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1. Introduction
Let A4 be the class of all analytic functions f(Z) =z+ Zan z" (1)
n=2

defined on the open unit disc U = {Z :| z | <1 }
Let S denote the subclass of 4 consisting of functions that are univalent in U.
Let S*(B) and C(B) be the classes of functions star like of order B and convex of order B (0<B <1)

respectively.

Let T be the subclass of S, consisting of functions f'(z)=z — Zan z", a,20 e (1.2)
n=2

A function f (Z) €T is called a function with negative coefficients and introduced by Silverman [7].
He investigated the star like and convex functions of order p with negative coefficients. These classes are

denoted by S, *(B) and C; (B) respectively.

Let USF (k, B) and UCF (k, B) be the classes consisting of the functions f of the form (1.1) and
satisfying the condition

Re{Zj:((ZZ)) —B} >k Zj:'(—(zz))—l .(13)
Re{l ) B} k e (1.4)

respectively for some —1 <P <L, k>0 and zeU.

These classes are known as k-uniformly star like functions of order B and k-uniformly convex functions
of order P respectively. These classes are denoted by USF(k), UCF(k) respectively.
For B=0 in (1.3) and (1.4) we obtain the classes of k-uniformly star like and k-uniformly convex

functions respectively. These classes have been extensively studied by Goodman [1, 2], Kanas and Srivastava
[3], Kanas and Wisniowska [4], Ma and Minda [5] and Ronning [6].

In the present paper, we define a subclass of analytic functions and study the necessary and sufficient
conditions, coefficient bounds, distortion properties, radii of star likeness, convexity and integral
transformations for the functions in this class.

Definition 1.1 Let R (4, £,0) be the class of functions f € 4 satisfying the condition

e of'(2)+22° f"(2) > |Zf’(z)+ﬂ“zzf”(z)— +B 1.5
- I i T h
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forsome 120, k>0and 0 < fS<1.Here Ry (L kK, f)=R (L k, /)N T
It is noted that
(1) Rr (0, k, 0) = USF(k) defined and studied by S. Kanas and A. Wisniowska [4]

(i1) Rr(0,0,8=S ; () defined and studied by H. Silverman [7]

II. A Characterization Theorem and resulting coefficient estimates
2.1 We first find a sufficient condition for the functions f(z) € ¢4 to be in the class R (4, k, ). We give a
characterization of the class Rr (4, k, f) by finding a necessary and sufficient condition for function to be in
R7 (4, k, p). This characterization also yields coefficient estimates for functions in this class.
Theorem 2.1: Iff € «4 satisfies the condition

S a1+ ki - 2 +1)-(k+ B)] |a

<(1-p) @1

for some 1>0,k>0and 0 < f<1thenf(z) € R (4K, ).
Proof: Letf € 4 and satisfies the condition (2.1)
To prove that £ (z) € R (4, k, )

Applying the principle
Re(w) > kw—1|+ B < Re(wll + ke’ )—ké’)> B (-x <0< 7,0< f <1,k >0)
(2.2)
' 2 "

for the function W(Z): i (Z)+ v (Z) on R.H.S we get

/(2)

’ " i0 i0
R{[Zf (2)+ 221" ()| 1+ ke |- ke £ (2 )} 5 oy
/()

By setting G(Z) = [Zf '(Z)+ Az f "( )] [1 + kem] ké’ f ( ) the above inequality (2.3) is equivalent to
Glz)+ (1= B)f (2)] >|Glz)-(1+ B)f (2)
Consider

G(z)+(1-pB)f(2)
S EAGIEVAC ][er”’] k' fE)H1-PfGE) e
Replacing f ( ) f ( ) and z f ”(Z) with their equivalent series expansions in (2.4), we get
|G Z)+ Z] =

‘(2 - ,B)z + Z [n(na—2-+1)+ (1= B)]+ ke [n(ni— A+ 1)—1]] a,z"

n(nd-2+1)-1]a,

>(2- )2 Z n(nd-A+1)+(1-4

n=2
(2.5)
Similarly, we obtain

G(2)- 1+ B)f(2)
| - i [n(n2— 2 +1) =1+ )+ ke [n(na — 2 +1) 1]}, ="

< B+ Z (nA=A+1)=(1+ B)]+ k[n(nA— 21 +1)=1]]|a,

Therefore, from the 1nequa11tles (2.5) and (2.6) we have

G(z)+(1-p)f(z) -|G(z)-(1+ B)f(z)

2.6)
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> 2(1 — ﬂ)— i2[n(1 + k)(nﬂ —-A+ 1)— (k + ﬂ)] |a”| > ( using the result in (2.1)
7'(2)+ Asz”(z)] |77"(2)+ 227 "(2)
R k -1 om (2.
= e[ f(z) > | f(z) + [ from (2.2)

Hence f(z) € R (4, k, p).
Theorem 2.2: A necessary and sufficient condition for a function ' € T to be in the class

Ry (A, k, /) is that i [n(1+k)nA—A+1)—(k+ B)la, <1— B forsome k>0, A>0and 0 < A< 1.

n=2
Proof: In view of theorem (2.1)_, it is sufficient to show that if f € R, (/1, k, ﬂ) then f satisfies the
condition (2.1)

Suppose thatf(Z) =z-— Zanzn isin Ry (4, k, )
n=2

By setting 0 < |Z| =7 <1 and choosing the values of z on the real axis, then from the inequality (2.3), we

have
r— i [n +nA(n—1)+ké’[n+ni(n—1)- 1]]anr”
Re n=2 — >0 27
r— Z a,r"
n=2
Since Re‘ —eie‘ > —‘em‘ =-1.

The above inequality (2.7) reduces to

(l—ﬁ)—i [n(l-l-k)(nﬂ,—/’L+1)_(k+ﬂ)]anrn—1
ke = >0 (2.8

0
n—1
l—z a,r

n=2

Letting r = 1 in (2.8) we get

> [+ k)ni-2+1)-(k+p)la, <(1-B)
This is thg=rzesult in (2.1)

Hence the theorem.

Corollary 2.2: If f(z) is in Ry (4, k, f) then
a < - ﬂ n=2
" [+ k) (nA = A+ 1)~ (k + B)]

This result is sharp for each n for functions of the form

L 1-p .
f.le)= F(EYS ey ) S

II1. Distortion and covering theorems for the function class Rr (4, &, )
Theorem 3.1: If the function /'€ Ry (4, k, ) then

-5 2 < <r+ 1-p r? <lz|=r<
ey ey ey WG R o rvws ey ey (A

3.1)
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The equality in (3.1) is attained for the function f given by

-4 :
A TPy rw e e Rl

Proof: Since f(z) € Ry (4, k, f), from the inequality (2.1) we have

i [n(1+k)(nA-A+1)~(k+ B)la, <1-p
ITizs easily known that

RO+ &1+ 2)-(k+ B a, <3 [l +kYni—2+1)-(k+Bla, <1-

n:21 ~ ﬁ n=2
1+ k)1+2)=(k+ B)]

0 0

n n

z— E a,z £|Z|+ E an|z|
n=2 n=2

1-p
+
20+ k)1+2)-(k+ B
This gives the right hand side of inequality (3.1).

(3.3)

= ,,Z::a" < [2(
Consider | f (ZX =

)] r [Using the inequality 3.3]

ko () =lz=Yaz| =|d-Sald
n=2 n=2
o0 1_ﬂ
S 42 _ 2
Zrori)a, 2 RO+ k)+2)-(k+p)]

which is the left hand side of (3.1).
It can be easily seen that the function f (Z) defined by (3.2) is the extremal for the theorem.

Theorem 3.2: If f € Ry (A, k, ), then

- 21-4) r<|f(z) <1+
T oy U A S R o

2(1-8)
1+k)1+4)—-(k+p)]

The equality in (3.4) holds true for the function f'given by (3.2).
Proof: Since f'e Ry (4, k, f) we have

flz)<1+ §1nan|z|n_1 <1+ rina” (3.5)
n=2 n=2

r VO<|Z|=r<l

(3.4)

and | f/(z) 21— inan|z|”7l >1- rinan (3.6)
The result inr:2(3.4) holds true fromn(:;.S), (3.6) and using the simple consequence of (3.3) given by
w 2(1-p)
<
;na” T 20+ &)1+ A) - (k + B)]

The result is sharp for the function f'given in (3.2).

1v. Closure Theorems for the class Ry (4, &, f)
In the next theorems we prove that the class Ry (4, &, f) is closed under convex linear combinations.

(1-p)e"
[n(1+k)XnA-2+1)=(k+ B)]

Theorem 4.1: If fl(Z)=Zandfn(Z)=Z— ,n>2
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o0

Then f € Rr (4, k, p) if and only if it can be expressed in the form f (Z) = Zln f’ , (Z ) where 4, > 0 and

n=l1

Proof: Suppose [ (Z) =3 At (Z) with 4, > 0 and iﬂn =1.

n=1 n=1

smiﬂn £.(2)= af)+ i 2 1,(2)
{1 2} i { [(1+k)(nﬂ,( /1+)1) k+ﬂ]2}
[

2
2
- iﬂ AE )
= ” = [n(1+ k) nA—2+1)- k+,B

c 1-5) ]
N ;ﬁn[ 1+k()(”/1)“1) (k+[ﬂz]z )( )—(k+p)]
_ 1-4 nl+k)nA—-A+1)-(k+ 4
Consider 3 o p e e =)

=S4, =1-2 <1.
n=2

Thus the coefficients of f(z) satisfy the inequality (2.1).
Hence from the Theorem (2.2) it follows that f '€ Rr (4, k, ).
Conversely suppose f € Rr (4, k, )

o (1-5) s
Rl o oy sy ey ) e

[n(l+k)(n/1(l—_/1;)1)_(k+ﬂ)]an, n=23..
and 4, =1— Zﬂ, thenf Zﬁf

This completes the proof of the theorem
Theorem 4.2: The class Ry (4, k, p) is closed under convex linear combinations.

=

Setting A, =

Proof: Suppose that each of the function f, (Z) given by
(Z):Z_Zan,l z", (I =1,2) isin the class R; (4, k, p).

We need to prove that the function H(z) given by H (Z) =41 (Z)+ (1 -4 ) 2(2) (0 <4 < 1) also lies in
the class R, (ﬂ,k,ﬂ)

Since H(z)= z ipm,q ~A)a,,) 2"

o0

Consider Z[n(l + k)(nl -1 +1 - k + ﬂ [i,a,,,l + (1 -4 )an,z]

o0

a,, +(1-2)> [n(1+k)ni-2+1)-(k+ p)la,,

n=2

=4S [+ k) A Aa+1)—(k+

p)la
<A(1-p)+(1-2)1-p)<1-p

I/\
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Thus from the theorem (2.2), H (Z )E R, (ﬂ,,k P ) Hence the class R, (ﬂ,k P ) is closed under

convex linear combinations.

V. Radii of star likeness, convexity and close to convexity for the functions in the class

R, (l, k p )
In the next theorems we determine radius of star likeness, convexity and close to convexity for the

functions in the class R, (ﬂ,,k P )
Theorem 5.1: If f € R, (/'L,k,ﬂ) then f7is star like of order ,0(0 <p< 1) in |Z| <7 (ﬂ,,k,ﬂ, p) where

Ja
7 (ALK, B, p)z'm”f{(l —p)ln(1 +( :)_(,;,;(; f ;)1)— (k+ ﬂ)]}

Proof:  Suppose f S Rr (/'L,k R ﬂ ) It is sufficient to show that

Vn 2 2 and the result is sharp.

Zj:((z))—l <l-p [forO <p<llz <7/1(ﬂ,,k,ﬂ,p)] (5]
z

Replacing f (Z), Zf '(Z) in the left hand side of (5.1) with their equivalent expressions in series, we
get

i(n ~1)a,z"" i(n ~1)a, |2

<n

n-1

=2
0 o0
n-1
1- Z a,z 1- Z a,
n=2 n=2

This will be bounded by (1 — p ) if

i(n ~1)a, " <(1- p){l - gan

Z

|

Since for f € RT (/'L,k 5 ﬂ ), from Theorem (2.2) we have

g{n(uk)(m 1—_/1;1)—(k+ﬂ)} . <1

The condition (5.2) will be satisfied if

- z
)
n=2 -

=0 Znls[n(l+k)(nﬂ_ﬂ+l)_(k+ﬂ)} foreach n > 2.
I-p -8
=)< {(l—p)[n(l+k)(n/1—ﬂ+1)_(k+13)]}%—1

- (-p)i-5)

Setting| Z| =7 (ﬂ,k , B, p), the result of the theorem follows. And the result is sharp for each n for

the functions fn (Z ) given in (2.9)
The proof of the theorem is thus complete.

Theorem 5.2: If f € R, (/'L,k,ﬂ) then fis convex of order p(O <p< 1) in |Z| <y, (ﬂ,k,ﬂ,p)where

(1- p)[n(1+k)(n2 - A+1)-(k +ﬂ)]}%_l nx2
n(n—p)(1-5)

and the result is sharp.

72(ﬂak>ﬁap):1nnf|:

www.iosrjournals.org 79 | Page



A Sub Class Of K — Unifomly Starlike Functions With Negative Coefficients

Proof: Suppose f € R, (/'L,k P ) It is sufficient to show that
2"(z)
/@)

Replacing [ (Z) and zf" (Z) in the left hand side of (5.3) with their equivalent expressions in series,
then we get

Sl—p[for0£p<1,

<7, (ﬂ,k,,B,p)] e (53)

z

o0

Zn (n—1)a,z""

n=2

n—1

in(n - l)an
f; n=2
1- Zn a,z""

o0
I—Znan
n=2 n=2

This will be bounded by (1 — p ) if

in(n ~1)a, || S(l—p){l—gnan |z

n=2

z

n-1

z

nl:|
an
n=2 (1 - p)
For f € Rr (/'L,k,ﬂ), from the Theorem (2.2) we have
i{n(l+k)(n/11—/t; 1)—(k+ﬂ)} 0 <1
n=2 -

The condition (5.4) will be satisfied if
n(n—p) - <{n(l+k)(ni—/1+l)—(k+ﬂ)
t-p) " 1-p

:>Z<(Lqﬁhﬁ+mwz—ﬂ+ﬂ—w+ﬂﬂ}%n:
| |—{ n(n—p)(l_ﬂ) } 2,3.....

Setting| z | =7, (ﬂ,k, 5, ,0), then the result of the theorem follows.

z

n—1

<1 .54

} for each n > 2.

Sharpness of this result can be easily verified for functions fn (Z ) stated as in (2.9)
Theorem 5.3: If f € R, (/'L,k,ﬂ) then fis close to convex of order ,0(0 <p< 1) in |Z| <7, (Z,k,ﬂ,p)

where

7, (A, B, p):igf{(l — p)[n(+k)(nA -2 +1)—(k+ ﬂ)]}%_l

, Vn > 2and the result is sharp.

n(1- )

Proof: Suppose f € R, (/'L,k P ) It is sufficient to show that
| f’(z)—1|£ 1-p [forO <p<l, <7/3(2,,k,,8,p)] e (5.5)

Replacing f '(Z ) in the left hand side of (5.5) with its equivalent expression in series, then we get

0 0
I—Znan EARES (< Znan | z
n=2 n=2

This will be bounded by (1 — p ) if

o0
> e,

n=2

> n

Z

n—1

Z|n_1 <l-p

n—1

<1 e (5.6)
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Since for f € R, (/'L,k P ), from the Theorem (2.2) we have

g{n(l%rk)(n/l 1—_/1;1)—(k+ﬂ)} . <1

The condition (5.6) will be satisfied if
s n(1+k)nd—A+1)—(k+p)
l-p - -5

PE (1= p) (1 +K) A=A +1)=(k + B o

_ n(1-4) >

Setting| z | =7, (ﬂ,k,ﬂ,p), the result follows.

}foreachnZZ.

Sharpness of this result can be easily verified for functions f;l (Z ) as stated in (2.9)
Theorem 5.4: If f(Z) € RT (ﬂ,,k,ﬂ) then f(Z) el” (5)where

=1- (l_’B) and the result is sharp
PP B 2)— e A )

Proof: Suppose f S RT (/1,]( R ﬂ ) It is sufficient to show that

i ? _5}1” <l .7

n=2 1 - 5
Since for f € R, (ﬂ,,k, ,B), from the Theorem (2.2) we have

i_n(l +k)(nA-A+ 1)—(k+,8)}
n=2|_ 1 - IB
Thus (5.7) will be satisfied if

(n—5j$[”l(l+k)(nl_ﬂ‘+l)_(k+ﬂ)] for each n
1-5 1-p
s+ (a=2+)-(k+ p)-n(-p) , _

[n+k)nA-A+1)-(k+p)-(0-8)

a <1

n

. (n-1)01-4)

o=l [n(+ k) A -2 +1)-(k+B)-(1-p) 69

=y/(n)

Since for l//(n)Zl//(Z) Vn>2,1>0,k>0and,0 < f<1 putting 7 =2 in (5.8) we get
B (1-5)

£2(1+1k)(1+/1)—(k+ﬂ)]—(1—ﬁ)

The sharpness of this result can be easily verified with the extremal function given in (3.2). This
completes the proof of the theorem.

VI Integral Operators
In the next theorem we consider the integral operators of functions in the class RT (/1, k, ,B )

Theorem 6.1: If f € R, (ﬂ,k P ) then the function £ (Z) defined by

F(z)=1:—cc Ocr“"f(t) dt (c>-1)isalsoin R, (4,k,B) ... 6.1)

Proof: Supposefe RT (ﬂ,k,ﬂ), from (6.1) we have
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S c+1 c+1
Flz)=z— 4 0 1
(z)=z ,,Z:; UL <<
Consider 3 [n(1+ k)(nA — A +1) = (k + B)]a, [ <2
n=2 c+n

sg[n(l+k)(n/1—/1+l)—(k+ Ala,

<1 =— [ (Using the inequality (2.1)
= Fl(z)e R,(2.k. )

Hence the theorem
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