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Abstract:In this paper, soliton solutions to four Nonlinear Evolution Equations (NLEES) namely Boussinesq
Equation (BE), Gardner Equation (GE), (coupled) Generalized Boussinesq- Burgers Equations (GBBE) and
Mikhailov-Shabat system of Equations (MSE) are obtained by the Rational Sine-Cosine Method. It has been
demonstrated that the method is a convenient and effective one for solving a wide class of NLEEs
encountered in various areas of Nonlinear Physical Sciences.
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l. Introduction

It is well known that the studies of Nonlinear Evolution Equations (NLEES) [which are nothing but
Nonlinear Partial Differential Equations (NLPDES)] have attracted the attention of many researchers because of
their wide range applications in various fields of Science, Social Science and Engineering, especially inFluid
Mechanics, Material Science, Plasma Physics, Nonlinear Optics, Geophysics, Biophysics,Neurophysics, Fiber
Optics, Chemical Physics, Biomathematics, Ecology, Economics, Demography, Population Dynamics, etc.
Nowadays, research in Physics is devoting much attention to NLEEs appearing in various fields of Science and
Engineering. To understand the Nonlinear Phenomena better and to apply them in real life situations, it is
important to find the exact solutions of the relevant NLEESs. Quite a number of different methods for obtaining
exact solutions of NLEES have been established so far. In this paper, we apply the Rational Sine-Cosine Method
[1] for obtaining Soliton solutions toBE[2-7 ], GE[8 - 12],GBBE[13] and MSE [14].By this method, one can
solve many other NLEEs arose in Nonlinear Science and Engineering.

1. Outlines of Rational Sine-Cosine Method
Let a given NLEE be expressible in the form

F(u! ut'utt'ux'uxx'uxt!uxxt'uxtt y e ) = 0 (1)
Let us introduce a transformation,
u(x,t) = U(&) with & = x- ct, where c is a parameter. (2)

With the introduction of the new variable &, we find the following:
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Using the changes shown in egns. (3), the NLEE eqn. (1) reduces to a Nonlinear Ordinary Differential
Equation (NLODE) of the form

GU.U.U U, .. )=0, (4)
, dU " d?u
whereU = e Uu = L etc.

If all the terms in the Reduced NLODE eqn. (4) contain derivatives, the equation is to be
integrated out as long as all terms contain derivatives and, for simplicity, the integration constants are
taken as zero.

Then, we assume the solution of Eqn. (4) in either of the forms
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U = Hala#m( %)
and U@ = HJ#M (6)

wherea,, a; and p are parameters to be determined latter.
If we take eqn. (5) as the solution of eqn. (4), we have,
U = -Gk sin u§
(1+aq cos u&)? ’
[ ZaOa%uz + aoaluz cos pué — aoa%uz coszuf
Uu = L+ agc0s 27 , etc. @)
If we take eqn. (6) as the solution of eqn. (4), we must have,

U = — _oaiucos ué
(1+ aqsin pé)?2’
; 2a0a%u® + aga,pu’sin — aqpa?u®sin?
U = o1l ol us o1l %3 etc. @)

(1 + aysinué)3

In one method known as the Rational Cosine Function Method, we substitute eqns. (5) and (7)
into the Reduced Nonlinear Ordinary Differential Equation (RNLODE) eqn. (4) and after simplification,
we balance suitable exponents of cos ué. Then, we collect terms with the same power of cos ué and the
co-efficient is equated to zero. In this way, we obtain a system of algebraic equations among the unknown
parameters. Solving such a system of algebraic equations for the unknown parameters and substituting
their values into eqn. (5), we obtain the solution of the RNLODE eq. (4) and hence of the given NLEE eqn.
(D).

In another method known as the Rational Sine Function Method, we substitute eqns. (6) and (8)
into eqn. (4) and after simplification, we balance suitable exponents of sin ué. Then, we collect terms with
the same power of sinué and the co-efficient is equated to zero. Thus, we obtain a system of algebraic
equations among the unknown parameters. Solving the system of equations for the unknown parameters
and substituting their values into eqn. (6), we will obtain the solution of the RNLODE eqn.(4) and hence of
the given NLEE eqn. (1).

1. Applications
3.1: Boussinesq Equation: The Boussinesq Equation arises in several physical areas such as in the
studies of (i) propagation of long waves in shallow water, (ii) one dimensional nonlinear lattice waves,
(iii)vibrations in a nonlinear string, (iv) propagation of ion-acoustic waves in plasmas etc. It reads as
Uy = AUy + B(uz)xx + VUxxxx > (9)
wherea, f and y are real constants.
Then, putting & = x - ct( where c is a parameter to be determined latter),u(x,t) = U (¢) and
using the changes shown in eqns. (3),we write,
c2U" —aU” - BWUD" —yU" =0,
where the primes denote differentiations with respect to ¢.
Integrating the above equation twice with respect to £ and taking the integration constants as
zero, we obtain,
yU" + (@ — U + BU?=0. (10)
Substituting eqns (5) and (7) into eqn. (10), we obtain,
2yagal i + yaga,p? cospé - yagaiu®cos? ué + (a-c?)a,
+2(a — c¥aga, cosué + (@ — c?)aga?cos?ué + fa3 + Pada, cosué = 0. (11)
For eqn. (11) to be valid, we must have,
2yatp® + (a — c?) + Ba, = 0,
yu? + 2(a — c®) + Bay =0,
(@ —c*) —yu* =0. (12)
Solving the above system of equations, we obtain,
c=tJa—yu?,
3yu?

a0=— ﬁ,

Now, substituting eqns. (13) into eqn. (5) and remembering that ¢ = x-ct, we obtain the
solution of the NLEE eqn. (9) as

_ 3yu?
= - e (14a)

For 4 =1, we have the solution,
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_ 3y
Wl =~ e erae il (14)

3.2: Gardner Equation:The Gardner Equation, also known as the mixed kdV- mkdV equation, arises in various
areas of Nonlinear Physics that includes Fluid Dynamics, Plasma Physics, Quantum Field Theory (QFT), Solid
State Physics and many more. It reads as

U, = auu, + Pulu, + Yy, , (15)

wherea, B and y are real constants.

Putting ¢ = x — ct ,u(x,t) = U(&)and using the changes shown in eqns. (3) as before, we write,

—cU = aUU + BUU + yU" .
Integrating once with respect to ¢ and taking the integration constant as zero, we have,

YU + cU +SU% + S =0, (16)
Substituting egns. (5) and (7) into eqgn. (16), we obtain,

2yaiu? + ya,u? cos ué —ya?u®cos*ué +c + 2ca, cosué + ca?cos?ué

44 44
+Ea0+2—a0a1cosuf+§a§=0. (17)

For equation (17) to be valid, we must have,

2yaiu? +c + %ao + %ag =0,
yu? +2c +2ap =0,

c—yut =0. (18)
The solutions of the above system of equations are
— 2
) c= ylu ’
a = 6}': .
2
a =+ [1- 6B72u ) (19)

a
Now, substituting equations (19) into equation (5) and remembering that & = x — ct, we
obtain the solution of the NLEE eqgn. (15) as

6yu?

ulx,t) = — . (20a)
a[l + (\/ 1 —%)cos (x —yuzt)]

For u = 1,we obtain the solution as,

6y

uy(xt)= — .
a [1 + ( 1 - ﬂ) cos(x—yt)]

(20b)

a’

3.3: Generalized Boussinesq Burgers Equations:  The Generalized Boussinesq- Burgers equations (GBBE)
arise in the study of fluid flow and describe the propagation of shallow water waves. These equations read as
u, + auu, + v, =0, (21a)
v, + yuw), + Au,, =0. (21b)
If we put u(x,t) = U(§), v(x,t) = V(&)with & = x —ct and using thechanges shown in egns. (3),
we obtain, ,
—ct'+ (207) + V) =0, (22a)
—cV' + (UV) + AU)" =0, (22b)
where the primes denote differentiations with respect to ¢.
Integrating egn. (22a) once with respect to ¢ and choosing the integration constant to be zero, we obtain

—cU +SU* + BV =0,
giving V = %(cU - %Uz). (23)
Integrating egn. (22b) once with respect to ¢ and choosing the integration constant to be zero, we

obtain
—cV +yUV +AU" =0. (24)
Substituting this value of V into egn.(24), we obtain,
2BAU" — 2¢%U + (a + 2y)cU? — ayU? =0. (25)

Then, substituting egns. (5) and (7) into egn. (25), we obtain,

2BAQ2aya?u® + aga; u? cos pué — agaiu®cos?ué) — 2c?ay(1 + 2a, cos ué + a?cos?uf)
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+ (a + 2y)ca3(1 + a; cospué) — ayad = 0. (26)
For eqgn. (26) to be valid, we must have ,
4Braiu? —2c® + (a+2y)ca, — aya =0,
2BAu? —4c? + (a +2y)cay =0,
—BAu® — ct=0. 27)
The solutions of the above system of equations are

c = iiu\/ﬁ

_ 6ipy/BL

G = % (a+2y)’
-+ 1 day 28
== (a +2y)2 (28)

Now, substituting equations (28) into equation (5) and using eq. (23), we obtain the solution of
theNLEEs eqgns. (21) as

u(r,t) = + I — (29)and v(x,t) =
(a+2y) [1 i( 1- (a_zy)) cos {u(x Fip /B2 t)}]
+ 6iuc /A 1

= Ba+2y) [1 + (J%) cos {u (x Fiu /B2 f)}]

a 36LAu? 1
- . .
28 (@ +2y) [1 t ( 1 i )cos{u(x Fin/B2 t)}]

- (a+2y)

(30)

where we use & = x - ct.

3.4: Mikhailov-ShabatEquations: TheMikhailov-Shabat Equations (MSE)appear in the classification of
Integrable Systems and read as

1
Pr=DPo + @ +0a -z +0°, (31a)
1
4= 4w — @+ P — 2@ +q)°. (31b)
Introducing the transformations
u(x,t) =
p(x,t) + q(x,t) (32a)and v(x,t) =
g (x, 6) — pe(x,8), (32b)
the MS system (31) becomes
u, + v, —uu, =0, (33a)
v, + (W), — uu, + Uy, =0. (33b)

Substituting u(x, t) = U(&),v(x,t) = V(&)with x - ct into eqns. (33)and integrating with respect to & with
the integration constant taken as zero, we obtain
V=cU + %U2(34)

1 "
and — cV +UV—§U3 +U =0. (35)
Substituting eqn. (34) into egn. (35), we obtain
" c 1
U —C2U+EU2 +8U3=0 (36)

Let us assume egn. (5) as the solution of eqn (36).
Substituting eqns. (5) and (7) into egn. (36), we obtain
2a,a2p* + aga,u’® cos ué - a,aiu’cos?ué -c?ay(1 + 2a, cosué + a?cos?ué)

+§a(2)(1+ a, cospué) + %ag =0. 37)
For egn. (37) to be valid, we must have
2a2u? — c* + %ao + %a(z) =0, (38a)
U2 —2c? + %ao =0, (38h)
and u? + c? =0. (38¢)
The solutions of the above system of equations are
c= *iu,
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ap, = x6iu,
a, = +2. (39)
Substituting egns. (39) into egn. (5), we obtain the solution of egn. (36) as
_ 6iu
U(f) =% 142 cos ué¢ (40)
Substituting eqgn. (40) into egn (34), we obtain
Ve = - e (41)
- 142 cos ué (142 cos u&)?2”
Remembering that u(x,t) = U(¢) ,v(x,t) = V(&) and & = x - ct, we have,
6iu
= + — 42
ux, t) ~14+2cosulx Fiut)’ (42)
6u?
vt = - 1 +2cosu(x F iut)
16, 43
(1 +£2 cosu(x F iut))?’ (43)
Now, using egns. (32), egn. (42) and eqgn. (43); we obtain,
P (e t) = S [u, (r,t) —v(x.t)], (44)
(45)

.06 t) = S (1) + v(x. )]
Integrating equations (44) and (45) partially with respect to xand choosing the integration constants as
zero, we obtain,
p(xt) = s ulx,t) — > [v(xt)dx (46)
1 1
qlx,t) = > u(x,t) + Efv(x, t) ox 47)

Considering only the positive value of a;( = +2) and using eqns (42), (43), (46) and (47), we obtain

(x F iut)
_ 3 V3 +tan{tr )
p(x' t) == 142 cos pu(x Fiut) + /,t\/?ll’l V3 —tan {—” € jiut )}

U (1 ulx Fiut) (1 ulx Fiut)
— —csc [sec 1 {—tanT}] cot [sec 1 {\/—gtanT}]

7 NE]
u 1 G iut)}]
— —Intan|=sec 1{—tan 48
7 [z {ﬁ 2 ) “
3 \/§+ tan—”(x Fiut)
and qxt)= £+ ————— — M\/gln—ﬁ_tan,l(ximt)
2

142 cos u(x Fiut)

“w 1 p(x Fiut) a1 pu(x Fiut)
+ CSC [SGC { tan—z cot|sec \/§tan—2

V3 V3
+ % Intan [% sec™! {% tan @}] (49)

For u = 1, we obtain the solutions B
\/§ + tan —(x ;rit)

3i
)=+ sy @lnﬁ_m(nm
1 [ _1{1t (x ?it)}] t[ ‘1{1t (x ?it)}]
— —csc|sec”t{—tan———=¢| cot|sec™! {—=tan——=
N8 G2 G
1 Int [1 _1{ 1 . (x ?it)}] (50)
— —Intan|=sec”!{—=tan———=
7 2 NE 2
(x Fit)
3i V3 + tan
= + — — -
andq, (o) = & 1 + 2 cos(x Fit) ,u\/§ln\/§ NN CE:D)
2
1 1 (x Fit) 1 (x F it)}]
+ —csc|sec{—tan cot[sec1{—tan
e {pan 5 o { T
+ 1 Int [1 _1{1 ¢ (x ?it)}] (51)
— Intan|=sec™'{—tan
7 2 7 2

In similar manners, using egn. (5) as the assumed solution of a NLEE and finding the values of the
parameters involved, we can find the solution of the equations concerned.
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V. Conclusion
In this paper, the rational sine-cosine function method has been successfully applied in finding solitary

wave solutions to fourNLEEs such as Boussinesq Equation (BE), Gardner Equation (GE), Generalized
Boussinesq- Burgers equations (GBBE) and Mikhailov-Shabat Equations (MSE). The method can be extended
to solve many other NLEES arising in the study of solitons and other related areas as well.
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