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Abstract: This paper studied the 2-point improved block backward differentiation formula for solving stiff
initial value problems proposed by Musa et al (2013) and further established the necessary conditions for the
convergence of the method. It is shown that the method is both zero stable and consistent. The order of the
method is also derived.
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L. INTRODUCTION
Consider a system of stiff initial value problem (IVP) of the form:

y':f(xay) J’(xo):ﬂ 77:[77157729"'977m] (1

Such problems are encountered in the modelling of equations related to electrical circuits, vibrations, kinetics,
chemical reactions etc. The definition of stiff problems has not been precise due to the fact that stiffness occurs
in several applications of different nature. According to a definition in [9], no universally accepted definition of
stiffness exists. Brugnano et al [10] compiled various definitions of stiffness according to the applications of
different nature in which they occur. The most common phenomena that describes stiffness is when the
eigenvalues of the jacobian of the system (1) differ greatly in magnitude.

Considerable effort in dealing with stiffness has led to the development of many implicit numerical
methods e.g. [14], [17], [16], [13], [8], [12], [2]. One of the most popular methods is the Backward
Differentiation Formula (BDF) [1]. The development of the BDF has led to various methods, including ones that
produced sequence of approximations simultaneously (block methods) [3], [18], [15], [11]. Examples of block
methods based on the BDF include the block backward differentiation formula (BBDF) developed in [20], block
extended backward differentiation formula (BEBDF) developed in [4], improved block backward differentiation
formula (IBBDF) developed in [5]. Convergence of block methods for solving (1) has been studied in [19], [4].
The IBBDF method proves to be efficient and one of the recent block method for stiff problems. This paper
therefore studied the IBBDF and investigates its convergence properties and order.

The 2—point IBBDF is derived by modifying the special case of the following 2—point BBDF

3
zaj,iywrj—l = hﬁk,ifmk k=i=12 2
j=0
A parameter 0 =) and a non-zero coefficient ﬁk_l’i # 0 (where ﬂk_l,i = pﬂk’i) are introduced in (2) to come
up with the following IBBDF method:
3
Zaj,[yrwj—l =hB (S = pﬁwk—l) s k=i=1,2. ®)
=0

By choosing p = ', the following 2-point block formula is obtained:

5 1 1
==y, +h| =1, +
yn+1 4yn 4yn+2 (2ﬁ1 n+1j
(12)
1 1 11 hl
Yni2 =§yn71_5yn+§yn+l+§ 5fn+1+fn+2

Details on the derivations, stability and performance of the method can be found in [5].
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In the remaining part of the paper, we derive the order of the method and show the convergence of the method.

11. ORDER OF THE METHOD
To derive the order of the method, define the formulae (4) in general matrix form as:
1 1
2.CY, i =h) DiF, )
J=0 =0
where C;,C:,D;,D:,Ym_],Ym,En_l and F) are defined by
0 —% 1 i 0 L
C; = 1 1 > CI* = 11 > D; = 2|,
- = -— 1 0 0
8 2 8
I 0
D=1 1 n=2) hae(")
4 2 n+2 n
Fm71 Lf;t—lj’ F;n :(J{nHJ'
]{n ﬁz+2
Equation (5) can be written as
5 1
0o -= | R 1 1 0
R EOE ] e ]_h[o EJ(”,{I 1}{;} "
Y BT n - 5 n+2
-— = -— 1 00
8 2 8 42
Let Cg, Cl* ,D; and Dl* be block matrices defined by
G, =(C, C). C =(C, G), D,=(D, D), and
Dl* = (Dz D3)
where
0 -2 ! 1
G=| 1] ¢ = 1 G=| 11| C=4|
g — By 1
8 > 8
0 l 1 0
D() :[ j’ l)1 = 2 , D2 = 1 , l)3 — 1
0 - -
0 4 2
Definition 1
The order of the block method (5) and its associated linear operator given by
k=3 k
L{y(x);h]= ij(x+jh)—hZ[Djy'(x+jh)] (7
j=0 j=0

is a unique integer p such that £, =0,g=0(1)p and E,, #0; where the E_ are constant (column)

matrices defined by:
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E,=C,+C +C,
E =C +2C,+kC,—(D,+D,+---+D,) 8)

Eq:éﬁcp+ﬂc;+k%g)——37ﬁ@1+2qU%+kqi%)

(a-

g=2,3,4.

For g=0(1)4
E,=C,+C+C,+C;=0

E =C +2C,+3C,—(Dy+D,+D,+D,)=0

1

2!

E, = (Cl+22c2+3zc3)—%(D1+2D2+3D3):0 ©9)

4@=§#q+2%g+§cg—%ﬂq+2ﬁ%+f09=o

1
za=£ﬁq+2%g+?cg—§#q+2ﬁ%+§00= 2@ ¢[$
48
Therefore, the formula (4) is of order 3, with error constant

1
24

5
48

II1. CONVERGENCE OF THE METHOD

Convergence is an essential property that every acceptable linear multistep method (LMM) must
possess. This section shows the convergence of the method (4). According to [6], consistency and zero stability
are the necessary conditions for the convergence of any numerical method. Lambert [7] also explained that
consistency controls the magnitude of the local truncation error while zero stability controls the manner in
which the error is propagated at each step of the calculation. A method which is not both consistent and zero
stable is rejected outright and has no practical interest. We begin by showing that the method (4) is consistent.
We start by presenting the following definitions and theorems related to the convergence of LMM.

Definition 2 (LMM)
A general linear multistep method (LMM) has the form:

k k
Z“jymj = hzﬂfﬂ+j (10)
= j=0

where & and p , are constants and o, # 0. a,and B, cannot both be zero at the same time. For any k step
method, &, isnormalised to 1.

The method (10) is said to be explicit if B, =0 and implicitif S, #0.

Definition 3
The first and the second characteristic polynomial of the LMM (10) are defined by:
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) (11)
o ()= ¢
respectively. "~
Definition 4
The linear difference operator L associated with the LMM (10) is defined by
k
L{y(x);h] =Y [ a,y(x+ ji)=hB,y\(x+ jh) | (12)

=0
where y(X) is an arbitrary test function and it is continuously differentiable on [a,b].
Expanding y(x+ jh) and y'(x+ jh) as Taylor series about x, and collecting common terms yields

L[y(x);h]=Coy(x,)+Chy'(x,)+---C,h"y P (x,) +--- (13)
Where the Cq are constants given by
Co=0,ta,+a,+-a,
Co=a+20,++ka,—(Ly+ L+ P+ -+ B)
: (14

C, =$(0{1 +2%a, +---+k‘1ak)—(qi1)'(,6’l +27 By 4 k)

o T q:2’3a'“

Definition 5 (Consistency)
The LMM (10) is said to be consistent if its order p > 1
It also follows from (14) that the LMM (10) is consistent if and only if

k
2.a,=0
=0
k k
2= 5
Jj=0 Jj=0
It also follows from (15) that the LMM (10) is consistent if and only if
p1)=0

p')=c()

Definition 6
The characteristic polynomial of the method (10) is defined as

15)

(16)

w(r,h) = p(&) —ha(£) =0 (17

of

Where = Ah and A =—_
5y
Definition 7 (Zero Stability)

The LMM (10) is said to be zero stable if no root of the first characteristic polynomial (&) (defined by (11))

has modulus greater than one, and that every root with modulus one is simple.
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Theorem 1 (Convergence of LMM)
Henrici [6] gave the following theorems on convergence of LMM

1) A necessary condition for convergence of the LMM (10) is that the modulus of no root of the associated
polynomial p(&) (given in (11)) exceeds 1, and that the roots of modulus 1 be simple.

The condition thus imposed on (&) is called the condition of zero stability.

2) A necessary condition for convergence of the LMM defined by (10) is that the order of the associated
difference operator be at least 1.

The condition that the order p >1 is called the condition of consistency.

3.1 Consistency of the method
In this subsection, it is shown that the 2—point IBBDF satisfies the consistency conditions given in definition 5.

From what followed in section 2, it can be concluded that the order of the 2—point IBBDF method is greater than
1.

It now remains to show that the method is consistent.

The method (4) is consistent if and only if the following conditions are satisfied:

23: ¢, =0
j=0

\ , (18)
2.JC;=2.D,
j=0 j=0
where the C ;s and Dj's are as previously defined.
Equation (18) then becomes
3
> C,=C+C+C,+C,
Jj=0
0 —% 1Y (1
=1l e+ (19)
8) | 5 g) \l
2
0
Lo
Hence the first condition in (18) is satisfied.
3
> JC,=0xC,+1xC +2xC,+3xC,
J=0
0 -2 1 1 20)
=0x| 1 |+1x 14 +2x| 11 |(+3%x| 4
) — 8 1
8 5 8

|
Hlw o|w
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3
>'D, =D, +D, +D,

J=0
(21)
_(° + % + 1 + |
“lo 1 1
0 4 2

D, .

J

3
Hence chj =

=0

S AW N|W
i &l el

Thus, the second condition in (18) is also satisfied.

The consistency conditions are therefore met. Hence, the method is consistent. It now remains to show that the
method is zero stable.

3.2 Zero Stability

The stability polynomial of the method (4) is given by:

R(h,t)= S Ly B S B B e (22)
32 16 16 2 8 32 16 2

To derive the first characteristic polynomial, we set ;z =0 in (22) to obtain:

5 19 43,
t+—t

=0 23
32 16 32 @9

Solving (23) for t, we obtain the following roots:
t=1, t=-0.116279

Thus according to definition 7, the method (4) is zero stable.
Since the method (4) is both consistent and zero stable, it is thus convergent in accordance with Theorem 1.

IV.  Conclusion
The 2—point improved block backward differentiation formula is studied in this paper. The order of the
method is shown to be 3. The convergence of the method is also shown by proving that the method satisfied
consistency conditions and that it is zero stable; thus validating its significance in solving stiff initial value
problems.
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