%f* _50 (kl: kZ:Hma)FI (_1)n1:'_2+

I 2 nind
F.— g§}e°‘(”m+ PR ]tdt — %] cos (%) + g] Solks b gt (16)

Cm

Where

www.iosrjournals.org 30 | Page



Effect of Partially Distributed heat supply on an Inverse Thermoelastic Problem of Heat Conduction

r—-’ﬁ-\s

‘um+T [f (_ (kllkZIl'l'mf) Qof +_SO (klikZlH'ma)Fl _( 1)nF2 +F3 __)e (ﬂm+_2_> dt —
70an=0

AND

f(—SO (ky, kg i §) Qof +_50 (ky, ko, thp @) Fy — (1) Fz +F3 ——)e (‘um+_2_> dt

t=0
Also — and * denotes the Finite Marchi-Zgrablich transform and Finite Fourier Cosine transform
respectively.
Now put r = b in (16) it gets
—2a —a(u,zn+ﬁg—2)t Qo T 4+ F
G =_ :';1 1 ﬁ=1e h f(_ (kl'kz'.u'mf) f +_50(k1'k2t.uma)Fl*_(_1)nF2 +F3 -
grreaum2+n2r2hltdt—70acosnnzh+@2s0(k 1,42, /zmb ))cimn

(17
IV.  Determintion Of Thermoelastic Displacement
From (1) and (16), it gets

. al2 272 L
U= 27(1 +V)at Z;.Z:l{ ;?=1e (/‘m+_hZ_)t |:f (_ (kl'kZ':umf) Qof +_SO (k1; kZJ.uma)Fl* - (_1)nF2 +
F3—-grreaum2+n2n2hltdt— T 0acosnnzh+@2s0(k1,k2,umr)cm

(18)

V. Determination Of Stress Functions
Using (18) in (9) and (10), it gets

O'Z,. =
e (1+v)a, x
—a(nh 45 ) nnz\y sokikzpmr) | b o(wh 25 ) nnz )\ so(k1 ko imr)
© 1 (;+Z§= Xcos(h))—+( +Xr e )(cos(h))c—
(19)
— (1 +v)a, x
2.2 ke
_ {(d)? +Y2_ e (um+—2—) ¥ cos (HZZ)>SO( 1‘anl‘#mr) n
20 2+n=1we—auml+n2r2h2ty cosnmzlisO (k1 k2 umr)cm+@2+n=1oe— auml+n2n2hi2tycosnmzis0"
(k12 pumr)cm (20)
Where
X= f(— § (kyy ke, 1, €) Qof +_50(k1.k2.#ma)F1 ~(-D"R+F; ——)e (#m+_2_> dt—2
VI.  Special Case
Set f=te 'z(z—h)(k; +§&) (1)
And g=6(—1n)d(t—ty) (22)
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applying Fourier cosine transform to equation (21) and firstly apply finite Marchi-Zgrablich transform
to (22) and then Fourier cosine transform it gets

fr= L (CD) et (ky +6) (23)
a=v (24)

Substituting the values from (23) and (24) in (16) to (20) it gets

T =

a ol n2n2 L3
= m{ Gl (5 Uers kg, i) 3 [1 4 (ZD)" e ™ (ky +8) +

ak2s02k 1,12 pmah3n2n21+— Ine— th2+at—— 1nfF2+F3- yreaum2+n2n2/i2tdt—70acosnmzi+02s0(k 1
S umr)cm

Where

_ R, _ a R3 _ —
0 = e~aht [ [(~BE ey, gy 1 §) -t~ Uy +§) = =57 Uer, Ky by @) - te ™ (hy + @) = Fy + 5

YOkeaumtadt—T71a,

nd a nd  _ =, =
Tl = {a’f(_%f_lsg(klikb”mf)?te t(kl +§) _Esg(kl'kZ'.uma)?te t(kz +a) _FZ +F3 -

YOkeaumtdte=0,
Yo = (M=o
AND

Ty =
3 _ a 3 _
[af (L 530y ey i) g 11+ (1) e Gy + ) 255 (ke @) oy [1+ (=1t~ (e +

a—— 1Inf2+F3- ykeaum2+n2r2h2tdet=0

G =
—2a e _a(ﬂfzﬂ_"ﬁg_z)t Qs 2 h3 n -t
sz=1 n=1€ h f(jk_lso (klikZJ/'tmf)m [1+ (D" ]te (ks +&) +

ak2s02k 1, k2 pumah3nn21+— Inte— th2+a—— Inf2+F3- yreaum+n2n2hi2tdt— 7 0acosnmzhi+02s0(x 1
JeZpumb)cm

. oz 4n2r? 3
U= 27(1 +v)a, X X {Zﬁﬂ e (#m+_hz_)t [f <%k§_155(k1'k2'ﬂmf)m [1+ (D" ]te ™ (ks +&) +

ak2s02k 1, k2 pumah3nn21+— Inte— th2+a—— InF2+F3- yreaum+n2n2h2tdt— 7 0acosnmzhi+02s0(x 1
2 pumr)cm
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O-Zr =

W (1 +v)a, x

(H,Zn n—zg—) nnz \\ so(k1,k2,umr) ) (Ilm —22_2) nnz Sé(kl‘kz‘#mr)
( +Zn16 )(COS(h))—+( + X" Xcos(h)) c

O_Zg =

a

(1 +v)a, x

1{( Ly o(ih ey 'cos ("”Z))So(klnckz-ﬂmr) N

20 2+n=1we—aum2+n2r2h2ty cosnmzlisO (kL2 umr)cm+@2+n=1oe— auml+n2n2h2tycosnnzis0"
(kL2 pumr)cm

Where

3
X f(QO_So(kl,kz,ﬂmf) 2 2[1+( 1)"]te_t(k1 +€)+ g(kl,kz,,uma)nizl?[l‘l'(_1)n]te_t(k2+
a——1 nF2+F 3- }//{’ea/zm2+7z27z2/22tdz‘ 70a and

F,=e~'ht ff 12 50(ky, ky, oy r)dr, F3=—e~tht f; 12 50(ky, ky, ) dr

VII. Numerical Results
Takea =1cm,b =2cm, & =1.5cm,h = 0.5cm, k = 0.0141

G = —4a Sy oy e-cbh 303 [[ @15 2k, 15,) 00 Je~ (ky + 1.5) +
1 n

142502k 1, k2 um0.012n21+— Ine—th2+1—— Int2—+F3-70.92yeaum2+39.43n2tdt— 70acos6.28nz+02
SO0(k1,42, 2um)cm

Where

@ =e_aﬂrznt [f( @ g(kl,k2,15/,tm)(0 0208)t€ t(kl +15) __So(kl,kz,‘um)(o 0208)t€ t(kz‘l‘ 1)_
F2+F3-70. 92}/050'//7722;‘&‘ 7'1a,

Tl = {af (_@ES(% (kl,kz, 1 SMm)(O 0208)t€_t (kl + 1 5) - _SO (kl, kz,‘um)(o 0208)te_t(k2 + 1) F2
F3-70. 92}/09[2//17722;‘&7— ,

Yo = Mo ,F_2=0.Se_ttfj 12 50 (ky, ky, i r)dr, F_3=—0.Se_ttf; 12 50 (ky, kg, iy r)dr

AND

0012 0012
)= )~

15 _ 1
[ f(@_sg(kl:kz; 1.5u, [1+(=D"]te™ (ks + 1.5) + Es(%(kh ky, b
1—-1 72/72+/73— 0.5te—tr—7 0. 92]/eaﬂm2+3 9.43n2tdtt=0

[1+ (D" ee™ (ky +

VIII.  Conclusions
In this paper temperature distribution, thermoelastic displacement and stress functions are determined
by using finite Marchi-Zgrablich transform and Fourier cosine transform for an annular disc with the effect of
partially distributed heat supply and internal heat generation. The results are obtained in the form of infinite
series and Bessel’s function.
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