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Abstract: The main thrust of this paper is to study the biquadratic equation with four

unknowns (X + y+Z+W)2 =Xyzw+1. We present six different infinite families of positive integral
solutions to this equation.

I Introduction
Integral solutions to equations in three or more variables are given in various parametric forms [1,2,3].
In [4], the theory of general pell’s equation is used to generate four infinite families of positive integral solutions

to the equation (X+Yy+ Z)2 = XyZ. In[5] other choices of integral solutions to the above equation are

presented . In[6], the Diophantine equation (X + Y + Z +'[)2 = Xyzt is considered and nine different infinite
families of positive integral solutions are given.

In this paper, the biquadratic equation with four unknowns given by (X+ Yy + 2 +W)2 = Xyzw+1

is studied for its non-zero distinct integral solution. In particular, six different infinite families of positive
integral solutions are obtained.

1. Method of Analysis

The biquadratic equation with four unknowns to be solved is (X+Yy+2zZ+ W)2 =Xyzw+1 (1)
Introduction of the linear transformations

X=U+V+a, Yy=U—-V+a, z=b, w=c )
where a,b,c,are positive integers

in (1) leads to the form

(bc—4)u2 —bev? = (2a+b+c)2 ~a%bc-1 (3)

Inwhich bc > 4 and 2(2a+b+c)? = abc )
There are six triples (a,b,c) satisfying the above conditions (4) namely (5,2,3), (7,1,6), (12,1,5), (1,10,3),
(3,14,1), (4,1,9).

The following table contains the general pell’s equation (3) corresponding to the above triples (a,b,c), their
pell’s resolvent, both equations with their fundamental solutions.

(a,b,c) General pell’s equation(3) and its fundamental solution Pell’s resolvent and its fundamental solution
52,3
23 u?—3v2 = 37, 1.2 ré _3s2 =1 @
716
(7.0.8) uZ —3v2 =73 (03 rZ_3s2 =1 @
(12.15)

u? —5v2 =179, (2811) r2 _5g? =1, 04
(1,10,3) 2 2 2 2

13u“ —-15v° =97, (76) r<-195s< =1 a41)
(3.14.1)

5u2 —7v? =157, o7 r2 -35s2 =1, @1
41,9
@19 5u2 —9v? =179, (5037) r2 4552 =1 ,(161,24)
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In view of (2), the following are the six families of positive integer solutions to (1)

of 13\/§g

(i)xn+1 = 7 +

5f +/3g

yn+1—7—— +5z2=2,w=3

+5

where f:[(2+\/_)n+1+(2—\/§)n+1]
g=[2+3)"" - (2-3)"]
(i1 = o+ 2 g 17

2 23
7f g

=——-——+4+7,2=1Ww=6
Yn+1 2 2\/5

49f, 835
(ii)Xp41 :Tl o 9+1?
171, 2750,

= - +12,z2 =
Yn+1 5 10
where  f; =[(9+4+/5)" + (9-445)"]
g1 =[9+4V5)" —(9-45)"*
. 13f2 181
IV)X
( ) n+l = Zx/ﬁ
Vool = —5f2 9
n+ 2 2195
where  fy =[(14++195)"* + (14— \195)"*]
9, =[(14++195)"*1 — (14 - J195)"*1]
17f; 99
V)Xqp1 = —>+——=03+3
( ) n+1 2 2\/@ g3
Yriag = 3f3 03
n+ 2 2\/@

where  f3 —[(6++/35)"*1 1 (6—/35)"*1]
g3 =[(6++35)" — (6-+35)"*1]

Lw=5

+1z=10,w=3

+3,z=14,w=1

. 87f, 583
Vi) Xpip =——+ +4
(Vi)Xn41 > "o/ %
1314 _ 8394 +4,7=1,w=9

Yn+1 = 2 - Zx/E
where f4 =[(161+ 24+/45)"* + (161 24/45)"*1]

g4 =[(161+ 24:/45)"1 _ (161 244/45)"*1]
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Il Conclusion
To conclude, one may search for other patterns of solutions.
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