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I.  Introduction.
In 1990 M. Matsumoto has considered the projectively flatness of Finsler spaces with (o, B)-metric [5].
In particular, the Randers space, the Kropina space and the special generalized Kropina space are considered in
detail. Here a is Riemannian metric and B is a differential one-form.
In the present chapter we consider the projective flatness of Finsler space with special (a, )-metrics.
In particular, Matsumoto metric o*/(c. — B), special generalized Matsumoto metric p%(p — o) and the metric o +
(B*/a) are considered in detail.

II.  Projective flatness of (o, B)-metric.
Consider a Finsler space with (o, B)-metric L(a, ), where L is fundamental function positively

[ 1] _
homogeneous of degree one in o and B, 0L = ajj (X)y yJ is Riemannian metric and B = by(x) y' is one-

form.
Firstly, we are concerned with the associated Riemannian space with metric o and define

(L) @  2=by;+b= Ojbj +0;b; +2yisjbs,

(b) ZSij:bi;j—bj;i:ajbi_aibj

Which are symmetric and skew symmetric tensors of order 2. Here (;) denote the covariant differentiation with
respect to Riemannian Christoffel symbols ygk (X) . Further, we define

(1.2) si=a'"s;, b'=a'"b, si=b"s,i, b’ =a"*b, b,
Here a'! are conjugate metric tensor of a;;.

Next, we consider the Berwald connection BI'= (ij , GB ,O) of the Finsler space with the (o, B)-

metric L(a, B). As, is well known, we have

i A i omd A i

oGl =V 0.F—0- o
2GJ—”g1JG =y 0;0.F-0jF, F=L2
where g'! denote the conjugate metric tensor of metric g; {(x, y) of the Finsler space.
If we put
(1.3) 2B' =2G' -y,

where the subscript 0 denote the contraction by y' i.e. Ybo =Y gk yJ yk , then the equation (1.1) of [5] gives

Bi:(Ejyu oabp g (aloa) o % |y ab!
(04

(1.4) — 00
Ly Lg 28 fa B

>

where E and C satisfy
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] aLaa (a2b2 B )

(1.5) (a) =0,
Lo 2l3
2BL
(b) C+L3m‘
2
Here LOL =— oL B LOLB = oL and so on.
oo, aB 800p

Now, we consider projectively flatness of a Finsler space. A Finsler space is projectively flat if and
only if the space is covered by rectilinear coordinate neighbourhoods i.e. in these neighbourhoods geodesics can
be represented by (n—1) linear equations of the coordinates. Therefore G' is proportional to y' ([1], [6]). Thus
there exist a function P(x, y) satisfying G'=P y'. Hence from (1.3) and (1.4), we get

2
1 oL L or . .
(1.6) Sybo | =B | & e | oy 00 i ol
2 Ly BL, 2B
E Loa a’roo . . ; i
wherep=P ——+| —— || C+ . Contracting (1.6) by y; = a;, y' and using s\, y; =0, b' y; = B,
o ( Lg
we get
2
o“Loa ar,. 2
(1.7) — +| —— | C+—— [=pa
5 Y000 La 2B p
Now, eliminating p from (1.6) and (1.7), we get
i 2,
Il 1 YopoY alg ) ; L or b i
(1.8) ~ 700 — 0002 T i sha| oo oy 00 | ED il
2 o Ly Ly B NP

Thus we have the following [5] “A Finsler space with an (a, 8)- metric L(a, B) is projectively flat if
and only if the space is covered by coordinate neighbourhoods in which equation (1.8) is satisfied,”

III.  Projectively flat Matsumoto space

We consider the Finsler space F with Matsumoto metric L(a, B) =a*/(a— B), then,
2
oo —2 o
2.1) Ly :(—E), Lg =——
(a.—P) (a—P)
L 2p Lo 2d?
a0 =3 .
(a—P) (a—P)
From (2.1), the following identities hold.
2.2) @ (0-B)Lu=(0-2P)L, (-P)Ly=L
o’ (0—P) Ly = 2p* L, (a—B) Ly = 2L.
Now, equation (1.5) can be written as
2
oL or a“L
2.3) 1+ 2—0‘0‘ (@?b? —p%)Y C+—2 :groo— P S,
B“Lg 2B 2B BL4
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Using (2.1) in (2.3), we get

OLI'OO

2B

Further, using this value in (1.8) with the help of (2.1), we get
. ) .
1 _Yoooyl N o’ | N Blla-2B)ry, —20%s )} [o’b'
51 Y00 ™7 5 g [0 2
o o-2p af{(1+2b%)o -3} (o -2p)| P
which can also be re-arranged as fallows
2.4) B+ (ayho — v 000 v+ 204 (1+2b%)s))
~4(pr,, +a’s, )b ~Py")o
+[{(1+2b%)0’ + 6 B7} (oc2ybo - yOOOyl)
— 6a4Bs%) + 20L2r00 (0L2bi — Byi)] =0,

which is of the form

2B{(1+ 2b%)B -3B} (C + J (o— B){(oc—zﬁ)roo - 2a280 1

=0

(2.5) P'+0Q =0,
where
(2.6) Pl = {(142b%)o + 6 B} (azybo ~¥ 000 y)

— 60(4[58%) + 20L2r00 (0L2bi — Byi)
2.7) Q' = —p(5+4 b2)(oc2y})0 ~Y 0¥ )+ 2041+ 2b2)s})

2 21,1 1
—4(Pr,, +a’s )(ad —Py)j.
From (2.6) and (2.7) it is clear that both P' and Q' are rational functions in (x', y'), but o is irrational

function in (x, y). Therefore (2.5) holds good if and only if
(2.8) P'=0, Q=0.

Consider P' = 0 then it can be re-arranged such that Bzy 000 yl must have a factor a’. Therefore there

exist functions Ai(x) such that

(2.9) =a? ke

v 000

Using (2.9) in Q"= 0, we observe that BI‘ 00 yl has a factor o”. Therefore there exist a function L(x) such that

(2.10) o= a’p(x).
Using (2.9) and (2.10) in P'=0, we get
@.11) (126907 + 6 B3 (Y99 —AoY')

— 6a2[3$b + 20c2u(a2b1 ~By")=0.
From (2.11), we observed that Bz (ybo — 7\,0}/1) has a factor o. Therefore there exist functions v(x) such

thatybo - 7\.0}/1 = Otzvl (X) . Contracting this by y; = a;, y°
and using (2.9), we get v(x) = 0, which gives

2.12) Y00 =Aoy'
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Successive differentiation of (2.12) with respect to y and y* gives
1 _ 1 N
(2.13) Yik —Kij +KJ8 ,

This equation shows the projective flatness of the associated Riemannian space of given Finsler space. Thus we
have the following,
Theorem (2.1). If the Matsumoto space is projectively flat then its associated Riemannian space is also

projectively flat.
Further, Using (2.12) in (2.11) we get
2.14) u(a®b' —By') =3Bsh.
Contracting this by b;and using Sbbi =S 0 we get
3Bs0
(2.15) W=—F—F""=.
OL2b2 _ BZ
Putting the value of p from (2.15) in (2.14) and (2.10), we get
s (a’b' —By') 30.%Bs
(2.16) sp = s T =35 oy 02.
oa“b” - oa“b” -

Using (2.9), (2.12) and (2.16) in P' = 0, we get
20 (oc2 — 4B2)s

0 2ni i
(b —By )=0.
a2b? — 2

Contracting this by b;, we get S 0 = 0, therefore from (2.16) we get Sb =0, 1 = 0, which gives s;; =0, r;; = 0.

I
00
Hence from (1.1), we get b;; = 0. Therefore if the Matsumoto space is projectively flat, then b;; = 0.

Conversely suppose that the associated Riemannian space of the Matsumoto space is projectively flat

- 1 — =
0> 0, Sp =0, S0 0. Therefore

using all these in equation (2.4), we see that this equation holds identically. Hence the Matsumoto space is
projectively flat.

Summarizing above all , we have the following
Theorem (2.2). A Matsumoto space projectively flat if and only if its associated Riemannian space is
projectively flat and b; = 0.

and b;;j = 0. Then equation (2.12) is satisfied and s;; = 0, r;; = 0, which gives I

IV.  Projectively flat Finsler space with metric B*/(B — o)
We consider the Finsler space F with the metric

2
(3.1 L(a, B) = B—
B—oa

which is the metric obtained by interchanging o and 3 in Matsumoto metric and is special Matsumoto metric.
From (3.1), we have
2
B L _BB-20)
o e
(B-o) (B—a)
B 2[32 Loa 20
=3 Lgp=— 5
(B-a) (B-o)

From (3.1) and (3.2), we have the following identities.

(3.3) B-a)La=L, PBP-o)ls=(-20)L,
(B - a)z Loccx = 2L, Bz((B - OL)ZL[;[; = 20LZL.

3.2) L,=

L

(0407
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Now, using (3.2) in (2.3), we get

OLI'OO

28

2(2a° b* + B = 30?) (C - J o — )[BT ) —2a(B —2a)8 ]

Using this value in (1.8), we have

B(2o b* + B* = 3apd) (B (azybo 7 400 yi) +2a° PB- Zoc)s%)}
rafPr,, —2a(B-20)s  Ha’b' —By')-o.

which can be rearranged as follows
(3.4) {Ba? b - 367 (07 7 gy ¥') + 207 (60 + B* —40*b%)s)
+(Br,, +40%s (@b —By' Yo+ B (0 PYho — ¥ gy ¥')
+20B(20%b% — 5p%)sh — 20 %Bs , (b’ —By")} =0,
which is of the type P' o + Q' = 0 where
(3.5) P'= (20’ b - 3p?) (oczy%)o —yoooyi)
+2a2 (6a.2B? + B+ — 4a*b?)s))
+ (Bro0 +4a’s 0 )(oczbi — Byi).
(3.6) Q=B (%Yo =¥ gy Y ) + 20 B20*b? —5B?)sfy
—2a’Ps  (a’b' —By").

From (3.5) and (3.6) we observe that both P'and Q' are rational function in (x', ¥') and o is irrational function in
(x', ¥). Hence P' o + Q' = 0 will satisfy if and only if P'= 0 and Q' = 0.

From Q' =0 we observe that f* Y 000 y1 has a factor o’. Therefore there exist functions Ay(x) such that

(3.7) =a? .

v 000

Using (3.7) in P' = 0, we observe that BI‘ 00 yl has a factor o’. Therefore there exist a function p(x) such that

(3.8) o= a’p(x).
Using (3.7) and (3.8) in Q' = 0, we get
(3.9) B (100 — hoy') +20° (20°b = 5p%)s) — 25 (a”b' —By')=0.

From (3.9) we observe that B’ (’)/bo - 7\,0y1 ) +2B8 S 0 y' has a factor o”. Therefore there exist a function
Vvi(x) such that
1 1 i i
(3.10) B (Y00 —A0Y )+2B8 )y = o’ V).
Contracting (3.10) by y; = a;, y" and using (3.7), we get vo =2 S 0° which gives v =2(b' S 0 + B s'). Using this
in (3.10), we get
i i o i
(3.11) B (Yoo — Moy )—280(a2b—By‘):2a2Bs.
Furthermore using (3.11) in (3.9), we get
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s’
(582 - 2a.%b%)

(3.12) s) =

Ps,
(582 - 20%b?)

. S| L i
Contracting (3.12) by y; and using S()yi= 0, we get = 0, which gives S 0" 0. Hence s' =

0, and therefore (3.11) gives
(3.13) Y00 = Aoy

This equation gives
1 _ 1 N
(3.14) Yik —Kké}j + A0
2

which shows that the associated Riemannian space of Finsler space with metric is projectively flat.

B—oa
Since S 0 0 implies that s' = 0, therefore (3.12)ives Sb= 0, sij = 0. Using these results and equations

(3.7), (3.13) in (3.5) we get I'00 = 0 which gives r;; = 0. Hence from (1.1) we get b;; = 0.
BZ
B-—a

projectively flat and b;; = 0. Then from (1.1) we get r;; =0, s;; = 0 which gives I'00 =0, Sb= 0, s 0 0.

Conversely, assume that the associated Riemannian space of Finsler space with metric is

Using all these results with equation (3.13), we see that equation (3.4) is satisfied identically. Therefore the
Finsler space is projectively flat. Summarizing all these results we have the following.

2

B—oa

Theorem (3.1). A Finsler space with (o, B) metric L(a, B) = is projectively flat if and only if the

associated Riemannian space is projectively flat and b;,; = 0.

2
V.  Projectively flat Finsler space with metric L(c, )= a+—.
a
Consider a Finsler space with metric
2
4.1 Lo, B)=a+ —.
a
Then we have the following:
a’ -2 2B 2p? 2
4.2) La:—z, LB:—, LO(,OL :—3, LBB:—
o o o a

Using (4.2) in equation (2.3), we get
or
“3) {2 (1+b2)-3p% | C+ — 2L |= f@? ~pDr,, —4a’s,}.

B | 2B

Using (4.2) and (4.3) in equation (1.8), we get

@4 {0 (1+b%) =3B} o —B2) (@Yo — ¥ o, ') + 4 Bst}
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+ 202B{(a® —B7)r,, —4a’s J(ab' —By')-0

From (4.4) we observe that B4’Y 000 y1 has a factor o’. Therefore there exist a function Ai(x) such that

(4.5) Y 000 = & Mo
Using (4.5) in (4.4) it reduces to
“6) fa® (1+6%) =387} fa” = B*)(vho —hoy') + 4o *Bsp}

2 2 2 21,1 i
+2B{(a” —B)r,, —4as Hab' —By')-=o.
From (4.6) we again observe that
(02 (1+b2)-3p21s - 25 (a’b' —By')
05 Y
has a factor (o> —p?). Therefore there exist a function p'(x) such that
@ {? (1+5%) =3B sy~ 25 (a”b! ~By!)= (o).
Contracting (4.7) by y; and using Sio yi=0, (Otzbi - Byi )yi =0, we get 1, = 0 which gives p' = 0. Using
this in (4.7), we get
“3) fo” (1+b%) - 38}y =25 (a”b' —Py').

Contracting (4.8) by b; and using Sb bi=S , we get

0
{a?(1-b%)~B}s =0

which gives S 0 = 0. Hence from (4.8), we get Sb =0, s;; = 0, which implies that b; is a gradient of some scalar

function b(x).

Furthermore using Sb =0and S 0" 01in (4.6) we get

@9) {o” (1+5) =387} (vho — hoy') + 2Br,, (a”b' —By") ~0
Contracting (4.9) by b; we get
(@.10) 0”1+ 17) =3B} (Yobi —hoB)+ 2Br,, (”b” —B7) -0

This equation determines the Christofell symbol of associated Riemannian space. Summarizing above
all we have following

2

Theorem (4.1). If a Finsler space with (o, ) metric o + — is projectively flat, then equation 4.10) is satisfied
o

and b; is a gradient of some scalar function b(x).
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