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1. Introduction 

 Let A be the class of all analytic functions   





2n

n

n zazzf   …. (1.1) 

defined on the open unit disc  1:  zzU  

Let S denote the subclass of A consisting of functions that are univalent in U. 

Let  *S   and  C   be the classes of functions star like of order β and convex of order β (0 1  ) 

respectively. 

Let T be the subclass of S, consisting of functions   



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n zazzf ,  0na  ….. (1.2) 

 A function   Tzf    is called a function with negative coefficients and introduced by Silverman [7]. 

He investigated the star like and convex functions of order β with negative coefficients.  These classes are 

denoted by  *TS   and  TC   respectively. 

 Let USF  ,k   and UCF  ,k   be the classes consisting of the functions f of the form (1.1) and 

satisfying the condition 
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 respectively for some 1 1, 0k     and z U . 

 These classes are known as k-uniformly star like functions of order β and k-uniformly convex functions 

of order β respectively.  These classes are denoted by USF(k), UCF(k) respectively. 

 For 0   in (1.3) and (1.4) we obtain the classes of k-uniformly star like and k-uniformly convex 

functions respectively.  These classes have been extensively studied by Goodman [1, 2], Kanas and Srivastava 

[3], Kanas and Wisniowska [4], Ma and Minda [5] and Ronning [6].  

 In the present paper, we define a subclass of analytic functions and study the necessary and sufficient 

conditions, coefficient bounds, distortion properties, radii of star likeness, convexity and integral 

transformations for the functions in this class.   

Definition 1.1 Let R (, k,) be the class of functions f  A satisfying the condition 
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(1.5)
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for some   0, k  0 and 0   < 1. Here RT (, k, ) = R (, k, )  T 
It is noted that  

(i) RT (0, k, 0) = USF(k) defined and studied by S. Kanas and A. Wisniowska             [4]  

(ii) RT (0, 0, ) = 
*

TS () defined and studied by H. Silverman [7] 

 

II. A Characterization Theorem and resulting coefficient estimates 

2.1 We first find a sufficient condition for the functions f (z) A  to be in the class R (, k, ).  We give a 

characterization of the class  RT (, k, ) by finding a necessary and sufficient condition for function to be in    

RT (, k, ). This characterization also yields coefficient estimates for functions in this class. 

Theorem 2.1:  If f A  satisfies the condition  

        

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naknkn   (2.1) 

for some   0, k  0 and 0   < 1 then f (z)  R (, k, ). 

Proof:  Let f A  and satisfies the condition (2.1) 

To prove that f (z)  R (, k, )   
Applying the principle  

        ii kekewwkw 1Re1Re  0,10,  k
 

   
(2.2) 

for the function  
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  on R.H.S we get  
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By setting          zfkekezfzzfzzG ii   12
 the above inequality (2.3) is equivalent to  

             zfzGzfzG   11  

Consider 

      zfzG  1  

=            zfzfkekezfzzfz ii    112
 (2.4) 

Replacing    zfzzf ,  and  zfz 2
 with their equivalent series expansions in (2.4), we get 
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Similarly, we obtain 
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Therefore, from the inequalities (2.5) and (2.6) we have 

           zfzGzfzG   11     
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from (2.2) 

 Hence f (z)  R (, k, ). 

Theorem 2.2:  A necessary and sufficient condition for a function f  T to be in the class  

RT (, k, ) is that        

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aknkn  for some k  0,   0 and 0   < 1. 

Proof: In view of theorem (2.1)_, it is sufficient to show that if   ,, kRf T   then f satisfies the 

condition (2.1) 

Suppose that   n
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n
zazzf 
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2

 is in RT (, k, ) 

By setting 10  rz  and choosing the values of z on the real axis, then from the inequality (2.3), we 

have 
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Since 1Re   ii ee . 

The above inequality (2.7) reduces to 
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Letting r  1 in (2.8) we get  
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This is the result in (2.1) 

 Hence the theorem. 

Corollary 2.2: If f (z) is in RT (, k, ) then  
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 This result is sharp for each n for functions of the form 
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III. Distortion and covering theorems for the function class RT (, k, ) 
Theorem 3.1: If the function f  RT (, k, ) then  
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The equality in (3.1) is attained for the function f given by 
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Proof: Since f (z)  RT (, k, ), from the inequality (2.1) we have 
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It is easily known that 
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This gives the right hand side of inequality (3.1). 
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which is the left hand side of (3.1). 

It can be easily seen that the function  zf  defined by (3.2) is the extremal for the theorem. 

 

Theorem 3.2: If f  RT (, k, ), then 
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The equality in (3.4) holds true for the function f given by (3.2). 

Proof: Since f  RT (, k, ) we have 
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 The result in (3.4) holds true from (3.5), (3.6) and using the simple consequence of (3.3) given by  
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 The result is sharp for the function f given in (3.2). 

 

 

 

IV. Closure Theorems for the class RT (, k, )  
In the next theorems we prove that the class RT (, k, ) is closed under convex linear combinations. 

Theorem 4.1: If   zzf 
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Then f  RT (, k, ) if and only if it can be expressed in the form    
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Thus the coefficients of f (z) satisfy the inequality (2.1).  

Hence from the Theorem (2.2) it follows that f  RT (, k, ). 

Conversely suppose f  RT (, k, )  
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This completes the proof of the theorem. 

Theorem 4.2: The class RT (, k, ) is closed under convex linear combinations. 

Proof:  Suppose that each of the function  zf l  given by 

   





2

, )2,1(,
n

n

lnl lzazzf  is in the class RT (, k, ). 

We need to prove that the function H(z) given by        zfzfzH 2111 1     10 1    also lies in 

the class   ,,kR
T

. 

 Since      n

n
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       1111
11  
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 Thus from the theorem (2.2),     ,,kRzH
T

 . Hence the class   ,,kR
T

 is closed under 

convex linear combinations. 

 

 

 

V. Radii of star likeness, convexity and close to convexity for the functions in the class 

 T
R λ, k, β   

 In the next theorems we determine radius of star likeness, convexity and close to convexity for the 

functions in the class   ,,kR
T

 

Theorem 5.1: If   ,,kRf
T

  then f is star like of order  10     in   ,,,1 kz  where 

 
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n
n
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n

n 


 and the result is sharp. 

Proof: Suppose   ,,kRf
T

 . It is sufficient to show that 

 
 
 

   ,,,,10for11 1 kz
zf

zfz



 ….. (5.1) 

 Replacing    zfzzf ,  in the left hand side of (5.1) with their equivalent expressions in series, we 

get 
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 This will be bounded by (1 –  ) if 
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 Since for   ,,kRf
T

 , from Theorem (2.2) we have 
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 The condition (5.2) will be satisfied if  
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 Setting   ,,,1 krz  , the result of the theorem follows. And the result is sharp for each n for 

the functions  zf
n  given in (2.9) 

 The proof of the theorem is thus complete. 

Theorem 5.2: If   ,,kRf
T

  then f is convex of order  10     in   ,,,2 kz  where 
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and the result is sharp. 
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Proof: Suppose   ,,kRf
T

 . It is sufficient to show that 

 
 
 

   ,,,,10for1 2 kz
zf

zfz





 ….. (5.3) 

 Replacing  f z  and  zf z in the left hand side of (5.3) with their equivalent expressions in series, 

then we get 
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 This will be bounded by (1 –  ) if 
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 For   ,,kRf
T

 , from the Theorem (2.2) we have 
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 The condition (5.4) will be satisfied if  
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 Setting   ,,,2 kz  , then the result of the theorem follows.  

 Sharpness of this result can be easily verified for functions  zf
n

 stated as in (2.9) 

Theorem 5.3: If   ,,kRf
T

  then f is close to convex of order  10     in   ,,,3 kz   

where 
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Proof: Suppose   ,,kRf
T

 . It is sufficient to show that 

      ,,,,10for11 3 kzzf   ….. (5.5) 

 Replacing  zf   in the left hand side of (5.5) with its equivalent expression in series, then we get 
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 Since for   ,,kRf
T

 , from the Theorem (2.2) we have 
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 The condition (5.6) will be satisfied if  
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 Setting   ,,,3 kz  , the result follows.  

Sharpness of this result can be easily verified for functions  zf
n

 as stated in (2.9) 

Theorem 5.4: If     ,,kRzf
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Proof: Suppose   ,,kRf
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 . It is sufficient to show that 
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 Since for   ,,kRf
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 , from the Theorem (2.2) we have 
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 Thus (5.7) will be satisfied if 

 
     

























1

11

1

knknn
 for each n  

       
       

2
111

111





 n

knkn

nknkn




   

 
  

       









111

11
1

knkn

n
 ….. (5.8) 

  n  

 Since for     0,0,22  knn   and , 10    putting 2n  in (5.8) we get 
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 Hence the result 

 The sharpness of this result can be easily verified with the extremal function given in (3.2). This 

completes the proof of the theorem. 

  

VI. Integral Operators 

In the next theorem we consider the integral operators of functions in the class   ,,kR
T  

Theorem 6.1: If   ,,kRf
T

  then the function  zF  defined by 
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Proof: Suppose   ,,kRf
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 , from (6.1) we have 
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Hence the theorem  
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