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Abstract: Padmanabhan and Ganeshan have obtained some results on Hadamard product of univalent
functions with negative coefficients of the type f(z)=z—>a,,z°",a,, >0. In this paper we have
n=1

obtained coefficient bounds and convolution results of p-valent function.
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I.  Introduction
Let 4 (p) denote the class of f normalized univalent functions of the form

00
f=2"+ ¥ (9™a 2™ e 20 (11)
n=p

holomorphic & p-valent in the unit disc E = {z: z € C;|z| < 1}.
A function f € 4 (p) is said to belong to the class S (p, o) of p-valently starlike function of order o (0 <
a < p) if it satisfies, for z €E, the condition

11z

NEANUAN (1L2)
f(2)

A function f € 4 (p) is said to belong to the class S (p, o) of p-valently convex functions of order o (0 < a <p) if

it satisfies, for z €E, the condition

Re (1+ : f (Z)j >a (1.3)
f (2)

The class S (p, o) was introduced by Goodman [1].
Silverman [2] studied the properties of these functions. Let K = {w/w is analytic in E; w (0) =0, |w (2)|

1+Aw(z) B

<1in E}. Let G (A, B) denote a subclass of analytic functions in E, which are of the form ,
1+Bw(z)

A <B<1lwherew (z) € K.
Consider the following definitions,

S* (A, B) = { f/feS and ZTf'eG(A, B)}

HAB)= < f/ feS and (Zf—fj eG(A B)

M* (A, B) = { f/feM and ZT‘C'EG(A, B)}
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C(A,B)=1 f/feS and (Zf—fJ cG(A,B)

_p 2 n+1 n+1

If f)=z"+ X (-1) .12 ;A >0
n=p and
_p 2 n+1 n+1
9(z)=z +n§p(—1) b2 , by =0
The class 4 (p) is closed under the Hardmard product (or Convolution) of f & g as,
p o0
h@=1@*ge)=2"+ T (D™a b 2™ ey by 20 (L4).

n=p
K..S. Padmanabhan and M.S. Ganeshan [3] also S.M.Khainar and Meena More [4] studied some convolution
properties of functions with negative coefficients. In this paper we extend the results on convolution property for

p-valent function in the class M” (A, B) and C (A, B).
Il.  Preliminary and Main Results
We start with lemma which will be required for further investigation convolution results.

Leema2.1 : A function

(_1)n+1 n+1 a >0

p [e 0]
f)=z2"+ X an12
n=p

is in M ™(A,B) iff,
(p—1)+n°=§p [N(B+D-(A-B)]a, 4

<1.
(A—pB)
Proof :We have
o0
f)=2"+ ¥ (—1)n+1an+12n+1 A, 20
n=p
then
o pzP+ 5 ()M an,g (ni1) 21
zf (z n=p
= e G(A,B)
f(2) Zp+ OZO: (_1)n+1an+1zn+1
n=p
iff
o0
p+ ¥ (-p"+la (1)t
n=p _ 1+Aw(2)
0 ~ 1+Bw(2)
Zp+ 3 (_1)n+1an+1zn+1

n=p
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On Simplification, we get

[0 0] [00)
w(z){(A—pB)zp + nEID[A- B(+1](-)"*a 2" +1} = (p-1z° + 20 y"ia "
Therefore

Zn+—1

o0
(p-D2P + 20 n"a

w(z) =

{(A—pB)zp + ngp[A_ B(+1)](-n"a 2" +1}

Notice that |w(z) <1, we have

o0

0
{(A—pB)Zp+ > [A-Bn+1)](-)"+1a 1z”+1}
n=p n+
Allowing |z| =r —1,we get

e.°]
(p-D+ > na .4
n=p n—+. <1

[ee)
(A—-pB)+ n;p[A—B(n +D] a4
Therefore

(p—1)+n;p[n(B +1)-(A-B)la, 4 <A-pB

(p—-D+ n;p[n(B +1)—(A— B)]an+1

<
(A—pB)
Leema 2.2 : A function
p n+1 n+1
fo)=z"+ X (-1 .12 81 >0
n=p
is inc(A,B) iff,
2 o0
(9 —p)+n§p(n+1)[n(B+1)—(A—B)]anJrl .
p(A-pB) o
Proof :We have
o p 2 n+1 n+1
f(2)=1z +n§p (-1) 8,12 yan g 2 0
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then
o0
Loy pzzp'l+ > (-1)nh+1la 1(n+1)22”
(zf(z)) n=p n+
: = = e G(A,B)
f () pzp'1+ 3 (—1)n+1an+l(n+1)z”
n=p
iff
o0
pzzp'1+ > ()" t+la l(n+1)22n
n=p n+ 1+ Aw(z)
0 T 1+Bw(z
pZ’ 1y v (pn+la l(n+1)zn @)
nZp n+

PA-P2B)P 11 3 ()N *+[A(+1)-B(n+1)2 n
w(z){( P 3 DA <n+)}an+1z}

1 e8]
=(F’2—p)Zp +n§p(_l)n+1 [n(n+1)]an+lzn
Again since |w(z) <1, we get

_ o0
P2 -p)z"t * 2y (O e 2 2" 1
<

n

PA-p2B)P Ly ST am+-BE 2], 2

2

Allowing |z|=r —1 we get

o0
p(p—1)+ ngp [n(n+D]a 4 zN

IN
[EnY

p(A-PB)+ n;plA (n+1)—B(n +1)2Jan+1

n
<1

p(p—1)+ n;p [n(n+D)]a, ;2

® 2
pAPB)+ 5 [A(n +1)—B(n+1) ]an+l ‘

2 [0.8]
(= - p)+n;p (n+DH(B+Hn—-(A-B)la, 4 < p(A-PB)

O - p)+ nizop(n FDIE DN (A-Blayy
p(A—-PB) B
We define
(o 0]
h2)=f@*0@)=2"+ = (-D"a b 2" a b, >0

n=p

for f(z) and g(z) members of M*(A, B) and C(A, B).
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Theroem2.1: A function

o0
f=2"+ 3 ()™ ™ a | 20
n=

n+1 n+1
(-1) bn+1z b >0

_,P
g@)=z" + Bhyg 2

M8 ©

n=p

are elements of class M *(A, B) then

hD)= ) g@)=2"+ ¥ (-D"a. b 2™ a4 b . >0
B 9= nep n+1 “n+l n+l tn+l T
is element of M*(A B) with —1< A <B, <1,where A, >-1,B < Am2K
: <A <B =L A =-LB <ok
these bounds for Aland B, are sharp.
Proof : Bylemmal, We have
(o 0]
(p-D+ ¥ [n(B+1)-(A-B)]a, 4
n=p <1
(A-pB)
Since f eM™(AB). (2.1)
o0
(p—1)+n§p[n(8+1)—(A—B)]bn+l
<1
(A-pB)
Since g eM™ (A B). (2.2)

We want to find ’Al & B1 such that —1< Al < Bl <1, for h(z) = f(2)*g(z) e M*(A,B).
Now h(z) e M* (A B) if
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(P=D+ X |n(B +D-(A -8y a0y

<1 ;by lemma 2.1 (2.3)
(A - PBy)
(p-) ¢ (B +D-(A-B) ] 1%t |,
(A —pBy) n=p (A - PBy)
(p-1)
— 4y u,a_ .b <1
(A.I._ pBl) n=p 1"'n+1"n+l
n(B, +1)—(A, -B,)
whereulz[ 1 Al 1}
(A - PBy)
By Cauchy Schwarz inequlity,
1 1
0 0 2 2
n=p\/uan+1bn+1 < (ngpuan-i-lj ( Z Ubn+1J =1 (24)
B+1)-(A-B
where u = [n( )= ( )] (2.5)
(A-pB)
(2.3) is true if
_(p-1) (p-1)
(A~ PB) U 1%41 = [a oy UVt
If Aleand Blthhen we get,
Uy 400 4g < Uya 400, (2.6)
i.e. Uy /an +1bn S u
Therefore itis enough to find u such that
lsi i.e. Uy < u2 (2.7)
u
On Simplification, we get
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[(p-D+n(B,+1)-(A-B)] {[(p—1)+n(B +1)—(A—B)]}2 iy
(A -pBy) ) (A-pB)

[(p_1)+n(Bl+1)_(A1_Bl)] <U2
(A-pB) -
ie.(p-1)+n(B,+1)-(A-B)<(A-pB)u’
(p—1)+(B,+1)n+B,(pu*+1)
A > 1) (2.8)
Taking B, =1 and n=p in (1.8) and (1.5) abovewe get
p > (P=D+2p+ (U +1)
@+u?)
p(3+u?)
Az (U*+1)

(A-pB)*
(A-pB)’ +[ (p-1)+ p(B+1)-(A-B)’ |

>pll+2

A > p (L+2K)

___(A-pB) : (2.9)
(A-pB)’ +[ (p-1)+ p(B+1)—(A-B)’]

where k=

Theroem 2.2: If f(z)e M*(A,B)and g(z) eM*(A,B)then f(z)*g(z)e M*(A,B))
A,~2k
1+2k

with

where A >1,B, <
(- (A-pB)(A - pB’) (2.10)
(3B,+p-A+1)(BB +p-A+1D)+[(A-B)-(P-D](A -PB) '
Proof :Proceeding with theargument developed in Theroem 1, we require

[(p-D+n(B+D)-(A-B)]_[(p-D+n(B+1)-(A-B)][(P-D+n(B +D-(A-B)] _,

(A1 - pBl) (A1 - pBl) (A| - pB)
Thatis
(P-D+n(B+) __ A-B
(A-pB) A - pB,
Al — pBl > n(A1 — pB1)
B+1  a(A-pB)+(A-B)-(p-1)
Notice that n(A - pB,) decreases as n increases.Simplifying, we get

a(A-pB)+(A-B)-(p-1)
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A-DPB n(A-pB)(A -pB) 211
B.+1 (3B, +p-A+1)(3B +p-A+1)+[(A-B)-(P-1)](A-PB) '
Taking n=2,we get
A-PB 2(A-pB)(A - pB)
B+1 (3B,+p-A+1)(3B +p-A+1)+[(A-B)-(P-1](A-PB)
e APB o (2.12)
B +1
where k = n(A~PB)(A - pB)

(3B, +p-A+)BB +p-A+1)+[(A-B)-(P-1](A-PB)

Theroem2.3: If f(2)C(A,B) and g(z)e C(A B ) then (2)* g(2)  C(A;,B; ) where

A1—2k _
A.>1B, < with
1 17 142
k = : (A_ p.B)(A - pB ) : : (213)
9(3By +Pp—A +1)3B +p-A +1)+[(A ~B;)-(P-1)](A -PB )
Proof : Letus verify with the following example
f2)=2P-—(AZPB) P42 _ciap
3B3B+p-A+2)
g@)=2P-—AZPB) ;02 c(n' )
33B +p-A+2)
Then
f(2)*g(2)= 2P - (A= pB)(A ~ pB) zp+1eC(A1,Bl) (2.14)

9(3B+ p—A+2)(3B + p—A +2)

(P-D+n(B; +1)-(A+B)) 9(3B+p-A+2)3B +p-A+2)

A~ PBy (A~ pB)(A - pB)
Simplifying, we get

A =Dp(1+2K)
(A-pB)(A —pB)

where K = . . ; ;
9(3Bl+p—A1+1)(3B +p-A +1)+[(A1—Bl)—(P—1)](A -PB)
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