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Abstract: The present paper deals with the determination of displacement and thermal stresses in a thick
annular disc with internal heat generation. Arbitrary heat f(r) is applied on the upper surface of disc whereas
lower surface dissipates heat by convection and the fixed circular edge are thermally insulated. Here we
compute the effects of internal heat generation of a thick annular disc in terms of stresses along radial direction.
The governing heat conduction equation has been solved by the method of integral transform technique. The
results are obtained in a series form in terms of Bessel’s functions. The results for temperature change,
displacement and stresses have been computed numerically and illustrated graphically.
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I. Introduction
Deshmukh [1] studied transient heat conduction problem in a thin hollow cylinder and determined
thermal stresses. Gogulwar and Deshmukh [2] studied the inverse problem of thermal stresses in a thin annular
disc. Kulkarni and Deshmukh [3] has determined the quasi-static steady state thermal stresses in thick annular
disc. Shang sheng Wu [6] studied the direct thermoelastic problem in an annular fin with its base subjected to
a heat flux of a decayed exponential function of time. In this paper thick annular disc is considered and
discussed its thermoelasticity with the help of the Goodier’s thermoelastic displacement potential function and
the Michell’s function. To obtain the temperature distribution integral transform method is applied. The results
are obtained in series form in terms of Bessel’s functions and the temperature change, displacement function and
stresses have been computed numerically and illustrated graphically. Here we compute the effects of internal
heat generation in terms of stresses along radial direction. A mathematical model has been constructed of a thick
annular disc with the help of numerical illustration by considering copper (pure) disc. No one previously studied
such type of problem. This is new contribution to the field.
The direct problem is very important in view of its relevance to various industrial mechanics subjected to
heating such as the main shaft of lathe, turbines and the role of rolling mill, base of furnace of boiler of a
thermal power plant, gas power plant and the measurement of aerodynamic heating.

II.  Formulation of the Problem
Consider a thick annular disc of thickness 2h defined by a <r < b,—h < z < h. An arbitrary heat
f(r) is applied on the upper surface of the disc (z = /) and heat dissipates by convection from the lower
boundary surface ( z = -h) into the surrounding at the zero temperature. The circular edge (r =a and r =b )
are thermally insulated. Assume that the boundary of the annular disc is free from traction. Under these
prescribed conditions, the quasi-static steady state thermal stresses are required to be determined.

The differential equation governing the displacement potential function ¢(r, z) is given in [4] as

a%p 109 , 3% _

ar? +r or + az2 kr (1)
where K is the restraint coefficient and temperature change T =T — T; T; is initial (ambient) temperature.
Displacement function ¢ is known as Goodier’s thermoelastic displacement potential.

The steady state temperature of the plate satisfies the heat conduction equation,
a’r 191 | A%t
+1=0 @

i Tty
with the boundary conditions

‘;—:=o at r=a, —h<z<h 3)
Z—:=o atr=b, —h<z<h “4)
‘;—:+h51T=f(r) atz=h, a<r<bh (5)
Z—:—hSZT=0 atz=—h, a<r<b (6)
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where k is the thermal conductivity of the material of the disc, q is internal heat generation, hy and hg, are the
relative heat transfer coefficients on the upper and lower surface of the thick annular disc.
The Michell’s function M must satisfy

V2VZM =0 7
where , ,

a 19 , 8

V=t T ®
The components of the stresses are represented by the thermoelastic displacement potential ¢ and Michell’s
function M as

o, = 26{‘;27‘;5— Kt+ Z[vv2M - ";2“24]} )

gy = 26{%2‘%’— KT+ aaiz[vsz—} o a}zM (10)

0, =26{22- Kt + Z|2-v)yvu- 3|} (11)
and a%¢ a a2M

0, =26{=L+ Z[(1-v)v?M - 25} (12)

where G and v are the shear modulus and Poisson’s ratio respectively.
The boundary conditions on the traction free surface of an annular disc are
0, =0, =0atr=aandz = t+h (13)
III.  Solution
3.1 Temperature change
To obtain the expression for temperature 7' ( 7, z ), we introduce the finite Hankel transform
over the variable r and its inverse transform defined as in [5]

- b
TBn,2) = [, 7" Ko(B,7") T(r\z)dr' (14)
T(r,z) = Z?’%:dio(ﬁm,r) T(Bn,2) (15)
Ro(Bm.r
where Ky(B,,, 1) = OTN@, | o (16)
_ 0Pmr _ 0Pm"r
RoWrmim) = 5 0 6mD  Futo o) {17
The normality constant
bz 2
N = = Ro(Bn,b)* = = Ro(B, a)? (18)
and By, [, ... are roots of the transcendental equation
[1Bn@) _ 1B _ o (19)

J1(Bmb)  Y1(Bmb)
where J, (x) is Bessel function of the first kind of order n and Y, (x) is Bessel function of the second kind of
order n.

On applying the finite Hankel transform defined in the Eq. (14) and its inverse transform defined in (15) to the
Eq. (2), one obtains the expression for temperatyre as
T(rz) = _, L[ Lonn _ _¥olnr) {_ 1
’ m=1 VN BmJo'(Bmb) BmYo'(Bmb) (ﬁm2+h51h52)5inh (Zﬁmh)+ﬁm(hsl +hsz)C05h 2Bmh)
dA (Bm,h) .
(LoD 4y, A 1) = F(B)) B COSALB,, (2 + )]+, sinh[ B, (z + )]

dz

dA (B, —h) .
+ (L2 A, —)) (~By coSh By, (2 — W] + A, sinh[ B, (z = W)])
+A(ﬂm,z)} (20)
A(B,,, z ) is particular integral of differential equation (2) and F(B,,) is the Hankel transform of f{(r).
_ (b L Jo(Bmr") _ Yo(Bmr") ’ ’
FB) = e Tl 5iaoms ~ 5t ’(ﬁmb)] feyar @D

Michells function M

Now suitable form of M which satisfy Eq. (7) is given by
— © F(Bm) ]O(er) _ Yo(ﬁmr)
M=K Lot =5 | 5ty G ﬁmYo’(ﬁmb)]

P cosh[ B, (z + h)]
X\ B < +hy, SINh[ B (z + h)] — 3, eBm G+ )

- B, cosh[ B,,(z —h)] + h, sinh[B,,(z—h
+Cmﬁm(z+h)( B COSHI (2 = 1)) + s, sinh B (2 = )] )
+ cosh(2B,,h) B,efm@) +h sinh(2B,,h) efmn(h)
where B,, and C,, are arbitrary functions.

(22)
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3.2 Goodiers thermoelastic displacement potential ¢
Assuming the displacement function ¢(r z) which satisfies Eq. (1) as

JoBmm) _ Yo(Bm™) ]
(P(T' Z) Zm =1 \/_[(ﬁm +hsy hsz) sinh (Zﬁmh)‘I'ﬁm (hsq+hsy) cosh (Zﬁmh)] BmJo'(Bmb) Bm Yo' (Bmb)

y (dA(ﬁm ,h) + h51A(,8m'h) - F(Bm))

Bm cosh[ B, (z + h)] + hy, sinh[ B, (z + h)] Bt
'B eﬁm (z+h) (% - hSZA(.BmJ _h))

=By, cosh[ B, (z —h)] + hy, sinh[ B, (z —h)]
% I+Bm cosh(2p,,h) efm@) + p_ sinh(2B,,h) efn (Z+h)I

(23)

Now using Egs. (20), (22) and (23) in Eq. (9), (10), (11) & (12), one obtains the expressions for stresses
respectively as
We set for convenience
"B Y1 (Bm
g1(T)= J1'Bmr) _ 1’ Bm1)

ﬁm]OI(ﬁmb) ﬁmYOI(ﬁmb) ’
JoBmr)  Yo(Bmr)

ﬁm](%l;(ﬁm)b) ﬁm Y(zgﬁm)b) ’
_ Jo'Bmr _ Yo'(Bmr
93 = 5 D kG

U= [(Bn®+ hy,hs,) sinh(2B,,h) + B,y (hs, + hg,) cosh(2B,,0)],
N =2Cn) 4 g AB,,h) = F(B),

dA (B~
L=8Cn ) AR, ~h),

w = [JoBna)Yy' (Bnb) — Yo'(Bna)]o' (B b)),
v = UlI(Bma)YOI(Ime) - yl,(ﬂm a)]O,(.me)]-

g.(r) =

- 2G > j; 9D ['N[B,, cosh[ B (z + )] + hy, sinh[ B, (z + )] — B, efn @)
cosh m (Z —h)] + h, sinh[ B, (z —h)]
+Bm cosh(2B,h) efn@) 4 h_ sinh(2B,,h) efn (z+h>I

[ By (B sinh[ B, (z + h)] + Ay, cosh] B, (z + h)] — B, ePne+0)

I ~Byn cosh[ B, (z — h)] + kg, sinh[ B, (z — h)]
+U F(ﬁm)I * Cn B (+ﬁm cosh(2f,,h) efm @+ + h_ sinh(2B,,h) efm (z+h))
| 2 =By sinh[ B, (z —h)] + h,, cosh[ B, (z —h)]
I Cn Pn” (2% 1) (+ﬁm cosh(2p,,h) efn @) 4 b sinh(2p,,h) efn <z+h>)
+20 EVIBm cosh[ B, (z + h)] + hy, sinh[ B, (z + h)] — By, b an

+L[—B,cosh[ B, (z — h)] + hy, sinh[ B, (z = W)]| + A(B, 2)
=By, cosh[ B, (z —h)] + hy, sinh[ B, (z —h)] ]:| }

]
I
I
I
I
|

20U C b F(B) +,8m cosh(2B,h) efm @) 4+ h_ sinh(2B,,h) efm@+h) @4)
=26 z 3“)L N[B, cosh[ B, (z + )] + kg, sinh[ B, (z + h)] — B, efm@+D)]
[ Bm(z —h)] + hy, sinh[ B, (z — h)]
+,8m cosh(Z,Bm h) efm @) 4 b sinh(2B,h) efn (”I‘)I
[ B, (B, sinh[ B,, (z + h)] + hg, cosh[ B, (z + )] — By, eﬁm<z+h)) 1
=By, cosh[ B, (z — h)] + h,, sinh[ B, (z — h)] I
—UF(B,,) * Con B (+,8m cosh(2B,,h) efm@+h) + h sinh(2p,,h) efm (”h) ‘
) =By, sinh[ B, (z —h)] + h,, cosh[ B, (z —h)]
o Bn "2+ 1) <+,8m cosh(2B,,h) efm @) + h sinh(2p,,h) efm (”h)
+ f]zj’_) N|[B,, cosh[ B, (z + )] + hg, sinh[ B, (z + h)]]
+L[—Bacosh[ B,,(z — h)] + hy, sinh[ B, (z —h)]] + A(Bn, 2)
=By, cosh[ B, (z — h)] + hy, sinh[ B, (z—h
20U G fn F(Bn) I+[)’m cish(Z,B,,Ili) e(ﬁm (Z”)‘I + hy, sinhIZﬁ[)’m(h) eﬁﬂ)l](”h)I:I I 25)
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=263 izjﬁ) {(— NBo* B cosh[ B (z + R)] + hy, Sinh[ B, (z + R)] — B efm @+M)]
) —Bp'cosh[ B, (z — h)] + hy, sinh[ B, (z —h)]
~LBm [+Bm cosh(2f,,h) e#n 0 + b sinh (2B, h) efm+M
+ N [B,, cosh[ B (z + h)] + hy, sinh[ B, (z + W)]]
+L[—By, cosh[ B (z — )] + hy, sinh[ B, (z = W)]] + A(B. 2)
—Byn cosh[ B, (z —h)] + hy, sinh[ B, (z — )]

I[(1 = )2 Cp B (+/3m cosh(2B,,h) efn @) 4 h_ sinh(2p,,h) efm <Z+h>>]|

+ UF(Bm)I =By, B’ (B sinh[ B, (z + h)] + hy, cosh[ B,, (z + h)] — B, efm @) I

4 —By sinh[ B, (z —h)] + hs, cosh[ B, (z — h)]
+ Cm ,Bm (Z + h) (z+h) ; (z+h)
+B,, cosh(2B,h) efm@H0) 4 p sinh(2p,,h) efn
(26)
Orz © (r) . z
2 =26 Y=t 3 )~ NBulB sinh[ B, (z + W] + /4, cosh[ B, (z + h)] — B efm C+0)]
51 —By Sinh[ B, (z = h)] + hy, cosh[ B, (z — h)]
™| +By cosh(2B,h) efm @) 4 b sinh(2B,,h) efm 0
| oy C ( = B sinh[ B, (z —h)] + hy, cosh[ B, (z — h)] )
—2v
"\ 4B, cosh(2B,,h) efm @+ 4 h_ sinh(2p,,h) efm @+
—Bn cosh[ By, (z — h)] + h, sinh[ B, (z —h)]
+UB, 2 F(B)|— !
b FBn)| = G (2 4 B) <+Bm cosh(2B,,h) efn @) + h_ sinh(2p,,h) efm@+h)
~Bn cosh[ B, (z —h)] + hs, sinh[ B, (z — h)]
M\ +B,, cosh(2B,,h) efm @+ 4 b sinh(28,,h) efn @) ||
27)
In order to satisfy condition (13), solving equations (24) and (27) for B,, and C,, one obtains
— u1
Bm N UF(ﬁm)(ﬁm_hsz)Vl
X [NBy + L(= Bncosh(2B,,h) — hy, sinh(2B,,h) +A(B,, —h))] (28)
_ 1 N(hsz—ﬁm) ]
Cn = 208 UF(Bm) [(hs1 + B )(cosh (2B, h)+sinh (2B, h)) +1L (29)
IV.  Special case and Numerical calculations
Setting
(1) fG) =6 —1), 1y = 15. (30)

where §(r) is well known dirac delta function of argument r.
Applying finite Hankel transform as defined in eq.(14) to the eq.(30), one obtains

F(ﬁ ) — o ]OFﬁm 0 ) _YOFﬁer )

) B 10 Bmb) Vg Bmb)
2 qlr,z) = 8§(r—1ry)8(z —]ZO(%, ZO) =YOE/3' ) (31)

— 70 0\pm 7o 0bm 1o

TChn2) = 520G =20 [5G 007 = ¥ tomm

a=1m, b=2m,h = 0.25m, hs1 =13 and hs2 =17.

Material Properties

The numerical calculation has been carried out for a copper (pure) circular disc with the material properties
defined as,

Thermal diffusivity @ = 112.34x 107 m?s71,
Specific heat ¢, = 383/ /Kg,

Thermal conductivity £ =386 W/m K,

Shear modulus G = 48 G pa,

Poisson ratio 9 = 0.3.

Roots of Transcendental Equation
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The p; = 3.1965, B, = 6.3123, ;3 = 9.445, B, = 12.5812, f5 = 15.7199 are the roots of transcendental

equation %—mg - % = 0 . The numerical calculation and the graph has been carried out with the help of
1Pm 1Pm

mathematical software Matlab.

V. Discussion
In this paper a thick annular disc is considered which is free from traction and determined the
expressions for temperature, displacement and stresses due to internal heat generation within it and we compute
the effects of internal heat generation in terms of stresses along radial direction. As a special case mathematical
model is constructed for considering copper (pure) disc with the material properties specified above.
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Fig. 5 Axial stress function % (g=0). Fig. 6 Axial stress function % (g # 0).
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Fig. 7 Stress function% (g =0). Fig. 8 Stress function % (q = 0).

From figure 1 and 2, it is observed that the radial stress function % increases in radial direction due to internal
heat generation in thick annular disc.

From figure 3 and 4, it is observed that the angular stress function % increases slightly in radial direction due to
internal heat generation in thick annular disc.

From figure 5 and 6, it is observed that the axial stress function % behave normally in radial direction due to
internal heat generation in thick annular disc.

From figure 7 and 8, it is observed that the stress function % behave normally in radial direction due to internal
heat generation in thick annular disc.

VI. Conclusion
We can summarize that due to internal heat generation in thick annular disc the radial stress and the
angular stress function are increases in radial direction whereas the axial stress function and the stress function
behave normally.
The results obtained here are useful in engineering problems particularly in the determination of state
of stress in a thick annular disc and base of furnace of boiler of a thermal power plant and gas power plant and
the measurement of aerodynamic heating.
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