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Abstract: This research paper deals with the systems of partial differential equations by using the New
Variational Homotopy Perturbation Method. The New Method does not require discritization,
linearization or any restrictive assumption of any form in providing analytical or approximate solutions
to linear and nonlinear equation. Theses virtues make it to be reliable and its efficiency is demonstrated
with numerical examples.
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I. Introduction

System of partial differential equations have attracted much attention in a variety of applied Sciences.
The general ideas and the essential features of these systems are of wide applicability. These system were
formally derived to describe wave propagation, to control the shallow water waves and to examine the chemical
reaction-diffusion model of Brusselator. The method of characteristics, the Riemann invariants, Adomian
decomposition method [1-3], Homotopy perturbation method [4-9], Homotopy analysis method and Laplace
decomposition method [10-17], were the commonly used methods. In order to improve on existing
method of solution we introduce the New Variational Homotopy Perturbation Method for System
of partial differential equations which is time cost effective and users friendly.

II. New Variational Homotopy Perturbation Method
We extent the new scheme to systems of partial differential equations of form:

LUGx,t)+ N, (U, 0.V (x,0)= £ (x,0)
LUx,t)+ N, (U(x,0),V (x,1)) = g(x,t)
Where L, and L, are linear differential operators, with respect to time; N; and N, are non-linear operators and

f(x,t) and g(x,t) are given functions. According to the variational iteration method, we construct a correction
functionals as follows [18]:

U, (6s0) = U, (5,0 + [ AU, (,0)+ N (T, (50,7, (5, 0) = f (x0T

)

(@)

Vo (0) =V, 5,0+ [ (OILU, (5,0)+ N, (U, (6,0)., (x,) ~ g (x. D)
0 3

where A; and A, are general Lagrange multipliers, which can be identified, optimally, via a variational theory
[2]. The second term on the right-hand side of equations (2) and (3) is called the correction and the subscript ‘n’

denotes the n™ order approximation. U , and V' are considered as a restricted variation, one can assume that the

above correction functionals are stationary i.e. 5(7,1 = ()and517n =0, then, the Lagrange multipliers can be

identified.
Now we apply the Homotopy Perturbation method to the correction functional in equations (2) and (3) above.
With the introduction of the power series into the correction functionals, we have the following:
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t
Uy +PU, + PU, +...=U, = P[ 4, (DIL, (U, + PU, + P2U, +..)
0
+N, (U, +PU, +PU, +..)+(V, + PV, + P’V, +..... ))}dr (4)

- jﬂl (o) f(x,7)dt

Vo + PV, + PV, +...=Vy = P[4, (DL, (U, + PU, +..)
0

, ®)
+ N,(T, + PU, +..)(7y + PV, +...))}dr - [A@fGdr
0
which can be expressed as:
ZP”Un = Uo(x,t)+PJ.ﬂl(r){LIZP”Un + Nl'[ZPnUn,ZP"VanT
n=0 0 n=0 n=0 n=0
—J'il (7) f(x,7)dt
0 (6)
anVn =V,(x,t)+ PJ./l2 (z‘){L2 ZP”Un +N, {anljn ’ZP"Z ]dr —
n=0 0 n=0 n=0 n=0
- [L@®gx,7dr
0 (N

Hence, equations (6) and (7) represent the New Variational Homotopy Perturbation method for systems of
partial differential equations.
The comparison of the coefficients of like powers of p gives solution of various orders. This implies:

P’ U, =U,(x,0) - jzl (0) [ (x,7)dT
Vy =V, (x,0) — jzz (0)g(x,7)dr
P .U, = j/ll (LU, + N, @, V)Mt
v, = j.ﬂz LU, + N, (T,, V) Hr
P .U, = j/ll (LU, + N,(T,,7)Hr
-V, = [ LU, + V@ T lie

+ N, (Un—l’fn—l))jz-

n-1

P":U, = j;tl (o)(L,U
0

2V, = j-ﬁ“z (T)(LzUn—l + N, (Un—l 5 I71,—1))}[ ®

Therefore, the series solutions are given as:
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Ux,t)=U,+U,+U, +........ U, ©)
Vix,t)=Vy+V, +V, +........ v,
Hence,
! J— f—
U(x,t) =Uy(x.0)+ [ 4 (OILU, + N, (T, 7, fiz +
0
t
[a@lu, + M@,V i+ ... j;t OWLU,, +N,T, ..V, s
0
[ 4(@)f(x0)d7
0 (10)
and
V(x0) =V (0 + [ A, (OILU, + N, (T, 7, fiz +
0
! — f— — f—
[ @MU, + N, T, T+ ... j A OLLU, , +N,T, .V, r
0
t
~ [ 2.(0)g(x, 1)z
] (11)
III.  Numerical Examples
Example 1:

We consider the model equations for the coupled Schrodinger-kdv equation given by Doosthoseini and
Shahmohamadi (2010) [8]:

U =U_+UW
U, =6WW, +W, = QU|2)X (12

Where | = \/__1

By usingU =u +1iv, one can separate equation (12) into real and imaginary parts demonstrated by

Doosthoseini and Shahmohamadi (2010). Therefore, one can get a (1+1)- dimensional tripled system in the
following form:

U =V, +VW =0

V.=U_, +UW =0 (13)
W, =6WW.+W,_ —2UU, —2VV, =0

We construct a correction functional as follows:

U . (x,t)=U,(x, t)+J./'l1[aU (x.7) %z — 7 (X, (x, z)}d (14)
T

ov,(x,7) o°U,
82

V,a(x,0) =V, (x, t)+jﬁq[ ~U,(x,0)W,(x, t)}d (15)

oW, (x,7) oW (x,t) &°W, (x,1)
w ) =W O+ | A ”—+6Wn 1 i — L
o (5, 0) = W, (x,1) j [ - (50 —25 =

LA R
X

X

(16)
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where A, Ayand A3 are general Lagrange multipliers.
Its stationary conditions can be obtained as follows:

1+ 4(0)| ., A1(r)=0
1+ 4,0, A2(r) =0 (17)
1+/13(r)| 1,/113(2') =0

Hence A= A,=2A3=-1 and the correction functional becomes

ou, o,
_U VW 18
J.( or ax jd (18)
L 2
VH:V—j V., _oU, _yw lir (19)
n n ) 82‘ 6x2 n’'n
L 2 3

W =W — ow, 6W8W oW _w, 8U3 _ow, ov,

. or ox? ax Ox " ox
(20)

Applying Homotopy Perturbation to equations (18), (19) and (20), we have:
For equation (18)

t 2
U0+PU1+P2U2:U0_J.P{(8UO %4—)—[8%4-[‘)%4-}
0

ot ot ox ox
—(V, + PV, +..\W, + PW, +....)dr

2y
P°:U, =cosx
dcosx O’ sinx
P U, =+t - —sinx(3 )
0 { or or A
— |t ;
P
For equation (19)
‘ 2
V,+ PV + P, :K)—IP (aUVO +P%+...]— oU,  pU, .
q or or Ox ox
—(U, + PU, +..\W, + PW, +....)}dr @
Comparing the coefficients of like powers of p and using the initial conditions of above:
P°: V,=sinx
S P 3
Py ——t(O—cosx+Acosx)
= %COSX
For equation (20)
W, +PW, +...=W, —Pj{[%+P%+...]+6(WO + PW, +..))
o |\ Ot or
oW, oW, oW, o’w,
( axzo + P ale —l—...]—[ 8)(:30 + P 6x31 +j (23)

—2(U, + PU, + ‘..)(aUO P, j

X ox

20V, + PV, +...) a£+P%+... dr
ox Oox
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Comparing the coefficients of like power of p:

P’ W, = 34
P W, = —t(O — 6%*0) +(0) —2cos x(—sinx) — 2sinxcosx)
=0
Following the same procedure, we have
2
P U, =t o, _2 U; VW,
or  Ox
t . t*
=——sinx ——CcosXx
4 4
2
PV, =—t o _9o zz -UW,
or Ox

¢ 2
=——CoSx——sinx

4 4
oW, 6WoW, oW, 200U, 20V,
or ox? ox’ ox ox

P> W, =—t
=0
Therefore the solutions are:

2
r . r .
U(x,t):cosx—Zsmx+Zsmx—zcosx:cosx 1-

NG

: t t 2 : t?
V(x,t)=sinx——cosx+—cosx——sinx=sinx| | ——
4 4 4 4

W(x,t):%+0+0:%

Table 1 for example 1 for U:

X EXACT VIM/HPM ERROR
-0.5 0.999941 1.006683 -3
6.742x10
-0.4 0.999962 1.004277 -3
4.315x10
-0.3 0.999979 1.002406 -3
2.427x10
-0.2 0.999990 1.001069 -3
1.079x10
-0.1 0.999998 1.000267 -4
2.690x10
0 1.000000 1.000000 0.000000
0.1 0.999998 0.999642 —4
3.560x10
0.2 0.999990 0.998569 -3
1.421x10
0.3 0.999979 0.996781 -3
3.198x10
0.4 0.999962 0.994277 -3
5.685x10
0.5 0.999941 0.991059 -3
8.882x10

(26)

NVHPM
1.062460

1.039975

1.022486

1.009994

1.002498

1.000000
0.997498

0.989994

0.977487

0.959977

0.937464

ERROR
-2
6.2519x10

-2
4.0013x10

-2
2.2507x10

-2
1.0004x10

-3
2.5000x10
0.000000

-3
2.5000x10

-3
9.9960x10

-2
2.2494x10

-2
3.9985x10

-2
6.2477x10
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Table 2 for example 1 for V:

VIM/HPM  ERROR NVHPM
0.133790 1.22882x10 0.009272
-1
0.107014 -2 0.007261
9.8287x10
0.080250 2 0.005354
7.3705x10
0.053495 2 0.003526
4.9132x10
0.026746 -2 0.001750
2.4564x10
0.000000 0.000000 0.000000
0.026745 -2 0.001741
2.4563x10
0.053486 -2 0.003456
4.9123x10
0.080220 -2 0.005118
7.3675x10
0.106944 -2 0.006702
9.8217x10
0.133654 1.22746x10 0.008181
-1
Table 3 for Example 1:
VIM/HPM ERROR
0.750000 0.000000
0.750000 0.000000
0.750000 0.000000
0.750000 0.000000
0.750000 0.000000
0.750000 0.000000
0.750000 0.000000
0.750000 0.000000
0.750000 0.000000
0.750000 0.000000
0.750000 0.000000

ERROR

1.636x10

-3
1.466x10

1.191x10

—4
8.37x10
—4
432x10
0.000000

—4

4.42x10
—4

9.06x10

-3
1.427x10

2.025x10

-3
2.727x10

NVHPM

0.750000
0.750000
0.750000
0.750000
0.750000
0.750000
0.750000
0.750000
0.750000
0.750000
0.750000

ERROR

0.000000
0.000000
0.000000
0.000000
0.000000
0.000000
0.000000
0.000000
0.000000
0.000000
0.000000

We consider a coupled system of nonlinear physical equations given by Abdoul et al (2009) [2]:

X EXACT
- 0.010908
0.5
- 0.008727
0.4
- 0.006545
0.3
- 0.004363
0.2
- 0.002182
0.1
0 0.000000
0.1 0.002182
0.2 0.004363
0.3 0.006545
0.4 0.008727
0.5 0.010908
X EXACT
-0.5 0.750000
0.4 0.750000
0.3 0.750000
-0.2 0.750000
-0.1 0.750000
0 0.750000
0.1 0.750000
0.2 0.750000
0.3 0.750000
0.4 0.750000
0.5 0.750000
Example 2:
oU(x,t)
ot
oV (x,t
—( ) =Va-u-y+r,_,
ot =
With initial conditions
P
e

U(X,O) = m

V()C,O) = %

[1 +e* ]2 ’
and the exact solutions are
RO
U(x,t) = | 1 oF0)

1+ (%)ek(xm)
V(x,t)=

[1+ek(x+(t) ]2 ’

=U(1-U’-V)+U,, t>0

27

(28)

(29)
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The correction functionals are given as

- | AL e

~U, (x, 1)V, (x,0)[dz

ov,(x,7) oV, (x,t)
o’

~U, (x, 1)V, (x,0)|dr

~U,(x,0)+ U’ (x,1)

(30

n+1('x t) V( t) J.|: Vn(xat)_'_VZ"(x’t)

GD
With A=-1

Applying the Homotopy Perturbation method to equations (30) & (31), we have

2
U,+PU,+PU,+..=U, Pﬂ}—@7+PU4—)—a U, +PU, +..)

—(Uy + PU +.0)+ Uy + PU .02 + (U, + PUL + )0 + PV + 0l )

and

t 2
%+PK+W@+m=%—Pﬂ§ﬂ%+PKfJ—ﬁZW“J%+m)
0

— Wy + PV, +.)+(Vy + PV, +..) + (U, + PU, +.)(V, + PV, +..) iz

Comparing the coefficients of like powers of p, we have

Jox
e

1+O¢

h+eb]

4k*e™t —4k*e’™t + 5™t + 5¢7"¢
i+ e

16ke™t —32e"t + 21e*t + 16 ¢
161+~

Therefore, the series solutions are

(33)

(34)
P’ .U, =

V=

aet ety @h2et - k2t + 5620t + 5670
A1+ )

(35)
and
V=V, +V +...
16+ 44671 + 40651 + 12671 + 16ke™t + 326"t + 2162 + 167 1]
16(1+ ¢ )’

(36)
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0.2

0.3

0.4

0.5

0.2

0.3

0.4

0.5

TABLE 1 FOR EXAMPLE 2 FOR U:

EXACT VIM/HPM ERROR NVHPM ERROR

0.54983 0.27629 2.735x10 . 0.540098 9.732x10 -
0.59869 0.30535 2.933x10 . 0.68032 8.163x10 N
0.64566 0.33746 3.082x10 B 0.69946 5.380x10 N
0.68997 0.37296 3.170x10 . 0.71815 2.818x10 N
0.73106 0.41218 3.189)(10_1 0.73637 5.31 1)(10_2

TABLE 2 FOR EXAMPLE 2 FOR V:

EXACT VIM/HPM ERROR NVHPM ERROR
0.17479 0.003182 -1 0.161797 -2
1.716x10 1.299x10
0.13695 0.002567 -1 0.135013 -3
1.344x10 1.937x10
0.10529 0.002050 -1 0.111854 -3
1.032x10 6.564x10
0.07954 0.001621 -2 0.092062 —4
7.792x10 1.252x10
0.05911 0.001270 -2 0.075330 —4
5.784x10 1.622x10

IV.  Conclusion
In this paper, New Variational Homotopy Perturbation Method has been successfully applied to find

the solutions of system of partial differential equations and the results obtained were compared with the two
convectional variational iteration and Homotopy Perturbation Method. It can be concluded that the NVHPM is
very power and efficient technique for finding approximation solutions for wide classes of problems. It is worth
mentioning that the Method is computational cost friendly.
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