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Some aspects of Harmonic Numbers which divide the sum of its
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Abstract: In this paper some particular harmonic numbers n, where n divides o(n) completely have been
taken. Three types of numbers prime factorised as say, p™q, 2¥p™q, 2*p;p, ... ... pn have been discussed and
some propositions have been developed to understand the properties of these type of numbers. It has been
observed that harmonic numbers n having g.c.d. (n, a(n)) = n of the form pq, p?q, p™q does not exist if p,q
both of them are odd primes. Further some useful properties of the harmonic numbers of the form 2*¥p™gq, for
some values of m have been discussed with the help of some propositions. After that an algorithm has been
proposed to get the numbers of the form 2*p;p, ... ... Pm, Where n divides a(n) completely.
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I Introduction
In 1948 Ore [9] introduced the concept of Harmonic numbers, and these numbers were named as Ore’s
harmonic numbers(some 15 years later) by Pomerance[10].In general, the harmonic mean of positive numbers

ay,ay, . ..., @ is defined by )
'R
(z7)
nt(n) .

A positive integer n is said to be harmonic if the harmonic mean of its positive divisors H(n) = s is

an integer, where 7(n) denotes the number of positive divisors and o(n) denotes the sum of the positive divisors
of n. We call 1 the trivial harmonic number. A list of harmonic numbers less than 2.10° have been given by
Cohen [2]. This have been extended by Goto and Okeya [5] which is up to 10*. If n is a harmonic divisor
number then there are two possibilities (i) g.c.d.(n,a(n)) =n or (ii) g.c.d.(n, a(n)) # n.(i) implies that
o(n)=kn, where k is a positive integer. In fact if 6(n)=2n, then the numbers are called perfect numbers. Ore [9]
proved that every perfect number is harmonic. But the converse is not true. For example, 140 is not perfect, but
H(140)=5. Ore [4] conjectured that all harmonic numbers other than 1 must be even.

In the present paper , we focus on those harmonic numbers which satisfies the property (i). Some
examples of this kind of numbers are 6,28,496,672,8128,30240, ... ... In section 2, some properties of the
numbers of the form p™q where p,q are any prime numbers have been discussed. In section 3, the type of
numbers have been extended to the form 2%p™q. In section 4, the numbers have been further extended to the
form 2*p;p, ... ... Pm- In fact in this section a search technique have been obtained to get the humbers of the
form g.c.d.(n,a(n)) = n, wheren = 2¢p,p, ... ... p,,.

1. Some properties of harmonic numbers having g.c.d. (n, a(n)) = n of the form p™q
Theorem 2.1  The only harmonic divisor number of the form pq, where p and q are prime numbers and
g.c.d. (n, a(n)) =mn,is 6.

Proof: Let n =pq, wherep,q are two prime numbers. Now o(n) =1+ p+ g+ pq. If n divides o(n)
completely then 1+ p + q + pq = kpq, for some number k. Since n is a harmonic divisor number so
k|z(n) = 4. So the possible values of k are 1,2,4 . Since 1+ p + g # 0 therefore k # 1. The other possible

equations are 14+ p+q =pq or 1+ p+ q =3pq. The possible values of p are ;%31%1 Now 1+ g >
3q — 1 => 2q < 2, which is not possible. Hence the only possible solutions are 2,3. Therefore 6 is the only
harmonic divisor number of the form pq.

Theorem 2.2 The only harmonic divisor number of the form p?q, where p and q are prime numbers such
that g.c.d.(n,a(n)) = nis 28.

www.iosrjournals.org 39 | Page



Some aspects of Harmonic Numbers which divide the sum of its positive divisors

Proof: Here o(n) =1+p+p?+q+pq+p?q and (n) =6 . To satisfy the condition n|o(n) we have

%, wherea(n) = nk. The possible values of k are 1,2,3,6. Clearly k cannot be 1.As a(n) = nk
implies 6(n) =ni.e. 1 +p + p? +q+pq+p q =p?q,i.e. 1+p+p + g + pg = 0, which is not possible
as the LHS is greater than 0. Let kp> — (A +p+ pz) =t. .. (D)
and 1+p+p?=qt.. . . (2)

Where t is some positive integer. Adding (1) and (2), kp? = (q + l)t Flrstly, we consider that both p and q
are odd primes. From (2) we have q and t are odd numbers as gt must be odd, which is because, 1 + p + p? is
odd. Now from (1) kp? must be even as the RHS is odd. As p is an odd prime, k must be even. Hence the
possible values of k are 2,6
Case (i). k=2
We have kp?>=(qg+ 1t

= 2p2=(q+ 1t

= 2.p.p=(q+ Dt

Then the possible equationsareq + 1 =2p%,t=10r gq+1=2p, t=p

If g+1=2p?t=1, then equation (2) implies 1 +p +p? = (2p?> —1).1 = p? —p — 2 = 0 ,which has
no prime solutions. .Similarly, if 1+p +p? = (2p — Dp then p? —2p —1 =0, which does not give any
prime values of p. Therefore k cannot be 2.
Case (ii). k=6
We have kp?>=(qg+ 1t

= 6p%=(q+ 1t

= 23.p.p=(q+ Dt

The possible values of (g,t) are (2,3p?), (6,p%), (2p, 3p), (2p?,3), (6p,p), (6p?%,1). Clearly any of

the above pair does not satisfy the equation (2) for odd prime p. Next we assume that p is an even prime. From
equation (2), we have 1 +p +p? = qt = qt = 7. Since q is prime the only possibility is g = 7. Hence the
number becomes n = 22.7.Also we have t(n) = 6 and o(n) = 56.Therefore o(n) = 2n and H(n) = 3.
Similarly if we consider g is even then equation (2) is not satisfied as the LHS is odd and the RHS is even.
Hence the theorem.
In fact the above theorem may be generalised to some extent and may be stated as follows:

Theorem 2.3 If n is a harmonic number of the form p™gq, where p,q are prime numbers and m is a
positive integer such that g.c.d.(n,a(n)) = nthen H(n) = T(")

Proof: Since n|o(n) and n = p™q , therefore g can be expressed as
__ I pi
1 =T
Let kp 20D =t e - (3)
And i p =qt.. (4

Where t is a particular positive mteger Addlng (3) and (4) we have kp™ = (q + 1)t
Again
_ gy
17 o - sy
= 2)=m pt > kp™
pm+1_1
> kp™
2(pm+1 1)
pm(p—ll)
2(p—5m)
-1
=k <2 {L — ;}

p—-1  p™(p-1)
= k<2

>1

> k<

So k is either 1 or 2.
If k=1, then from equation (3),we have

P —Xipp =t
-y - =
D=

Which is not possible as the LHS is negative and RHS is positive. Therefore k must be 2. i.e.H(n) = T(Z—n) .

Hence the theorem is proved.
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In fact, it has been observed by Pomerance [10] and Callan [7] that the only harmonic numbers of the
form p®q" are perfect numbers.
Theorem 2.4 There is no perfect number of the form p3q, where p, q are odd primes.
Proof: Let n=p3qthen o(n) =(1 + p+p% +p*)( + q). Since we are considering the perfect number
therefore o(n) = 2n.Thatis (1 +p +p? +p3) (1 + q) = 2p3q.

or (M) (D) =2 (5)

p q

Suppose if possible p|(1+p +p? + p3). Obviously p|(p + p? + p3). Therefore, we have p|((1 +
pP1o2+p3—p+p2+p3). i.e. p/1, which is not possible. Hence p#(1+p+p2+p3). Therefore the only possibility
isp3|(1 +¢q) and q|(1 + p + p? + p3). 2 being a prime number the only possibilities are (i) 2p% = 1 + g and
q =1+ p+p? + p3. But second one is not possible as the LHS is odd and the RHS is even. and (ii) 2g = 1 +
p+p?+p3and p3 =1+ q.Again the second one is not possible as the LHS is odd and the RHS is even
.Hence the Result.
The above theorem may be generalized as:

Theorem 2.5 There is no perfect number of the form p™gq, where p and g are odd primes and m is an odd
numbers.

Proof: Let n=p™q then o(n) = (Z o' )(1 + q). Since we considering the perfect number therefore
o(n) = 2n.Thatis (T=rp')(1 + q) =2p™q
or (u) et ©
p™q
Suppose, if possiblep|(Xizr p'). Obviously p|(TiZF p').Therefore, we have p|(Tizhp!) —
(Zi=mpt). i.e. p|1, which is not possible. Hence p +.(Xi8 p'). Therefore the only possibility is p™|1 + ¢ and
q|(Z p ) 2 being a prime number the possibilities are (i) 2p™ =1 + q and g = Y=l p' .But second one

is not p033|ble as the LHS is odd and the RHS is even. (ii) 2q = Y= p' and p™ = 1 + q, again second one
is not possible as the LHS is odd and the RHS is even and so the result. Theorem 2.4 is a particular case when
m=3.

We now state that “There is no harmonic number of the form p™q, where p and g are odd
primes and m is an odd number such that g. c.d. (n,6(n)) = n."

1I. Some properties of the harmonic numbers having g.c.d. (n, a(n)) = n of the form
2kp™q
In this section we are trying to find the existence of some harmonic numbers of the form 2¢p™ | for
small values of m.

Theorem 3.1  Let the number be of the form n = 2%p and let g.c.d.(n,a(n)) = n, then there exists at
least one n such that H(n) = @
Proof: Ifn = 2kp then a(n) = Xizk 2! (1 +p). Sincea(n) = nk,, for some number k; . We have
nky =¥iZ2' (1+p)
2kpk; =XiZ62' (1 +p)

L _Lp (2o

Let H(n) be the harmonic mean divisors of n. Then k; H(n) = t(n)
1+p 2kt
Hence ™(n) = H(n)— (—)

(1+k)2= H(n )”" (2 =)
(1+k) = Hn) 22 ”" (

k+1_

o)
We observed that if p = 2¢*1 — 1 then Hn) = T(Z—")
With a small program in MATHEMATICA software it can be easily seen that some of the values of k +1 , for
which p=2k1_-1 is a prime number are
{2,3,5,7,13,17,19,31,61,89,107,127,521,607,1279,2203,2281,3217,4253,4423,9689,9941}. However it has
been observed that if p = 2%*1 —1 is a prime number then k + 1 itself must be a prime number. These
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numbers are called Mersene primes and the numbers of the form 2*(2¥+1 — 1) are called perfect numbers. So
far there are 48 Mersene primes .
Theorem 3.2 There does not exist any harmonic number of the form n = 2*p? for which
g.c.d. (n, a(n)) = n ,where k is a positive integer and p is an odd prime.
Proof: For n = 2*p?, we have a(n) = (2¥*' —1)(1 + p + p?). Then
o) _ (2¥1-1)1+p+p?)
- 2kp2
Now 2K} (2¥*1 —1)and 2k} (1+p+p?), asp isan odd prime. Hence 1 + p + p? becomes odd. Hence
the theorem.
The above theorem is possible as 1 + p + p? becomes odd. So this will happen till X, p* is odd for some values
of i, in fact if i iseven. So we can state the following result:

Theorem 3.3 There does not exists any harmonic number of the form 2*¥p2* of which g.c.d. (n, a(n)) =
n where k,x are positive integers and p is an odd prime.

Theorem 3.4  There is no harmonic numbers up to 107¢ of the form 2¥p3 , where k is a positive integer
and p is odd prime.

Proof: Let n=2kp3. Then o(n)=QR'-1)A+p+p?>+p3) and t(n) =4k +1). As
g.c.d.(n,a(n)) = n we may assume a(n) = nk, where k, is an integer.

Then ky = (Zk+1_1)2(:+pz+p2+p3)

Now p|(p + p? + p3), if we assume p|(1 +p + p? + p3) then p|(1 +p + p? +p3) — (p + p? + p*) i.e. p|1,
which is not possible. Hence p + (1 +p + p? +p3) i.e. p3+ (1 + p + p? + p3). Therefore the only
possibility is p3|(2*¥*1 — 1). As . 2K } (2¥*1 — 1) s0 2¥|(1 + p + p? + p3).

Let P2 = 2KF — L, (8)

And 1+p+p2 403 =925 e, )

for some positive integer x, y. It is clear that for large value of 2¥*1 — 1 | if p is comparatively very small then

the equation (9) is not satisfied for y > 1. We have searched the numbers of the form 2¢*1 —1 for 1 <k <

251 in MATHEMATICA for which the value of p has been found to be very very small. Hence all these

numbers does not satisfy the second equation. Hence there is no number of the form 2¥p3 for k < 251.i.e.

there is no harmonic numbers up to 107° of the form 2 p?3.

is also an integer.

Theorem 3.5 Let the number be of the form n = 2*pq and let g.c. d.(n, a(n)) = n then there exists no n
suchthat Hm) =2 x> 1

2x 7
Proof: For n = 2*pq, we have o(n) = "' — 1)(1 +p)(1+q) and 7(n) = 4(k +1). Let o(n) = nk,
where k,a positive integer. Therefore
e = (*1-1)1+p) (1+q)
1 kaq
as k;H(n) = 7(n)

14p, A+q, (2KF1-1
(144 = HEDED ()

q 2k
- Ltpy A+qy (25411
or ) (1402 = HEDHEY (57
Tn
For H(Tl) ==
1+p\(1+q) (21 -1
( p )( q ) 2k ) T 1
1+p+q+pq _  2k+1
Or pq T opk+1_q
Or (2K = 1)1 4P+ Q) = PG (10)

If p=x(2**t—1) for x > 1 then qis a composite number. Same is true for g.Hence the only
possibility is p or g must be of the form 2k*1 — 1. But if p = 2k*1 — 1 then from the equation (10), we have

1+p+qg=gqiep=—1isnotpossible. Same is true for q also. Thus H(n) = X% is not possible for all p

2
T;:),x > 1. Then we have % = 1.This implies

and g odd primes. Now we can consider the case of H(n) =
that
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1+p\/1+q\ /2K -1
( P >( q ) 2k )T
k+1_
()5 -
1+p+q) (2k+1-1 2k+1_q
( pq )( 2k+x )21_( 2k+x )
A +p+ )2k —1) = (2> —2K41 + 1)pq
A+p+ @ —1) = 2K12% 1 = 1) 4+ 13pq e, (11)

For x > 2, {2k*1(2*~1 — 1) + 1} > (21 — 1). Also pq > (1 + p + q). Hence the RHS of the equation (11)
is greater than the LHS , which is not possible. Hence the theorem.

T(n)

Theorem 3.6 If a number is of the form n = 2*¥p2q with g.c.d.(n,e(n)) =nand H(n) = = thenn

does not exist.
Proof: For n =2*p%q we have a(n) = 2K*1(1+p+p?)(1 + q) and 7(n) = 3(k + 1)2. Let a(n) = nk,
where k; is a positive integer. Then we have
@ - DA +p+p*)(A +q) = 2°p?gk,

o ) (5 (29 -

Again Hn) = %(:)) - %
. ) -
2 P q H(n)
or He () (f’]—j”z) (21) =30+ K2
or He (5er) (f’]—j”z) (o IC ) S (12)

k+1_ 2
A necessary condition that H(n) (22k+11) (1“;—:”) (:ﬂ) is an integer.
Suppose we want to make H(n) = 3(1 + k)

Then (5) (M25) (B19) = 1 (13)

As 2k+1 — 1,1 + p + p? are odd numbers so only possibility is 2*1|1 + gq.
Let g =x2"—1,wheren>k+1
If n> k+ 1 then the expression (13) becomes

(21 —1) (H’;—:pz) (%) =1 forsome y=>0 e (14)

As p and q are odd primes the only possibilityisy =0 ieen=k+1
Hence the expression (14) becomes

(21 — 1) (”z—j”z) (—) T (15)

q

For x > 1, g does not divide 2k — 1, hence the only possibility is q|(1 + p + p?)
Let gt =1+ p +p? for some positive integer ¢, then the expression (15) becomes

tx
R e — (16)
As x> 1, and 21 — 1 > 1, the only possibilityist =1and x=2K1—-1=p
Now g=1l+p+p*=>x2l—1=1+p+p?

=>p2ktl —p=2+p? =>pR1-1)=2+p?
i.e. p? =2 + p? , which is not possible.
Now , we consider x = 1. then g = 2¥*1 — 1. Therefore the equation (16) becomes (2¥+1 — 1);—2 =1
Ift = 1then p? = 2k*1 — 1 = q.Therefore qt =1+ p + p? implies g =1+ p + p? , which gives p = -1
,which is not possible.

Next we consider that ¢ > 1. Again there are two possibilities, t = p and t = p?. If t = p? then
2k+1 — 1 = 1. This implies that k = 0 which is not acceptable .Lastly we have t = p. Then 2¢¥*1 —1 =p ie.
p=q.S0 qt =1+p+p?implies p?> =1+ p+ p?i.e. p=—1, not possible .Thus there exists no number of
the formn = 2*¥p2q such that H(n)=3(k + 1) = T(Z—n) The above theorem may be generalized on the power of
of p and can be written as follows:
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Theorem 3.7 Let the number be of the form n = 2¥p?*q where x is any positive integer and p, q are odd

primes. Let g.c.d.(n,a6(n)) =n and H(n) = @ , then n does not exist.

Proof: If H(n) = %") then we have

(52) (Zié”) (B) = 1 (17

As 2k*1 — 1 and %i=2* p' are odd numbers, so 2¥*1|1 + q.
Let g =x2" -1, Wheren2k+1
Ifn>k+1 then the expression (17) becomes

(2k+1 — 1)( = ° 2 )T_ 1,forsomey =1 . (18)

For x > 1,q does not divide 2¥*! —1, so the only possibility is q| Xi=3* p'. Let qt = X.!=5*p' , then the
equation (18) becomes

(2k+l )txl =1

The only possibility is 2K 1 = py1, t = pY2, x; = p¥3,wherey, +y,+y;=2x and y,>0,i =
1,2,3
Now qt = Y= p!

=> (1,2 — Dpy2 = Tl pf
=> pr2tys ok+l _ prei =1+pr2 + Y= %Jiiyzﬂ/sp

=> protys 2 — 1) =14 p72 4+ TIEHL L P
=>0=1+p’2+ Y= %f¢31,2+y3p ..................................................... (19)
This is not possible .Hence the theorem.
In theorem 3.6 we have seen that there is no harmonic number of the form n = 2¢p2q such that n
completely divides o (n).However there are some harmonic numbers of this form such that n does not divide
completely o(n). Let g = 2°*1 — 1. Then, we have

K@) _ oo
ie. H(n) (2’;1]1) (22) (29 =30+ 10
ie. H(n) (“’”” )=3+k)

As g.c.d.(p%1+p+p?) =1, the only possibility is 3(1 + k) = y(1 +p + p?). Taking y =3 some of the
numbers are 2'23%(213 — 1), 2%52(23' - 1), taking y =1 some of the numbers are  2'%°19%(2'?" — 1),
200132(2%1 — 1), 2187%(2"° - 1).

V. Some properties of harmonic numbers having g.c.d. (n,a(n)) = n of the form

2kp P2 o e P

Theorem 4.1 Let the number be of the form n = 2*p,p, .......p,,. Let one of them is 2k+1 — 1 then
o(n) # kn, where k = 2x,x being odd and p; are odd prime, i = 1,2, .....,m
Proof: We have a(n) = (28" — 1) [T7%,(1 + p);. Let p, = 28+ — 1. I possmle let o(n) = 2xn where x is
an odd number. We have

k+1

22k+1ll_[ l+le _
or m 1: PLZ X (20)

This is not possible because the numerator part of LHS of (20) is even number and denominator part

being odd the LHS becomes even. But the RHS is odd. This theorem can be generalized further to give the
following theorem:

Theorem 4.2 Let the number be of the form n = 2*p,p, .......p,,, Where all p’s are distinct odd primes,
then o(n) # 2n.
Proof: Without loss of generality, we consider that p; < Dy «ev ce vev vev e Dy -
o) _ 2kt 1+p;
Now e — 11, 15 = ki(SAY) o, (21)

Where kis a positive integer. Now p,, +(1+pl) vVi=12,....m as p, >p;, Vi=12,...... m—1.
Therefore only possibility is p,, [2** — 1. Let 2**' —1=r,p, 7, =1
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So o) _ 2MM-1 (14py s —114p;
n okl ]
l
— (rmpm) (2k+1_l+rm) m-1 1+p;
2k "mPm i=1 i
1 k+1 1+pm—1 1+p;
=@ - 1+rm)( 2= ). [T AR (22)

Now p,_1t L +p),vi=12,....m—-1 aspm_l >p;, Vi= 1,2, e, M — 2.
So the possibility is p,_4|2** —1+1,. Let 2**' —1+7r, =r,_4p,_, .Then the equation (22) can be

written as

o) _ 1 2K+ 4 _p 14p;

= 5t (n—1Pm—1) (ﬁ) o
Continuing this process at the jth stage , where the remaining primes are p;, ps ... .. vee oo woe . pj -
We have CACO R e ) ]> =
n = @) rip; pi
and T_1Dj-1 = 2kl — 1 4 ym iz; 7 . Therefore at the m-th stage we have
1
T = (@ m 1 B 1) (23)

n

If possible, let 22 = 2, then the equation (23) becomes (2% — 1+ 31, 1) =2K+1 So X", r; = 1which is
not possible .Hence the result.

In fact the above theorem helps us to search numbers of the form 2*p;p, ... voe s D WhEre py py, ... oo, Py, are
distinct odd primes and pi.py <, ......., < P, (say), which are harmonic of course g.c.d. (n, a(n)) =
n .Following are the steps:

Step 1. We chose the humber — 1 and get its factor.It is desired to have the prime factors whose
power is one .However if a prime factor is 2 or ,say q™,m = 1 occurs which is also a factor of (k + 1), then it
may be allowed. We take the highest prime say p,, ,as stated in the theorem, let 2kt 1 = T Pm

Step 2. We calculate the prime factor of 2*1 —1 4 r,,. In fact the prime factors of 2t —1 except
pm Will also be the prime factors of 2 14 - -Hence the prlme factors are never lost at any stage. Again it
is desired to have the prime factors whose power |s one. However if a prime factor is 2 or ,say g™, m = 1 occurs
which is also a factor of (k + 1),then it may be allowed.

Step 3. We repeat the above process and at the j-th stage we consider the prime factors of 2¢** — 1 +

i~; 1;, again we choose the highest prime provided in the factorization all the prime factor other than prime
factors of (k+1) are square free. We end the process when 2¢*% — 1 + i ; 1; has only prime factor 2.Harmonic

mean H(n) of these numbers will be of the form q,q; .....q;2’, for some ] where q; g, ....., q; are some of the
prime factors of (k+1). Since the searching process is dependent only on k, it takes less time to search the
numbers of the said form out of a wide range of numbers. It has been observed that there is no numbers of the

2k+l

said form whose harmonic mean is (k + 1)2* for some x up to 10'%.
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